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JIumHelHbIT MeTO BOCCTAaHOBJIEHNA (DYHKINIT OCHOBAHHBIII Ha OMHAPHOM MHOIIOJIHEHUN
JaHHBIX

A.A.JIuryu, A.A.Illymeiiko
nenpodseporcuncrudl 20c. mernudeckuli YHUGEPCUMeE,
nenponemposcruii opuduveckuti uncmumym MBJ] Yikpauno

OHOl M3 KIACCHIECKUX 33/1aY TEOPUHU AMMPOKCAMAIINN SIBJISIETCS BOCCTAHOBJIEHNE (DYHKINN TIO €e
BHAYEHUSIM B PABHOOTCTOSAIINX y37aX. B ciaydae mepmoamdeckux (pyHKIWIL JJIsT 9TOTO UCTONB3YIOTCS
MHTEPTOJAINOHHBIE TPUTOHOMETPUYECKWE TTOJIMHOMBI, TIEPUOJNYECCKNE MHTEPIIOJIATINOHHBIC CH.H.':]JI‘/'IH]:»I7
JJIA (byHK]_[I/Iﬁ 3aJJaHHBIX Ha OTPE3KE — KJIACCUYIECKNE MHTEPIOJIAINOHHBIC TIOJITMHOMBI, MHTEPIIOJIAIINOH-
HBIE CITARHBI, CITAfHBl ACUMOTOTUIECKU COBIAIAIONIIE C MHTEPIOIAINOHHBIMA U T./1. (CM., HATIpUMeED,
[1]). B nocaenrne gecsituiernst ak THBHO Pa3BUBAIOTCST METO/Ibl OCHOBAHHBIE Ha, MCIIOIH30BAHUI BCILJIEC-
KOB (cM. [2]), a Tak»Ke MeTo/Ibl, OCHOBaHHbBIE Ha MONOJIHeHNN JaHHbIX (cM. [2] — [4]), KoTopbie okazamnch
6ostee yIOOHBIME B TTPUJIOXKEHUSAX.

[To BummMmoOMy, BrepBbie METO/] IIOCTPOEHHBIN Ha, OMHAPHOM IOIIOJTHEHUN JAHHBIX OBLI PACCMOTPEH B
pa6ote [3]. TTozzke Takoro poja BONPOCHl PACCMATPUBAINCH, HapuMmep, B padore [4] u ap. Uccaenosa-
HUA B 9TOM HaIPABJICHUU TPUBE/IN K CO3JaHUIO HOBBIX, MIUPOKO UCIIO/IB3yEMbIX IMAKETOB IIPUKJIAIHBIX
pOrpamMm.

B namnoit pabore crposiTcs JinHEHHbIE METO/bl BOCCTaHOB/EHUsT (DYHKIUN 1m0 nHMOpMAIuu 00 nx
3HAQYEHUAX B PABHOOTCTOAIIMUX TOYIKaAX. ﬂOKa3bIBaeTCH, YTO IIOCTPOCHHbIE OIIEPATOPbI BOCCTAHOBJICHU A
SIBJISIFOTCS JIMHEHbBIMUI onepaTopaMu CyMMaTOpPHOI'O TuUlla, 6a3I/ICHbIe beHKIlI/II/I KOTOPbIX MMEI0T Ma-
JIbl€ HOCUTEJIN. I/ISyLIeH])I AIIIPOKCUMAIIMOHHBIC CBOHCTBA 9TUX OII€EPATOPOB MU JdaHbl I'aPaHTUPOBAHHBIC
OIEHKU UX HOPM. YCTAHOBJIEHO, UTO OasucHBbIe (DYHKIMN MPEJCTABUMBI B BHJE KOHEUHBIX JIMHEHHBIX
KOMOMHAIMH CIBUIOB CXKATHIX B JIBa pa3a TexX ke 0a3MCHBIX (DYHKIWIA, YTO MO3BOJSAET UCIOIH30BATh
uxX Kak Macrrrabupyronye byHKIUN /s KPATHOMACIITAOHOTO aHam3a (M. 2], r.b).

