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Chapter 1

Considering Fuzziness

1.1 Is “Fuzziness” a Vice?

Our common sense tells us making something ambiguous is actually bad.
However, in our daily life, we can deal with the ambiguous. We could say
it is impossible to live without ambiguity.

For example, let us decide to do something or plan a schedule. Firstly,
we choose a direction, make an outline and establish a goal. But, the
details remain unknown, or are left to be chosen when we face the problem.
It seems impossible to always decide the details of a plan before we carry
it out.

On the other hand, ambiguity is excluded in mathematics. Everything
is either true or false. Even if you made a very slight mistake the mistake
is counted as a mistake on a mathematics examination. Suppose you write
9999, when it should be 10000. A stern teacher might give no points. If
you were fortunate, you could gain some consolation points if your teacher
were a kind person.

If your examination is marked by a computer, the mistake is, of course,
zero point. As an example, consider a mark-sheet style examination, in
which you choose an answer from selections and fill in the corresponding box
with a pencil. You are not sure if your choice is right, so you fill the box with
light black. However, the computer distinguishes your answer and checks
if it is marked (black) or not marked (white), and doesn’t consider your
opinion that this is probably right. In this way, an answer in mathematics
is either right or wrong. Moreover, a computer is still only either right or
wrong. Thus, a subjective problem such as "mark if you think this great.”
should not be asked in a mark sense sheet. Also, a machine does not accept

1



2 Chapter 1. Considering Fuzziness

the ambiguity which exists in the feelings of a person who marks, although it
could be the right mark if you were lucky. However, realities can not always
be recognized by yes (1) and no (0), such as in mathematics. As mentioned
before, there exists ambiguities everywhere in our daily life. Reality is a
sea of ambiguities.

These two "ambiguities”, the plan whose detail remains unknown and
the mark-sheet marked with light black, seem to be different. Ambigui-
ties are considered to be bad custom in our common sense. Is this true?
Although ambiguity may produce a misunderstanding which produces a
dispute or is used as something illegal, there must be something which
works because of ambiguity. In addition, it is impossible to exclude all am-
biguities from our life. This is the time to examine ambiguity and study it
from a scientific point of view because of the whole of our life’s work with
computers which divide everything into black and white and does not allow
for the existence of ambiguity.
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1.2 Human-Beings Originally Ambiguous

Are our feelings alternatives of yes (1) or no (0)? Although you can calm
your nerves by making your feelings clear and definitive, you might feel
anxiety because you are concerned if this is really right. When I say either
"ves” or "no” I also feel both "yes” and "no” in my mind. We are usually
in the that situation.

In another example, we often make an assumption in order to make our
communication smooth. Let us suppose that we are debating whether a
woman is beautiful or not. It depends on the individuals. Even if the two
people estimate that she is beautiful, the result depends on the time, place,
view and many conditions. There is hardly ever an absolutely beautiful
women as agreed by everybody. On the other hand, there are not so many
absolutely unbeautiful women. Most women are in the middle position
between them. To begin with, the definition of ”beautiful woman” is open
to question. The definition of the words "beautiful woman” is clear, and
can be found in a dictionary. But, it is impossible to decide who is beautiful
because that depends on individuals. Now we know that the meaning of a
word is essentially ambiguous. A word is a symbol, which is like a skeleton,
and a meaning of the symbol is subjective and extremely ambiguous.

However, we can communicate with each other by exchanging words,
that is, by exchanging skeletons. This seems mysterious, too. After all, we
believe you can understand that human beings are in an essentially am-
biguous existence. In other words, ambiguity is essential and indispensable
for human beings.

When we make a decision, our feelings are not stable. We need a lot
of mental power when we decide either “yes” or *no.” That is because
the state of ambiguity is natural. Thus, we are not comfortable when we
are asked a subjective question such as "are you very young?” and forced
to answer "yes” or "no”. Also we feel that a computer and a machine
based on mathematics is something dry because mathematics does not allow
ambiguity to remain.

1.3 Digital versus Analog

Conventional computers make decisions without ambiguity. Before con-
sidering computer logic, let us think about what is meant by digital and
analog. The difference is in the way information is represented. Digital
is discrete, analog is continuous or approximate. The simplest example is
that of a clock. As everyone knows, a digital clock has no hands but only
digits and an analog clock has hands.
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There is no ambiguity in the case of digital clock because the time is
shown by numbers. However, it is clear that numbers change very rapidly
and crisply and the numbers shown are an approximation of the proper
time. But, if necessary, by increasing the number of digits, it is possible
to make it as correct as is required. This is a characteristic of representing
information digitally.

On the other hand, let us think about the short hand and long hand of
analog clock. Even if units of minute can be read from the minutes hand,
the units of seconds can not be read. The accuracy is not very high and
there is still ambiguity. However, we can easily get a rough time by looking
at it. This is a characteristic of representing information in analog.

As an example, consider making an appointment to meet at 4:00. When
it is 3:50, an analog clock fells us how much time to wait till 4 o’clock.
However, in the case of digital clock, we first have to remember that one
hour is 60 minutes, and then do subtraction, and finally learn there are
accurately ten minutes left. Even if you don’t need the accuracy you have
to go through this process. Somebody told me that it is convenient for
memorizing to make an appointment at 11 or 33 minutes after the hour. It
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is unnatural if he has an analog clock. In this case, it is easier of course to
use 15 minutes or 30 minutes. This is because an analog clock represents a
meaning by figures directly and a digital clock uses symbols to represent a
meaning indirectly. The 11 and 33 minute are used not because the meaning
represented by the symbol is easier understand, but because the symbols
themselves are easier to memorize.

The conventional computer, a typical example that has no ambiguity,
is correctly called a digital computer. This is why it is necessary to un-
derstand the difference between digital and analog. That is, information
that are treated by a computer is essentially represented digitally. To learn
about computers, it it necessary to understand the characteristics of digital
representation of information.

1.4 Logic for Computer

As you know, the conventional computer is based on binary logic, in which
everything is either yes (1) or no (0) and no intermediate gray. Theoret-
ically digital information is also represented by a combination of 0 and
1. Therefore, digital information can be treated with computers and any-
thing computers can treat is limited to digital representation. That is, the
conventional computer works only with input data in which everything is
determined as 1 or 0.

This principle where there is no intermediate status is called the law of
excluded middle. The binary logic that holds this law of excluded middle
has strongly contributed to the miraculous development of computers and
the contemporary information oriented society. The advantage of binary
logic is to achieve the precision that is required in theory by increasing
digits. One more advantage is to be able to program in computers any
procedure that is defined clearly and is to be done by computers.

The most important advantage for implementation of machines is to
use electronics. The binary truth of true and false can be represented
by the correspondence to existence of electrical charge, electric current or
voltage. Using electronics makes possible super high speed and small sized
computers. Furthermore, since there are only two states necessary, other
advantages are that the easier system design, tolerance of a noise, and
simpler hardware architecture.

As mentioned, the information oriented society is possible due to com-
puters. Communication and databases help to make society more practical.
Digital information representation using electronics makes not only com-
puters, but also digital communication called INS (Information Networks
System) and ISDN (Integrated Services Digital Network) possible. Data



l.o. numan Beings Forced to Think Suitably for Computer 7

and knowledge are stored on magnetic disks and floppy disks, and even au-
dio and visual information can be stored as digital information such as on a
compact disk. As computers begin to communicate with each other, we can
retrieve useful information from databases whenever it is necessary. Thus,
we are surrounded by digital information which avoids ambiguity. Although
it provides us with a convenient and efficient life, indeed, it seems that we
feel somehow unsatisfied and are frustrated.

1.5 Human Beings Forced to Think Suitably
for Computer

Because we can discuss and make inference without precise conditions and
data, human logic is ambiguous. For instance, somebody tells us to ”Slow
down when it is raining because rain makes a car skid”. However, we don’t
have to slow down in the case of light rain. We can decide to slow down,
of course, in the case of heavy rain.

For another example, we will wait at least an extra five minutes even
if our friend promised to come at 5 o’clock. Nobody leaves just because
he/she did not come at 5 o’clock. Can we say that it is raining” when it
is light rain? How much speed should we chose when we slow down? How
precise is "about 5 o’clock”? There are few people who care about it in
detail. We can understand without such a preciseness. We can sufficiently
communicate with each other and infer without determining all.

However, it is critical when we use computers to make decisions because
a computer can only work if these ambiguous things are written in details
without ambiguity and given to the computer with precise definitions of
what to do. But, should these issues be defined clearly? Even if it can
be done, what does it mean? In the practical view point, though, we
have to define them to make a computer work. A computer is not good
for doing pattern recognition and abstracting, which are easily done by
humans. That is why we are forced to conform to the computer when we
use it. From the view of man-machine interface, which is the technology of
the interface between human and computer, the victims of the inequality
are human beings. This problem can not be solved until a computer can
handle ambiguity.

We have seen how ambiguity has been dealt with in science and a tech-
nology up to now. Next, let us consider ambiguity again from a historical
view point.
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1.6 Contemporary Rationalism Due to
Descartes

It is said that the binary logic that allows "yes” or "no” is due to Alstoteres,
an ancient Greek philosopher. Alstoteres recognized the existence of what
should be determined not either ”yes” or "no”. This means that ambiguity
was acknowledged when the study of logic began. But, the main acceptance
during the renaissance of symbolic logic, where only ”yes” and "no” are
assumed, remains up to the present.

There are two kinds of logic. Modal logic is a logic dealing with cases:
there is a possibility of true, or there is necessity. This logic also origi-
nates with Alstoteres, but it can not be used for contemporary science and
technology. Multiple-valued logic is logic where a degree of truth between
"yes” and "no"” is acknowledged. The multiple-valued logic is being studied
frequently these days, but it can not overthrow the established binary logic
and remains minor research.

Modern science and technology is definitely based on binary logic that
does not allow any ambiguity. Therefore, an exclusion of ambiguity is an
absolute and unconditional requirement in modern science and technology.
It is agreed that by excluding ambiguity we have established theories and
developed applications.

The establishment of modern rationalism has influenced this. Mod-
ern science and technology are strongly influenced by Descartes’s theory
of modern rationalism. His methodology is analytical, in which any com-
plicated problem can be understood by dividing the problem into several
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smaller problems until each problem can be clearly understood. After every
problem becomes clear, they can be combined to grasp the whole problem.
The basic idea is that the whole is understood by the composition of each
part. Thus the divided parts should be clearly agreed by everybody. An
example is the axiom that the sun rises in the east. The combining process
also is to be consensus, where objectivity and universality are significant
guiding principles. It implies that there is an assumption or a belief that
everything has a unique answer which we must discover and clarify.