[Monryuennbie pe3ybTaThl MOKA3BIBAIOT, YTO MPU HUCIOJBL30BAHUN MPEIIOKEHHBIX METOJOB JJIs Te-
pesadn u MOCIeYIONEro BOCCTAHOBIEHUS CUTHAJIOB, KOJNPOBAThH CUTHAJ W TE€PeIaBaTh COOTBETCTBY-
foryo wHdopMaluio MoxkHO 10 "ciaogm". B srom ciydae mpu 3aaHHON OMUOKE OKPYTJIEHUS € II0-
TPEITHOCTh BOCCTAHOBJIEHUS IJIaJIKOM (GyHKINU 10 wHMopMalun Ha k-M cjaoe OyIeT MeHbIe YeM Ha
HAYATBLHOM CjI0e mpuMepHO B 4% pas (31ech © — mapamerp, ompeessioniii Meros). IIpu SToM, Xors
dopMaTBEHO KaXKIBIH CI0H COMEPKUT BABOE HOJBINE KOJUIECTBO eIUHUIT WH(MOPMAIIUN, I€M TPEebITy-
Wi, B peabHBIX 3a/adaX Ha KaykJIOM MOCJIeIYIONeM CI0e epegaercs HHMOPMAIMA ropas3io MeHbIIe
bstarogapsa oTOpachiBaHui0 MHGMOPMAIUKA C BEJUYUHON MeHee 3ajaHHOro €. TouyHas popMyupoBKa
3roro (pakTa IPUBEJIEHA B KOHIIE CTAThU. 3AMETHUM, 9TO JJid MHOMOMEDHBIX aHAJIOroB 3TOT 3 deKT
CYIIIECTBEHHO yCUJIMBAETCS.

1t IpoCTOTHI M3TOXKeHns OyAeM pacCMaTpPUBATH JTaHHBIE OpeIeeHHbIe Ha BCeel ocu. B aTom ciry-
Ya€ pe3yabTaThbl UMEIOT 3aKOHYEHHBIN BUJ N JIETKO aAalITUDPYIOTCA JJI4 JaHHBIX ONPEAEJIEHBIX Ha OT-
peske.

Yepes loo (R) 0603HaMIM TPOCTPAHCTBO OrPAHIYEHHEIX 9UCI0BEIX HocaesoBarensHocTei f = {fi},c7
C HOPMOi

I£lle.r) = sup | fil-
i€l

[Iycrs, Brauane, Xo = {%;};c7z = {Ti0}icz = {ih};cz — PaBHOMepHOE pa3buenue ocu ¢ marom h > 0
uf == ={f},cz={fo},cz nocneroBarensnocrs u3 fo (R

[Tycrs gano m mmnHeiinbix dynxkunonanos A, (f) (1 = 1,...,m) n 3abukcupoBana cucrema TOYEK
& € (0,1) (p = 1,...,m) makas, 9ro 0 < & < & < ... < &, < 1. Tomaraem fo = Ag(f) u

1



2
20,
fuy = A,(fg) (0 = 0,1,...,m), tue f§ casur nocremosarensuocrtu fo, To ecrs £ = {fi_,},c7-

[Mocrpoum HOBBIE TIOCTEOBATENLHOCTH X1 = {Xi1},c7 U f1 = {fu1},c7 momaras
Tl = T30 + &u(Tiv1,0 — Tio) = o0 +&uh, p=0,...,m,
1, QHAJIOTCUYHO,
_ 0 _ % _
fmivp1 = fui = Au(fp), p=0,...,m.

V1opsiouenHbIil 10 BO3PACTAHNIO HADOP HUHCET Tpmity,1 00pasyeT HOBoe paszbueHme ocu, KOTOPoe

0003HaUNM dYepe3 Xi, a €ro 3JeMeHTHl — uepe3 x,1 v € Z. CoOTBeTCTBEHHO YNCIIa 1,1 OymeMm
) , mi+p, YA

obo3nadars depes f,,1 u momaraem f; = {f"vl}ueZ'

[Tonygennsiii Habop OyeM KUCIOJIB30BATh B KA4eCTBE UCXOIHOTO U MTOBTOPSEM IIPOIEIYyPY IOIMOTHE-
HUSI JAHHBIX, ITO IPUBOAUT K PEKYyPPEHTHLIM (POpMyIaM At Xk = Ty V € Z u fiy = { f,,Jg}V T

(1) Tmitpk = Tik—1 + Eu(Tiv1 k-1 — Tig—1), H=0,...,m,

(2) fmi—i—,u,k = Au(f};_l), o= O,...,m.

Hnast m =1 (B arom coyuae 3agan ogaun dyukunonan A(f) = Aj(f)) meron nonosHenusi Ha3bIBaoOT
GuHApHBIM 1onosiHeHeM 1 (opmysibl onoarerus (1) — (2) BbIyIsiAsT npoie:

(3) T2 f = Tik—-1, Joik=fir—1 (i€ Z,keN),
n
Ti — + xT; _ i .
(4) Lok = kol 5 Lk L faipip = A(fL_)) (i€ Z,k e N).

B pabore paccmoTrpen JiMHEHHBIIT METO/ BOCCTAHOBJIEHWS] OCHOBAHHBIN Ha OWHAPHOM IOTIOJIHEHUN
JIAHHBIX.