Is it possible that we can make everything clear? Is there anything that
is lost by dividing the problem? If we consider only things that can be
clarified by excluding ambiguity in science and technology, we would never
handle human subjectivity and feelings that are essentially ambiguous. We
would only consider physical issues. Since machines are designed by using
theories based on that idea, this consequence applies to machines, too.

1.7 Modern Rationalism at a Deadlock

When Descartes proposed the objective and analytical approach, Pascal
claimed the antithesis. He stated that a subjective and synthesis approach
are also important, just as Alistoteres claimed the importance of ambi-
guity when he proposed binary logic. Pascal thought spirit and feelings
were central while Descartes thought physics and reason were central. To
Descartes’s universality, he claimed an individuality. It might be the irony
of fate that in order to help his father who worked as a revenue officer, Pas-
cal invented a manual computer which became the original form of today’s
computers. Descartes could not produce a theory dealing with ambiguity.
Pascal became a pioneer in probability, which has been the unique theory
dealing with ambiguity up to now.

However, Descartes theories have been favored over time. The spirit of
Descartes was succeeded by Ripunitz and Newton, who established modern
rationalism. It can be said that the analytical and objective approach has
succeeded. Because of Descartes guiding principles and modern rational-
ism, we have the physically affluent society with fully developing science
and technologies. Science makes unknown things clear step by step. The
mysterious things are getting trivial. Simultaneously, ambiguity is getting
lost. If there is any ambiguity, it means science in that field has not yet
sufficiently developed. It can be removed by developing the science. That
is a common belief.

It was often unrecognized that quantifying and taking the average of
essential human objective characteristics is a disadvantage because in only
examining these details there is a missing synthesis viewpoint. Although
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some sometimes have claimed that science should be human oriented, the
antithesis was never major because materialism and modern rationalism
succeeded too well.

Nowadays the targets of science and technologies shift from physical
issues to energies and information. There is a reason why information was
left to now. It is because it is hard to recognize as a target of science since
information is so close to our lives. Now we understand the importance
of information. Thus, we shall be trying to develop the research field. As
information has a deep relationship with our ideology, the research must
have an important role in our society. However, it is obvious that the
development of information will reach a dead end using a conventional
approach because humans are essentially ambiguous, as we have seen before.
Therefore, now is the time we have to change the conventional science and
technologies approach in which necessary ambiguity has been ignored.

Alstoteres

L)

24

Pascal

1.8 Information and Ambiguity

What is information? The Japanese word for information is written as
"Jyouhou”, which means a notification of a mercy. Further consideration
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shows an interpretation that the mercy is content that we want to commu-
nicate, and the notification is like paper or a telephone which can be used to
transfer that content. To communicate something, semantics is represented
by a medium with some symbols. On the other hand, what we really want
to communicate is not the symbols physically sent to the recipient, but the
semantics. That is, the information consists of the symbols physically sent
and the semantics represented by the symbols. The symbols corresponds
to a skeleton that conveys semantics. The semantics, which corresponds
to a muscle, depend on interpretations by senders and recipients which are
both human.

Up to now, science with regards to information has developed the syntax
side of information, and aimed at technologies such as symbols speed, less
transport errors, burst transfer, storage and processing. However, informa-
tion becomes useful only when the human sender or recipient can recognize
the semantics. In this sense, it is impossible to ignore the human. This
is why information science differ from the others. Hence, we have to face
the ambiguity which essentially lies in humans. Of course, this does not
cover the case when we just need the syntax of information. Since this does
not make sense, we come to the conclusion that research positively assum-
ing the ambiguous would be significant in our highly information-oriented
society. While it sounds like this assertion is against conventional modern
rationalism that intends to exclude ambiguity, it does not mean that binary
logic is useless. It is just insufficient.

We have seen that the tight relationship between humans and com-
puters makes it necessary to establish a theory that positively supposes
ambiguity. Thus, any science whose objective is a system consisting of
only humans, in other words a society and an organization, would origi-
nally involve ambiguity. In fact, however, there have been several attempts
to apply technologies of object-oriented science to the social sciences, even
though a theory of ambiguity is what is required most by the social sciences.

1.9 Requirement of Ambiguity

Inserting an allowance for the ambiguity looks as if we just gave up on
an effort to strictly and precisely examine a target. It also looks like a
forged science or false science. Some people claim that essentially ambigu-
ous things such as human feelings or sensitivities must not be studied by
science. But, a study ignoring human beings has limitations.

The limitation of the conventional technologies is not the only issue
with regards to humans. There are also highly complicated systems and
systems which leave subsystems unknown. Is it possible to develop these
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systems with conventional technologies? It is a big task to exactly define,
formalize, and model complicated systems. Even if that was completed,
the resulting system could be too complicated to analyze the consistency
of the data. We often need supercomputers. What is really required is
rougher modeling techniques. Even if we could know the general behaviors
of the complicated system, this is impossible. We have two choices using
the conventional strict theories to model the unknown system; just ignore
it, or give proper default values. If, an exact analysis of the system does
not make sense, it might produce meaningless conclusions. The unknown
subsystems should be treated as if they exist. But we have no way to do
this. After all, a theory of ambiguity would be required.

1.10 Aspect of Ambiguity

Up to now, we have used the term ambiguity without an exact definition.
What does it really mean? What ambiguity means is ambiguous. We have
various ambiguities. The following are some semantics of ambiguities:

1. incomplete: not understandable because of the lack of information.
For example, I can not speak Spanish. So I can’t understand some-
thing spoken in Spanish. Although the information has a meaning,
we could not accept it because of lack of knowledge.

2. ambiguity: indefiniteness in several interpretations of one word. A
Japanese word "hashi” has several meanings; a bridge, an edge, and
a chopstick . This is called the ambiguity of a word. This property
holds with not only words but also figures. There is a famous picture
which can be seen as a face of a young lady and of an old woman at
the same time.

3. randomness: not yet known since it will be done in future. Which
side will come up by shaking a dice? Which leg will I use first when I
leave home tomorrow? These are examples of ambiguity with regards
to future events. Randomness is often said to be an accident which
can be calculated with probability.

4. imprecision: not precise or exact. This covers ambiguous cases which
include errors or "noise”. This ambiguity is caused by imprecision of
information.

5. fuzziness: unable to define, or have a meaningless definition. There
are the ambiguities with respect to words, that is, ambiguity of se-
mantics. For instance, it is ambiguous as to whether she is beautiful
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or not or it is hot or not today. The answers may depend on individual
perception.

There are another kinds of ambiguity other than the above. In this
book, we consider the fifth ambiguity of fuzziness.

1.11 149 Terminologies Concerning Fuzziness

The word ”ambiguity” has a negative meaning. It means often incom-
plete, sometimes shady. In fact, a Japanese dictionary uses the definition
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of an ambiguous hotel to mean disreputable hotel. That is why an am-
biguous theory sounds like an incomplete theory, or a disreputable theory.
Of course, these are misunderstandings. A theory of ambiguity which this
book is introducing is a non-ambiguous theory which assumes the existence
of ambiguity.

Since the word "ambiguity” has a negative meaning in Japanese, the
idea of an ambiguous theory has not been popular. Researchers on the
subject have often been misunderstood or slandered. Fortunately, I have
hardly ever had such an experience because I have called it “fuzzy theory.”
This is one reason why the name ”fuzzy theory” is becoming more popular
than that of “ambiguous theory.” We Japanese use the term " fuzzy theory”
instead of ”ambiguous theory” to avoid misunderstanding, though we are
more familiar with ”ambiguous.” Once I asked a professor what is the best
translation of fuzzy theory, he answered " how about a senile theory?” I said
I don’t like that because it sounds like a senile person. Then he suggested
an out of focus theory? It went from bad to worse! So, we had nothing
other than "fuzzy theory.” This is how it came to be called "fuzzy theory”
in Japan. In China, they have a special translation of fuzzy theory because
the Chinese word for ambiguity doesn’t have a positive meaning either.

Prof. Michio Sugeno, Tokyo Institute of Technology, as one of the re-
searchers of Japanese on fuzzy theory, has surveyed Japanese words relating
to ambiguity. There are 149 adjectives to mean ambiguous. Similarly, it is
said there are about 170 words in English and about 150 words in Chinese.

What I want to stress here is not the number but the usages. This is a
common observation for any languages. There are two usages; prime words
such as "ambiguous”, "vague”, and "dim”, and compounds with negative
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prefix including “un” or "in" such as "inaccurate”, ”uncertain”, "inexact”.

1.12 What is Fuzzy Theory?

We have learned that there are various ambiguities. This might be rea-
sonable because indefinite things can vary. While definite things can be
determined uniquely, the world of ambiguities is rather wider than that
of definite things. Definite issues can be modeled in binary logic. How-
ever, it is not safe to compulsorily apply only binary logic to the world of
ambiguities. It would be hard to have one unique theory that covers all
ambiguities.

The adjective "fuzzy” means boundaries are vague like on a feather.
But I don’t think fuzzy theory is the only theory for ambiguities. Proba-
bility is the only acknowledged theory of the theories, which are studying
ambiguities. Both probability and fuzzy theory are theories which can be
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used to deal with ambiguity. Fuzzy theory can be used for a numerical
analysis of ambiguity.

From the above point of view, the whole theories for ambiguities are
not clarified yet. What I want to remark on is that probability is abused
so often because there is no other theory for ambiguities. It is obvious that
the subjective issue “how beautiful” can not be measured by probability.
Fuzzy theory is a breakthrough to this drawback. It should be noted that
the engineering approach using fuzzy theory to model subjective ambiguity
has begun to be successful.

Of course, it is also true that only two theories, probability and fuzzy
theory, can not solve all of ambiguities. So, we need yet new theories. Let us
conclude that the theory for ambiguities is an unspecified theory including
new theories that will be developed in future.






Chapter 2

Before the Invention of
Fuzzy Theory

2.1 Invention of Fuzzy Theory — Proposed
by Prof. Zadeh in 1965

Fuzzy theory began with a paper on “fuzzy sets”, which was published in
an academic journal “Information and Control,” by Prof. L. A. Zadeh,
University of California Berkeley, U.S., in 1965, In this paper, Prof. Zadeh
named fuzzy sets as those sets whose boundary is not clear, such as “a
set of beautiful women,” “a set of tall men,” and "a set of big numbers.”
He pointed out that fuzzy sets play an important role in human reasoning
for pattern recognition, which is elementary capability, communication of
semantics, and especially abstraction. He expanded his assertion into a
mathematical theory.

In the conventional set defined in mathematics it must be clear whether
any element is “in” or “out,” for example a set of men or a set of integers.
If it is not clear, it can not be called a set and an object of mathematics.
In this sense, the “fuzzy set theory” is a very new proposal.