Yepes 2r Touek (z,, f,) (v = —r + 1,...,r) npoBejgeM uHTEPHOJAIMOHHBIH nOmMHOM Beccens mo-
psaka 2r — 1 u BBIYMCINM €ro 3HadYeHUe fﬂo B TOYKE X1/p = h/2. Dro npusoxur K dopmyie (cMm.,
Hanpumep, [5] c. 678)

r—1

_p0 _ fiotfoo n(2n =D o0 fro+ foo
(5) A(f) = fip = —  t Z(—l) WA — )
n=1
rie A?"z; 2n-g TeHTpaTbHAS PA3HOCTD Z;.
Asropurym nomosrenus (3) — (4) B 9ToMm cirydae OyaeT uMeTh BUJ
(6) Toik = Tik-1, Jaik = fik-1 (1 €Z,kEN),
u
(7) Toi+1,k = —tk1 +2xi+1’k71,
~1
firtp—1 4 fik—1 | S (2n =D o, (fitre—1+ fik—
. — ) > )t U A2 ) )
foit1k 5 + nz::l( ) @n)iazn 5 ;
1€ Z,k e N.

[Ipu r = 2 meroy nonosuenust (6) — (7) paccmarpusaics B paborax [3], [4].

Jnst kaxgoro bukcnpoBaHHOro k moctponM JOMaHyio gk p(f, ), mpuanMatomtyio snadenns f;; B
Y3IIaxX T -

IIycrs

h
Agrin(E,2) = grpnE, 2+ 2ik) — grpn(f,2) = grpn (f, z + 2—k> — grin(f, ),

Akgr,kﬁ(fvx) =A (Ak_lgr,kﬁ(fax)) k> 2.



Samerum, 910
(8) 12829, k0 (D)llc®y < 22" 1A% k0 (E)llo®) < 27 M 1AG kA () lom)

JIemma 1. Jlas w060t nocaedosamenvnocmu £ € oo (R) u npoussosonwx durcuposannoz k,p € N
UMEIOM MECTO HEPABEHCMEA

(9) 1A% k10Ol oy < &l A%gr ()l ogry:
u
e21—el o
(10) 197 Jo4-u (£) — Qr,k,h(f)HC(R) < 21_¢ A gr,k,h(f)”o(R)~
2de
r—1

B (2n —1)N

(11) o ;_:1 )2

Joka3zarenbcTBo. PaccMoTpuM Bemamay
1A% i1 0 (F, 2o ps)] -
IIycrs, BHAYANE, v = 24 + 1, TOTHA
1A% k10 (F, Topg1 1) =

= |gr k1.0 220 k4+1) = 29r kr 1.0 (F, Z2pt1 k1) + Grpr,n (£, Toppo k1) =

f,x + f,x
= gr7k7h(f, xﬂ’k) -+ gr,k’h(f, $”+1,k) —9 <g7“,k,h( N,k) gr,k,h( lH—l,k) +

2
r—1
L@ -1, (1
+n§:1(_1) WA §(g’”v’f:h (£, 2pq10) + Grin (F,2,1)) <

S @n—D
< 22 WHA 9rsen (Ol om)y-
— I

Orciona, u3 (8) cpady mosydaem
‘Aggr,kﬂ,h(f,$2u+1,k+1)} <

r—1
2n — )N o,
<2y WZQ 2122,k ()l oy = el A%grkn (D) lom)
n=1

IIycts, Teneps, v = 2u, Toraa
|2, 10 (F, 2o pi1)| =
= [grksr1,0(F, 22p—1841) = 20r k1.0 (F, Zop kv1) + grpr 10, Topg1p41)] =

ek h (£, 2 1k) + Grpn (£, 200
_ |grienf, 2 )2 risl, Ty )_29r,k+1,h(f7 Loy ky1)+

-1
g (£ k) + gran (€ zun) 1 n(2n =N
SR 1 0D () i A G (F w10+

n=1

+ 29, k(£ 21 k) + Gran (201 ))] <

—1
1, .o (2n Hi
< 1A%k E)llcm) + Z @n)zn 1A% gk ()l o(r) -

_l’_

Ucnons3ys coorHomenwe (8) oTcioga nveeMm

1A% k10 (F, w2 ni1)| < &l A% nn (Bl om)

Hepasencrso (9) mokazano.
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W3 nostyuenHoro coorHorenusi u Toro hakra, 4ro

18%gr0.1(F)lory = 1A% (E)ll,.. w):

cpazdy noJiyudaem, uto s jo6oit nocrepoBarenbnoctu f € (o (R) u k € N umeer mecro nepasencrso

(12) 1226k (D)l ey < X 1A% E)llom)-

Joxazem reneps mepasencrso (10). Ilycrs, sragane, p = 1. Ilo mocrpoenuio, grpi1.4(f,x) ecrs
JIOMaHas C y3/JIaMH B TOYKAX &y f41, IPHHAMAIOLIAS 3HAYCHUS fy, 41 B y371aX, a gr k. p(f, ) ecrb momanas
C y3/1aMHU B TOYKAX T J C 3HAYCHUAMH B y3/1aX, paBHbIME [, . OTCIona 1 u3 Toro daxra, 4ro fo, p+1 =
fuk, cpasy caegyer aro pasHoctsb Grk4+14(F, ) — grpn(f, ) ecrb moManast ¢ ysmamn B TOUKAX Ty f41,
0OpAIIAIONIASICA B HOJIb B TOUKAX Ty = L2y k+1. LAKIM 00pa3OM I JOKA3aTeJbCTBA HEPABEHCTBA
(10) mpm p = 1 1OCTATOYHO TOKA3ATh, UTO [T BCEX V € Z

l\')

|9r k10 (£, 2011 k41) = Greh(F, D201, 041)| < éHA grih(E)ll o)
HeiticTBUTETBHO,

g 7k’h f €2 +2,k+1 +g ,k’h f €T9 7k 1
Grgor1h (B, @it 1) = = (F, 22 )2 rik,h (F5 Tov ey )+