Why did Prof. Zadeh start to think about such fuzzy sets? He is one
of the pioneers and authorities on modern control theory. Modern control
theory is very modern, strict and precise. Thus, modeling a complicated
system in this theory requires a lot of energy. Although a computer may
be used for the processing, we have to specify the details of a process step
by step. For example, the control system of robots or rockets becomes
complicated. The modeling is extensive and the execution takes a long

17
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time. High speed computers can not be useful because of the computation
time in the period of the initial stage of computer analysis. Using another
example, a computer can be used to predict the direction of a typhoon, but
it takes so long that the typhoon will have already passed.

The number of processes to be specified is exponential to the number of
elements. Although a computer seems to be almighty, it is inferior to the
human brain in certain types of processing. For example, consider a game
of chess or go, a popular Japanese game, which we can easily play in our
daily lives. However, to examine all possible solutions, even a current super
computer would take time as long as the time between the beginning of the
earth and now. The targets become still more complicated, even though
the computers are slowly getting faster, there would never be time. Clearly,
there must soon be deadlock. In this way, he came to the conclusion that
the conventional approach, which requires specifying everything in detail,
was wrong. Thus, a technology in which the whole system can be roughly
defined, that is “fuzzy theory” was proposed.

. set'of .
{7 beautiful
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2.2 Invention of Fuzzy Theory — Limitation
of Rigorous Computer Modeling

To tell the truth, there is another important reason why Prof. Zadeh pro-
posed fuzzy theory. Even if the complicated system’s problem is solved, the
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following two issues remain:

1. It is impossible to list all the conditions for a system, because we
can not predict what conditions will have an affect on the system. In
practical use, the conditions which seem to have influence are chosen
and used for control. Hence, the system cannot choose the conditions.
In other words, it assumes that the system is controlled only by the
chosen conditions. What if an accident happens? We have no way to
allow for it. Though we give specific modeling, the system does not
avoid an accident.

2. The system parameters, which are conditions assumed to be impor-
tant for the system, must be determined by some values. However, it
is often the case that these values are unable to be fixed accurately.
For instance, assume that a system does not work at a certain high
temperature, which unfortunately is unknown. The cost for the tem-
perature to be clarified may be large, or man may fail to accurately
identify the temperature. We often assume a certain value when we
have no information about it, for example 45%. This is frequently
done in various areas. A computer requires values to be fixed for its
calculations.

Although there are many temporary parameters, the computer reasons
based on the conventional strict theories and technologies for analyzing. It
manages to produce the results after it repeats its reasoning iterations and
spends much time and cost. The results, however, sometimes seem to be
wrong. This is reasonable. In most cases, the computation is correct, but
the temporarily fixed parameters cause the error. That is, the failure is
caused because what is ambiguous is forced to be fixed. Ambiguity should
be treated for what it is. This was the big motivation for the development
of fuzzy theory.

2.3 Fuzzy Theory Invented by Talking About
Beautiful Women — It is Used with Any-
thing that is Dependent on Subjective
Reasoning

One of my German friends, a famous researcher on fuzzy theory, told me

a secret about fuzzy theory. Here is the real reason why Prof. Zadeh
invented fuzzy theory. Oneday, Prof. Zadeh debated with his friend the
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issue of which wife was more beautiful. Since this depends on individual
perception, the degree of beauty varies. No matter which theory was used
to prove it, their opinions would never be in agreement.

There is no theory that can be used to prove a quality like beauty.
Therefore, it cannot be determined what "beauty” is. By doing a survey,
the percentage of people who think she is beautiful may be just obtained
statistically. To fill out the questionnaire, one has to alternatively decide if
she is beautiful or not. It is not reasonable to always answer either “yes”
or “no.” Many want an intermediate answer. Even if statistics show that
she is beautiful, would we always agree with them?

This is the story about when Prof. Zadeh thought of the idea of fuzzy
theory , which deals with intermediate truth, and indefinite propositions.
But, I am not sure this is true story or not, because I have not had an
opportunity to ask Prof. Zadeh about its truth.

2.4 Fuzzy Theory Met with Severe Criticism

When Prof. Zadeh published papers on fuzzy sets, researchers showed little
interest in his new idea. Most were against it. Some were opposed to his
idea because Prof. Zadeh , who had studied strict modern control theory,
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changed his opinion from chasing strictness to allowing for ambiguity. Some
said he gave up. They claimed that researchers in science and technology
must make everything clear and exclude all ambiguities, or try to do so.
Thus, Prof. Zadeh was said to be no longer a researcher. The severe
criticism was not only about Prof. Zadeh but also about fuzzy theory
itself. Criticisms included the following:

e fuzzy theory is not necessary,
e it is not new because it was already proposed by the ancient Greeks.

To publish a paper in an academic journal, the paper is usually judged
by some referees. In general, such a controversial paper is hardly ever
accepted to be published in a journal. His brilliant achievements in modern
control theory might have helped to publish. Furthermore, he was one
of the programming committee members of the journal "Information and
Control.” He told me later that they decided to publish this paper because
of his earlier contributions to the journal.

He was disappointed by these negative comment on fuzzy theory. But,
not all researchers were opposed to him. The late Prof. Richard Bellman,
who is a famous for the establishment of dynamic programming, agreed
with the fuzzy theory. His warm encouragement helped Prof. Zadeh to go
on studying ’fuzziness.’ Later, Prof. Zadeh and Prof. Bellman published a
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monumental paper together.