N Z n(2n—1)N D \2n (gr,kz,h(fa T2u+2 k+1) + Gr ke, h (£, $2u,k+1)) '
2n 1192n 2

C apyroit CTOPOHBI, TaK KaK IS & € [Ty k+1, L2142 k+1] TPADUK DYHKIUK gy , €CTH OTPE30K IPAMOI,
TO

Grih (£, 22012 541) + gren (F, 220 111)

Gren (£, Tov 1 k41) = 5

Takum obpazowm,
Gr k1,0 (E, Tot1 k41) — Grkn(f, v g1 pp1) =

(2n — )N 2 k(£ 22w 42 811) + Gren(F, oy i)
13 =N (=) o : = ’ :
( ) nzl( ) (2n)!!22" 2

CnenoBaresibHO,
\Gr k1,0 (Fs Tovi1 k1) — Grpe (£, Tovg1 k41)| <

Er
< E||A29r,k+1,h(f)’|C(R)

Orciona u u3 (9) cpady mosydaem

‘il\’)

|9r e+ 1,0 (F @ovt1 k41) = Grn(F, Tov41 p+1)] < 5”A gren(B)ll oy

410 U gokaspiBaer (10) mpum p = 1.
Ilyctn, Temeps, p > 1, Torma
19741 (E) = grae s O)llo®) < 1grkr1,0(E) = grpen(E)lcwy+

+lgr+2(f) — 9r,k+1,h(f)”c(R) + Mg (£) — gr,k—i—p—l(f)HC(R) <
€ A2 EF A2
< S 1A% kn®llem) + 5 189m0 low) +- -
EF A2
+ 5 1A% (D)l e®) =

1
5ﬁ+

g2 &3
< ?HA2gr,k,h(f)HC(R) + EHAzgr,k,h(f)”C(R) +e [AGrkn (E)ll Ry =



6%1
1

2
£ _
= EHAQQT,k,h(f)HC(R) (Ite+...+eh) < 5 —HAQgr,k,h(f)HC(R)'

JlemMa mokaszama.
HerpyaHno Bumersh, 9TO

3 11
€2 = E,Eg By g9 < ... <er=0.96630859375.

CnemoBaresnbro, ¢ yuerom (12), masg r = 2, ..., 7 BBIIOJHAIOTCS HEPABEHCTBA

52 Ek+2

(14) 197 k41,0 (£) = Grpn(E)lom) < mHAQQT,k,h( Nem) < ﬁ“AQ( Nemy

TO €CTh B 9TOM C/Iydae IOCIe0BATeIbHOCTD gy k. 1 () cxomures B cebe. Herpyano Buners, aro g,k p(f, x)
orpanmdena (6oJiee TOro, Jajiee Mbl MOKaXKeM, 9TO HOpMa omeparopa g,k p(f,2) orpanudena B coso-
KyIHOCTH 1 HeBesinKa). OTCIOa CiIeIyeT, ITo MOTOUe I bl Ipeer gy k »(f, ) mpu k — oo cymecrsyer.
O6o3naunm sToT npesern depes g, p(f, x).

[lepexomst K mpeJiesty mo p — 0o u3 JeMMbl 1 1 HepaBeHCTBa (12) HeMe JIeHHO Moy YaeM CIeyoIee
YTBEPKJIEHNUE,

Teopema 1. Jlas moboi nocaedosamenvnocmu £ € (o(R), k € N uwr = 2,...,7 umeem mecmo

HEPABEHCMEBO

E2 Ek—i—2
f) — f < ||A? f —r||A%(f
197,n(£) = gr.pe,n ( )HC(R) = 21— ET)H Gr ke )HC(R) < 2(1—¢,) 1A% )HC(R)

Kak 00b14m0, 9epes Ly ) (p € [1,00)) 0603HAYMM MHOYKECTBO BCEX M3MEPHUMBIX CYMMEUDYEMBIX B
p-it crenenu Ha orpeske [a, b| BemecTBeHHBIX (DYHKINI TAKUX, 9TO

b 1/p
ufup[a,b]:( / \f(x)\”dw) < o0,

a uepes L [q,p) MHOKECTBO BCEX I/IBMepI/IMbIX CYIIECTBEHHO OIPaHMYEHHbIX Ha [a, b] dbyHKIumii ¢ Koned-
Ol HOPMOl || f||sofa,p) = supvrai{|f(z)| | ¢ € [a,b]}.