Although early on fuzzy theory was mostly ignored, little by little it was
studied by more researchers around the world and they were impressed.
Research increased in Europe, China, and Japan, using this theory even
though the severe criticisms still remained.

2.5 My Personal History — Getting Involved
in Fuzzy Theory

Let me talk about why I got involved with fuzzy theory.

I was a graduate student who learned about fail-safe logic at Meiji uni-
versity. The goal of fail-safe logic is to implement a switching circuit such
that a fault might be committed but his would never result in a dangerous
state. It accepts the fact that any equipment is subject to being broken.
The fail-safe logic is, as it were, safe logic for a failure. Here, we use the
word, logic, to mean a logic circuit, which is a component of a computer.

The terminology 'fail-safe’ is often used in areas such as airplanes, nu-
clear reactors, and trains. For example on trains, a signal might show ’to
stop’ when it should show ’'to go’, a railroad crossing is closed when it
should be open. Though these kinds of errors are troublesome, they are
not critical. But, what would happen if it were the opposite? A signal
shows 'go’ when it should show ’'stop’. A closed crossing slips and opens.
These errors are serious. The fail-safe logic circuit always behaves so that
the latter error can not be made.

First of all, I tried to use binary logic for the fail-safe logic circuit.
However, there was trouble. The signal of 'stop’ may be interpreted as a
stop or a fault. Hence, a system that accepts an action at a signal for stop
can violate the fail-safe logic. My conclusion was that for fail-safe logic we
need at most three states, yes, no, and unknown or fault, that is, fail-safe
logic is ternary logic.

At that time, I read Prof. Zadeh’s paper in the Journal of Information
and Control, which somebody had recommended to me. I found that fuzzy
theory has the same logic as my ternary logic. 1 immediately wrote some
papers, applying fuzzy theory to my idea. Since my professor, Dr. Yasuo
Komamiya, who supervised my work in fail-safe logic, is fortunately a long
friend of Prof. Zadeh, I wanted to meet him. The chance came to me.
Before going to make a presentation at a conference held on the east cost of
the U.S. I sent my paper and Prof. Komamiya's letter to Prof. Zadeh. He
made a phone call to me from the west cost when I attended the conference.
I visited him at the University of California, Berkeley at once. It was in
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1977. After he had read my presentation, he said, ” Your idea is right. It is
what I thought!”.

After that visit, in ¥879, I stayed with my family in California and
worked at the University of California, Berkeley. Although it was too short
a period, a half of year, I studied a lot about fuzzy theory as a visiting
researcher under Prof. Zadeh.

2.6 On Prof. Zadeh — The Father of Fuzzy
Theory

Prof. Zadeh was born in Iran, and graduated from the university of Tehran,
Department of Electricity. In the U.S., he received a master degree at MIT
and Ph.D. at Colombia University. He worked at Princeton university and
then became a professor at The University of California, Berkeley in 1959.
As mentioned before, he was a brilliant researcher in control theory and
systems theory before he proposed the fuzzy theory.

He is 175 cm tall, slender, and bald. He looks scholarly from the first
impression and he is very meticulous. He is known as an expert of math-
ematics and logic. I personally know that he is very kind, especially to
women and Japanese. There are many Japanese researchers who thank
him. He knows a lot about Japan, from the cost of Fujitsu stock to the
huge electronics market in Akihabara city.

He has visited Japan many times and traveled all over the world. His
traveling clothes are unique. He carries things like his passport in a pouch
belted at his waist. Though a waist pouch is not so special these days, he
was wearing it years ago, which show what a typical American researcher
he is.

He is crazy about cameras, so that he always has a camera whenever he
travels. Plus, he is skillful with a camera. In his home, there is a portrait
of the late president Kennedy which he took. While traveling, he often
takes photos and gives them to his friends. Since I have so often seen his
kindness, I wonder whether there may be a relationship between kindness
and fuzzy theory.

In 1979, he was the only researcher studying fuzzy theory in Berkerly.
At that time, most visitors to his house seem to come from foreign countries
because his research had been accepted internationally but not in U.S. yet.

He has far fewer American graduate students than international stu-
dents at school.

He has one informal seminar a week. Researchers join it not only from
the U.S., but also from around the world. I, myself, attended it many
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times. We used to discuss fuzzy theory from several view points. 1 was
impressed that fuzzy theory was still a developing theory and subject to a
various interpretations. I also learned that it is important for us to discuss
frankly, which is good for our originality. I still remember that we, Prof.
Zadeh and the visitors, were ambitious to promot fuzzy theory which was
not acknowledged in the world.



Chapter 3

Fuzzy Theory

3.1 How to Define “Middle Age”

This section defines what fuzzy theory is. I will try to explain it simply
without mathematical notations since this article does not aim to give an
academic background of fuzzy theory.

Let us take an example of word “middle age”. We usually speak these
words in our daily life though we don't know the exact years or how long
it lasts. So, consider doing survey in order to determine the period. How
do you identify “middle age?” Let us have participants answer a particular
age using their intuition. It may take a while to answer because a specific
age is a bit hard to give. Beside, they may laugh at the image of middle
age. Hence, the answer as to what middle age is depends on the individual.

Let assume that we are going to summarize the survey using a computer.
We could have a strict definition of middle age, something like the mean,
in order to classify a group of survey answers on what age middle age is,
according to the result of the survey. Assume that we have the age ranging
from 35 to 55 years old. Then, a man who was 34 years old who does not
belong in middle age would suddenly become middle aged on the day of
his birthday. Similarly, just after the birthday of 56 years old, he would no
longer be middle-aged. If time the of the day is also significant, we should
take into account the time of his birth. There are few people who remember
the time of their birth. Therefore we must give up tying to define a strict
model for middle age. We would have to make some assumption. No one
wants such preciseness for middle age no matter how exact he is. Obviously,
it is not necessary to pursue this preciseness.

We have a vague idea of middle age in our daily conversation. No one
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agrees that it begins just after 35 years old. These numerical representations
are conventional assumptions only good for computers. However, as we have
seen conventional theories and computers force us to use the mathematical
model. This means something that is actually continuous and ill-defined
has been forced to be well-defined. In other words, what is actually analog
information has been represented digitally in order to deal with computers.

According to some dictionaries, “elderly” is defined as just 40 years
old. This is far from our impression of it. The United Nation decided that
“old age” is classified as older than or equal to 65 years old. This is just
convenient for statistical manipulation.

Let us goes back to the definition of middle-aged. Figure 3.1 shows an
instance. The horizontal axis shows ages or a period of time, the vertical
axis shows whether 'yes’ or 'no’. Yes is 1, no is 0.

middle age
#
‘_l_“ ——————_

Figure 3.1: Definition of Middle Age in Conventional Sets

One more interpretation is that it is a name of a set, a collection of
objects. For example on ages, the set of "middle-aged” is the numbers 35,
36,..., 55. Any intermediate number in this set belongs to "middle-aged”,
all others do not belong. It may be easier if you make 1 to correspond
to belong, 0 to not belong. All standard theories can be explained by
means of set theory. In fact, some researchers are trying to establish new
mathematics by the set theory. Binary logic in which everything is either
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'yes’ (belong) or 'no’ (not belong) is a principle of set theory.

3.2 What is Fuzzy Theory?

What is wrong in the definition of "middle age”? It sounds very unnatural
because the boundaries are too sharply fixed. It may make sense if the
boundaries were loosely defined. For this sake, we shall consider the degrees
of middle age. For example, 35 years old is middle age with a degree of 0.6,
and 36 with a degree of 0.65. The degrees may change slightly depending
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on ages. Figure 3.2 shows how this works. In this definition, there are no
extreme steps to middle age where by one becomes old with just one year.
You may notice in the Figure that 25 years old is considered middle age
by some though the degree is not high. This is an extended interpretation
from set theory. Prof. Zadeh calls the new extension of the set theory
" fuzzy theory”. We have learned that ”fuzzy” is an adjective to mean soft,
with no definite boundary. In Japanese, we say ”Oboro.”

degree
§ middle age
0 i

25 35 55 65 age

Figure 3.2: Definition of Middle Age in Fuzzy Sets

A fuzzy set is allowed to have an intermediate membership, which is
neither 0 or 1 in the conventional set theory. A membership of 1 represents
that an element (age) definitely belongs to a set (middle-aged), 0 represents
that it does not. A membership of 0.5 shows that it belongs with a half
degree.

In a sense, a fuzzy set can include a standard set in a special case. This
is the reason that a fuzzy set is generalized from a standard set. Hence, by
having membership be restricted within 0 or 1, any theory based on fuzzy
theory provides the same result as that derived from conventional theory.
On the other hand, fuzzy theory needs to be developed so that it can be
consistent with the conventional theories.

Now, we are ready to discuss the semantics and syntax of fuzzy theory.
For example, "middle-aged” is a label or name of a fuzzy set by which a
behavior of the contents is represented in Figure 3.2. If we consider the
example of conversation, words we speak correspond to the label, what it
means in the contents corresponds to the figure. In fuzzy theory, the label
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is said to be a fuzzy set, the figure is a membership function of the fuzzy
set. Generally, a fuzzy set is considered to have a label and a membership
function together.

In Figure 3.2, the fuzzy set of "middle-aged” is defined over a set of
ages, that is, 1, 2, ...., 100. We call the whole set (1,2,...,100) the universe
of discourse. The fuzzy set of "middle-aged” is defined over the universe of
discourse. Note that the universe of discourse is a standard set on which a
fuzzy set is defined.

3.3 Notation of Fuzzy Theory

A fuzzy set has soft boundaries. In contrast, let us call a standard set a
crisp set because it has crisp boundaries.

The membership function in Figure 3.2 can be represented by a table.
In particular, the table representation is useful when we treat it with com-
puters. For example, consider a dice whose values are 1,2,..., and 6. The set
of even numbers can be mathematically defined to be consisting of the three
numbers of 2, 4, and 6. Then, let us consider a set of large numbers which
has a fuzzy sense. Let’s say it is defined by 4, 5, and 6. It sounds somehow
strange. So, we should have a fuzzy set represent such intermediate value
using a membership function. Table 3.1 shows the answer. Where, column
(a) gives even numbers, and column (b) shows large numbers. You can see
that number 5 belongs to the fuzzy set of large number with degree of 0.8.
We say the membership value is 0.8.