CaencrBue 1. IIycmo p € [1,00), wucaa k € N, r =2,...,7 uwa < b. Jas 060t nocaedosamenvro-
cmu f€ Uoo(R) umerom mecmo nepasencmea

(15) ‘ ng h Hp[a b] ”gr,k,h (f) ”p[a,b] ‘ < (b - a)l/pz(lijg) HAzgr,k,h(f) HC(R)
u
(16) grse,n(E)llcfas) < Nlgrn(E)llcfay <

2
Er 2

< R

< grkn(E)llcfay + 2(1—2) 1A% gr k0 (E) [l Ry

Coommnowenue (16) 6epro u 0aa cayuas, xko2da a = —o0 u b = 0o

HelicTBuTebHO, n3 TeopeMbl 1 cpasy ciemyer, 9to s Beex x € R

(17) |9k (£, )| — 18290 (B)lcr) < lgrn(f, )] <

21 —¢y)
2

9
< f N E—
< lonn® )|+ 570

1A% g, 1.1 ()l 0w

OTCIO,Z[& " N3 OYEBUIHBIX HEPABEHCTB

Hng[a,b] - H@Hp[a,b] < Hg - SOHp[a,b} < Hng[a,b] + H(PHp[a,b]a
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BEPHBIX 1151 J1I00bIX p € [1,00) u g, p € Lyjap), cpasy nosydaem cieayionue HeDaBeHCTBA

1/p

ng,k,h(f)Hp[a,b] - (b - a) HAQQT,k,h(f)HC(R) < ng,h(f)Hp[a,b] <

87"
2(1 — &)

< g (Bl o) + (0 — a)'7P ] 1A% g 11 ()| oy

E:’I"
21 — &,
9ITO U JOKa3biBaeT cooTHomenue (15).

B coornorernn (16) onerka CHU3Y BbITEKaeT U3 TOro (hakTa, YTO HOPMa MHTEPIIOIAIHOHHON JTOMa-
HOlt gy k. (f, 2) He mpeBbImIaeT HOpMBI HHTEpIOAUPYeMO GyHKIMU gy 4 (f, 7).

Hasee HaM MOHAIOOUTCA OJHA (DYHKIMSA CIENUAIbHOTO BHJIA, KOTOpas B JaJjbHeiiiemM Oyjaer ur-
paTh poJib 6a3UCHOIN (DYHKIUH, siBJIdOIIeiica anajgorom B-criaitHoB u hyHaMEHTAIBHBIX CIIJIARHOB B
TEOPUH CILIARH-AITPOKCAMAITIH.

_ _ 0 * * .

Ilycrs h = 1 m nocenosarensrocts £ = £ = {f§.},c7, tae f5, = 0o,

lLv=u
dpp =
O,v#u

Gr,k(x) = 9rk,1 (f*a $>

— cumBos1 Kponekepa.
ITosoxum

Gr(z) = gr1(f*, x).
g r = 2 (10 ecTh Jyis METOA MOPOXKIEHHOTO KyOmdaeckmM mounaoMoM) dyuakmun G (x) paccMar-
puBaIHCH B pabore [4].

Hns moboro k € N oneparop f — gy k. n(f) ects muneitnerit oneparop, 0To6pazKaronuii IpoCTPaHCTBO
/(R) B mpocTpancTBO OrpaHUYEHHBIX Ha BCell OCH JIOMAHBIX C y3JaMH B TOYKAX Z;j, & OLEPATOD
f — grn(f) ecrs mueiinblit onepaTop, oTobpazkarommuit TpocTpancTBo Lo (R) B mpocrpancrso C(R).

fcno, 9To

9rsen(£) = Grg (%)

u ecau f*' caBur nocaemosarenpaocTu £*, TO

Grien(F) = G (% — z) .

Otciona u U3 TUHEHHOCTH OIePaTopa gk j CACTyeT

G () = grie [ D fiof 2 | =

ieZ
(18) = Z fi0Grgen (£, 2) = Z fi,0Grk (% = z) .
icZ i€z

CremoBaresibho, s Jio6oii mocneposarensuoctu f€ (o (R), mo6oro £ € R u h > 0 umeer mecto
PaBEHCTBO

€ .
(19) gr,h(fax) = Zfi,OGr (E - Z) .
i€l
I3 nocrpoerns dynxunn G, (x) (K > 2), BeITeKaer, 9TO OHa MMeeT KOHeYHbI HocuTenb [—2r + 1 +
%%2, 2r — 1 — 2,%2], a dyuknua G,(x) umeer KoHeuHblll HOocuTes b [—2r + 1, 2r — 1]. Orcioga cienyer,
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410 it T € [T, Tit1), @ € Z B paBencrsax (19) u (18) s 4r — 2 coiaraeMbIX OTJIMYHbBL OT HYJIs, TO

ecThb Jist & € [T, Tit1] BBIIOJHIIOTCA PABEHCTBA

i+2r—1
(20) gr,h(f)x) = Z fI/,OGT’ (% - V)
v=1—2r+2
n
i+2r—1 r
(21) gr,k,h(fvx) = Z fl/,OGT,k (E - V) .
v=1—2r+42

OrmernM, uro ais jyoboro k € N dbyukuun G, j(x) wernere, ciaemosarensno, u dyuxnus G, (x)
JeTHas.

Kaxxmoit j1omamHoi g,«’k’h(f,ac) HOCTaBUM B COOTBETCTBHE ITOCIEAOBATEIBHOCTH €€ 3HAYCHUN fz’,k B
y3J1ax T k-

Ecmu f € C(R), To nomoxum

9rkn(f, ) = grn(f, z),
rIe
f ={fiticz ={f(h)}icz-
3aMeTuM, 4TO U3 IOCTPOECHUS OLIePATOpPa, gr,k,h(f) BbITEKAET, 4T0 Jisi jiobbix k,v = 0,1,2, ... umeer
MECTO PABEHCTBO
(22) Irip2— £ ) = 9p i n2—v (Grwn(£), ) = grpwn(f, ).

[lepexong k npexeny mpu k — 0o, mojydaem

(23) 9r.n2—v (flja x) = gr,h(fv [13)

N3 meToma moCcTpoeHnst BHITEKAET CASAYIOIIAL [IEIT0YKA PABEHCTB

Iny2r (9n(f), ) = gnjan ({gh <f, ;—Z) }z‘eZ : x) = gn(f, ),

TO €CTh
(24) Gh )2k (gh<f)7x) :gh(f7$)
[Tosoxxmm
1 S (2n—1)!
0,r = 9 + Z H22n+1 &
n= 1
nanda p=1,...,n
r—1
p (2n— 1!
O‘W“:Zl( nrcy (2n)122n+1°
n—=

Teopema 2. Jlasa 6cex x umeem MECMO COOMHOULEHUE
Gr(x) = G (2z) +Zaw P22 4+ 20+ 1) + G (22 — 2 — 1)) .

HelicrBurenbHo, u3 (23) uMmeeM paBeHCTBO

grn(fo, ) = gy py2(f1, ),
B 9aCTHOCTH,

gra(£,2) = g,.12(f], )
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WJIA, 9TO TO ZKe

2r—1

(25) = Y LG22 —1).

i=—2r+2

HeHOCpeﬂCTBeHHbIe BBIYUC/JIEHUA TIOKA3BIBAIOT, 9TO

Gh(+i) =0, ieN,
. 1 1 & (2n— 1) cr
f:l:l,l = GT <i§> = 5 Z 2n 1122n+1

N 2n+1
fi(2u+1),1 =Gy (i 9 ) = Qur

mpu p € N (u < n).

Orcroma u u3 (25) cpa3y mojydaeM yTBEpKJIE€HUE TeOPEMbI 2.

Orcro/1a, B 9aCTHOCTH, CJIEyeT YTO Jjis OMHAPHOTO IMOMOJHEHUs] UCIOIb3YIONEero HHTePIOISIINOH-
HBII [IOJTMHOM CTEIeHH 3 U 5 JJIs BCeX T MMEIOT MECTO COOTHOIIEHMUS

() = Ga(22) + % (G2 + 1) + G2 — 1)) — % (G2(22 +3) + Ga(22 — 3))

n
75 25
Gs(z) = G3(2x) + 198 (G3(2x 4+ 1)+ G352z —1)) — 36 (G3(2x + 3)+
3
+G3(2x — 3)) + % (Gg(?l‘ — ) + G3(2$ + 5)) .
Monoxum st z € [0,1]
2r—1
K. (z) =2* — Z "G (z — 1)
i=—2r+2
u
2r—1
Kr,k(x) =2 — Z i2TGT,/€ (m - Z) :
i=—2r+2

Teopema 3. ITycmv ¢ynusuus f maxosa, wmo f) € C(R), v = 0,2r, r = 2,...,7, mozda s
x € [ih, (i + 1)h] pasnomepno no i € Z evinoansemes coommowerue

2r T
(26) J(@) = grn(f.2) = (ZT)!f}”)KT (5 =) +otn™),

Kpome moeo,

(2r)!
IEKrklle®) < Sz swp If = gen(Hllew) < 1Erkllew)
EWZT(R)

.k ”(J(R)

(27“)!
R) < 2 sup ”f _gr,h(f)Hp[O,l] <
feW Clo.1)

1k llpfo.1) =

1_r

< I gllplo,) + 77— ®)-

Joka3zaTeabcTBO. /[0Ka3aTe/bCTBY TEOPEMBI IIPEIIONIIEM OHO BCIIOMOTATE/IbHOE YTBEPIKICHUE.



JIemma 2. sz € [0,1] uv =0,...,2r — 1 cnpasedausv. pagerncmea
2r—1

(27) 2= ) Gz —i).

i=—2r+2
...0 ~ ~ .
Hokazarennscrso. Ilycrs h=1uf = {fio},c7, rae fio =1, i € Z. dcno, uro B 9TOM Cilydae

=0
grp(f,2) =1
C apyroit croponsl, kKak ciegyer u3 (20), gua z € [0, 1]

2r—1
~0 .
gn(E )= > Gz —i).
i=—2r42
Yreepxkaenue (27) ans v = 0 1okasana.
Ilycre, Temeps, v =1,...,2r—1u f, = {fw}zeZa rie fw =i, i=-2r+2,...,2r—1mu f;, =0,
i€ Z\{-2r+1,...,2r—2}. Toma B CITy TIOCTPOEHHS MeTOa ¢, HJIH x € [0, 1] BBIIOIHSAETCST PABEHCTBO

grn(fy,x) =2,
Bameuast, uto u3 (20) ciemyer paBeHCTBO
~ 2r—1
grn(frx)= > #Gp(x—1),
i=—2r+2

cpasy moJiyuaem yTBepxenue (27).

[Tepeitzem K m0Ka3aTEIHLCTBY TEOPEMBI 3.

Ucnonw3ys pazmnoxenns no dgpopmyse Teitopa B okpectHocTn Touku ih pasenctso (20) nepenumem

B BUJE
+2r—1 2r

n(fy = S S WA g (5 —v) +o(n™).
v=i—2r+2 pu=0
OTrcroma monyaaem
i+2r—1  2r T
@) = genlfrm) = > Z WL (29— (= iy (2 =) 4 oh?).
v=i—2r4+2 pu= 0

Takum obpaszom u3 (27) soirekaer (26).
U3 (16) caepyer, uro

[Krklle®) < 1B ller) < 1Krkllom)

Krkllom)

re
1 kllpro,a) — Krillewy < 1 llpoa) <
1 (X)

< || K,

rk”()

Orciona u 3 (26) moydyaeM yTBEpIKIEHIe TeopeMm.
Iycrs f € C(R) u [|grnllc(R)y—c(R)— HOPMa omeparopa gr.p, TO ecTb
lgrrllc®—cwy=sap  [lgrn(H)llcm)
Il Ry <1
[Tooxum

(28) Np(z) =Y |Gy (=)

i



10
nga ke N

2) =Y |Gr (z )]
i€l
Bamerum, uro Tak kak N (x) HenpepbiBHAs 1-mepuouueckas pyHKIMs, TO
[Nl vy = [[Nelloo,1)-
Teopema 4. Jaar =2,...,7 cnpasedauso paseHcmseo
(29)

Kpome mozo, das aobozo k € N
(30) [Nrkllca) < llgrpllcy—c®) < 1Nrlleo, + —THAZNT,kHC[O,l]-
) (1—¢r)

Hoka3zaresnbcrsBo. [Iycrs f npoussonbuas dyukuns uz C(R), rakas, aro || f]| c®) < 1, Torga us
(19) BoiTekaer

lgrn(Hllcmy < || fioGr (——z> = sup ZfzoG (5 -i)| <

i€l C’(R) xER
(31) <supz fioGr (——z))—supZLonG $—z)|<supZ|G (x —1)| = sup Ny(x).
z€R zeR ;7 zeR ;7 zeR

Tak kak N, (z) HenpepbiBHas 1-nepuojnveckast QyHKIMsI, TO CYILIECTBYET TOYKA T( TaKasl, 4TO
Ny (zo) = max N(x).
zeR

Yepes fo(x) obo3radnM HEnpepbIBHYO (DYHKIMIO, TIPHHUMAIOILY IO 3HATEHMUSI

sgn Gy (% — 2)

B TouKax 7 — i u jobbie snavenus fo(r) (|fo(z)] < 1) B ocrambubix Toukax uz R. Torga

Mzn%h(m)nc@: sup  Ny(x),

lgrpllc®y—cm) =
OR)—~C®) 1 follomy (z.9)eR

4T0 BMecTe ¢ (31) nokaswiBaer paBeHCTBO (29).
Jns 3aBepimenns q0Ka3aTebCTBa TeOpeMbl 3ameruM, uro u3 (17) u (20) cpasy ciaemyer cooTHOmEHNE

I Nekllcro) < [1NFllepo,n) < 1INV, 1A% N, k|l cpo.1)-

L_re
(1—e¢p)
IIycrs, Teneps n € N dukcuposano u f — 2n-nepuogmaeckas moC/IeI0BATEILHOCTD, TO €CTh

fivon = [i (i €Z)

uh=m7/n.

Yepes G (x) obosnaunm 2m-nepuognteckoe npogoskenne bynkmnn G, (x/h) n Gy i (x) - 2m-neproanaeckoe

npogoskerne Gynxuun G (x/h).
dcno, uro mus ar060i mocaenosarenbaoctu f; = f(ih) umeer Mecto npejcTasaeHue

gralfo) = wa( i)
graen(fr2) = Zfz rk<——l)
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s xkaxporo x € [ih, (i + 1)h] i = 0,...,2n B 9TUX NPEACTABIEHUAX IPUCYTCTBYIOT TOIBKO 41 — 2

CJlara€MbIX, TO €CTb

i+2r—1 _ -
gr,h(fa JJ) = Z fiGr,n (ﬁ - V)
v=1—2r+2
u
i+2r—1 ~ T
gr,k,h(fa x) = Z fiGr,n,k <E - V) .
v=i—2r+42

EcrecTBeHHO, B 9TOM CIydae BEpHBI AHAJOIM BCEX YTBEPXKICHWH TPUBEIEHHBIX BBIIIIE.
Tor daxT, uro omepaTop BocCTaHOBIEHUA ¢y p(f, ) MOKHO 3ammcaTh B Buje (19) (BMecTe co cBOii-

crBamu pyHKImu Gy (1)) TO3BOISIET MOCTPOUTH METOJT TOCIOHOrO KOAMPOBAHUS ¥ Tepenadn nH(bOp-
Mallu.

g dukcupoBanuoro € > 0 mOJI0KUM

e {z 2l > e,

0, |z|<e
n

(32) 2. =z—zT.

Hazosem &, 1, (f, x) = gr1n(f, x) BoccTanoBneHnem dbyukmun f(x) 1m0 mepBomy ca010 HHGOPMAIHN.
IMycrs f(x) — &, 1 4(f, ) MOrpentHOCTH BOCCTAHOBIIEHHSI TI0 IEPBOMY CJIOIO.
st k > 1 BoccranoBienue Ha k—M c10e nHMOPMAIUHT OIIPEIS/ MM PEKYPPEHTHBIMU COOTHOIITEHUSIMHU

(33) G (fom) = Gpprn(fr2) + gppyoe—t ((f = Grpmr ()7 2) .

dcwo, aro
f(x) - er,k,h(f, 1') = f(l') — ®T,k—1,h(f7$) + Gy pj2k—1 ((f _ ®T,k—1,h(f)) N
—(f =G n(f) 7).

U3 muneitHOCTH METOAR gy jy/om CIIEJYET, UTO
f(l') - ®r,k,h(f7 .%') = f(.%') - ®T,k71,h<fa .Z’) + 9r,h)2k—1 ((f - 67‘,’671,}1(]“)) ,l’) -

~Grny2i-1 ((f = Grp—1a(f)). sx) =
= [(®) = Grp1.0(f, ) + g pyos-1 (f;2) = G pjor-1 (Grp—1.0(f) 7) —
— Gy pjgk1 ((f— Srr-1,n(f))s ).

Orcioma, u3 (33), coiictBa (24) u TeopeMbl 4 cpasy MmoJIydaeM

f(@) =& pn(f,x) = f(x) = gy =1 (f, ) + kel Nellopo,y,

vie O = Ok (r, f,h) € [—1,1] n Benmunna N, (x) onpezesnena coorHomenuem (28).

Takum o6pasom, ¢ yderom k—ro cnosi nagopmarmn meron, &, 5 (f) BoccTanaBimBaeT MCKOMYIO
byskmmo ¢ TourocTs0 10 OrE|| Ny | cf0,1) TaK Ke, Kak m TepBoHauaTbHEIH MeTon ¢ rmarom h/ 2k=1,
[Ipu 5TOM B peasibHBIX 33/[auaX KOJMYIECTBO HEHY/IEBBIX €JINHUIl HHMOPMAINN, KOTOPOe TpeGyercs s
3TOTO, rOpa3ao Menbire, dem 281y epmum nrdopmammm oTIHIHOM OT HyIs, HEOOX0TIMOil 7T MeToJIa

Gr.hy2k—1 (f)
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A.O.JTuryn, O.0.Ilywmeiiko

Jluneitubiit MeTo1 BOCCTaHOBJIEHUsT (DYHKIMIT OCHOBAHHbBIN HA OMHAPHOM IOIOJIHEHUY JAHHBIX

B pabote mocTpoer JauHEHHBI METO ] BOCCTAHOB/IEHUSI OCHOBAHHBIN HA OMHAPHOM TIOMOJTHEHUN TAH-
HBIX [0 WHTEPHOJIInonnoil (gopmyne Beccens. Haiinena acuMnTorndeckasi BeJIUUNHA MTOTPENTHOCTH
MeToJa, ero HopMa, U3y4eHbl CBOUCTBA.

A Ligun, A.Shumeiko

Linear method of recovery of functions based on binary supplement of datas

In work constructed the linear method of recovery based on binary supplement of datas on an Besel
interpolation formula. The asymptotic value of an error of method, it norm is found, the properties
are investigated.