Table 3.1: Membership Function
Dice Number: z | pa(z) | pus(z)
0
0.2
0.4
0.6
0.8
1

=2 < S N L I N
OO = O

In the table, we distinguish the fuzzy set and the membership function.
The label of the fuzzy set is "large numbers”, which is assigned to the sym-
bol ” B”. The membership function of ” B” is denoted by ppg(z). We write
pg(5) = 0.8 to mean the number 5 belongs fuzzy set ” B” with membership
value of 0.8. There is the mathematical way which may be useful for people
who are willing to learn fuzzy theory, but the details are omitted here.
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Note that the crisp set has a counterpart of a membership function,
which is called “characterized function.” The characterized function of
crisp set A is denoted by A4.

3.4 Representation of Subjectivity

So far, we've seen the overview of fuzzy sets. You may have come up with
Nowsome big questions: How do we determine a membership value? Why
is the membership value 0.6 assigned to 35 year olds for "middle-aged”?
Why is the degree of 0.8 assigned to 5 for "large dice number”?

Roughly speaking, a membership value can be decided by whatever you
feel, that is, your subjectivity. The value may depend on the individual.
You may be wondering how it can be assigned in this way. Now, let me
remind you of the classic definition of “middle-aged”. It has been given by
someone's subjectivity and represented with 1s and 0s. Compared to this
classic definition, it is far more expressive when any real number between 0
to 1 is used to define middle ages. With membership values, our fuzzy sub-
jectivity is likely to be represented completely. This is an important point.
Fuzzy theory, in other words, provides a means to qualify our subjectivities.

There is a criticism that fuzzy theory has no way to objectively de-
termining membership values. This was the biggest criticism when fuzzy
theory was developed. The goal of fuzzy theory, however, is to establish a
mathematical theory to deal with subjectivity, given any membership val-
ues. Note, that it is not to objectively deal with subjectivity. This is a
matter that is argued even now. Fuzzy theory is NOT a fuzzily defined
theory. It is a mathematical theory to deal with ambiguities using quan-
tified descriptions in exact methods. I want to stress here, the object is
uncertainties, but the method is not uncertain. So, the definition of fuzzy
theory is done in a rigorously scientific way.

The conventional theories are based on Descartes’s principle whose ob-
jects are limited to what can be objectively defined. The uncertain, there-
fore, is excluded from the list of research topics. Even if it is studied, the
representation is forced to be either 0 or 1, even when it seems inconsistent
to our feelings. The essence of uncertainties is lost in the methodologies.
This is why the result of highly-developed technologies are not comfortable
to us.

In fuzzy theory, we take an opposite approach to uncertainties. First,
the uncertainties are represented with membership functions, as one feels.
Then, the function is manipulated in a method defined in fuzzy theory.
If the result does not cover the behavior of the given uncertainties, after
the membership functions is tuned we restart from the beginning. We are
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hardly ever stuck for the values.

The computation involved in fuzzy theory is very simple. Some maxi-
mum and minimum are used to get answers. Complicated computation is
no longer necessary to deal with uncertainties. Instead, simple and rough
procedures are used to have a meaningful result. This is a basic idea of
fuzzy theory. It should be noticed that subjectivity becomes possible to be
dealt with for the first time since fuzzy theory was developed.

3.5 Operations in Fuzzy Theory

Let us consider one more example of fuzzy sets. Recall the example of the
dice, and choose your favorite number of all the numbers on a dice. This is
a typical example. Table 3.2 shows a fuzzy set of my favorite numbers. The
degrees of membership are given as I like. Next, let us think about disliked
numbers. It is the opposite case of favorites. There is a complementary
relationship between them. Thus, the fuzzy set of disliked numbers can be
determined by the fuzzy set of favorite numbers.

An operation of negation on a fuzzy set is defined by 1 minus the mem-
bership function of the set. Although several definitions of negation can be
possible, we just say it is defined by 1 minus. That is because simplicity is
a virtue in fuzzy theory.

In this way, we have the fuzzy set of disliked numbers as shown in (b)
column in Table 3.2. Note that in the extreme cases when a degree is
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Table 3.2: Dice Numbers

Dice Number C D E
z uc(z) | pp(z) | pe(r)
1 1 0 0
2 0.3 0.7 0.3
3 0.8 0.2 0.2
4 0 1 0
5 0.6 0.4 0.4
6 0.7 0.3 0.3

(a) C favorite numbers
(b) D dislike numbers
(c) E both favorite and not favorite numbers

given 1 or 0, that is, "one” and "four”, a standard "yes” and "no” are in
complement relationship, as in binary logic. As we’ve shown, we should
give a new definition of operations so that it can include a conventional
theory.

Next, let us consider a number which you like and dislike. It does not
make sense in conventional theory, and thus only false (0) is assigned to
this contradictory truth. In fuzzy theory, however, this can make sense.
The meaning depends on what we interpret as the semantics of "and”.

We know a preciseness of membership function is not important, thus
simple definition is sufficient to manipulate membership functions. The
simpler, the better. In general, a smaller degree is chosen as a result of
"and”. According to this definition, the degree of likeness ”and” dislikeness
is given in (c) Table 3.2. We can get an answer! The result can be considered
as a degree of consistency, or a degree of how roughly defined it is. After
all, we see the "five” satisfies a condition of a number which is preferred
and not preferred, the best of all numbers. We sometimes say we like but
dislike in our daily conversation, and it definitely makes sense. But, in the
world of logic, it does not make sense. Indeed, in the example of Table 3.2,
"one” shows a completely favorite number, and "four” means a definitely
disliked number. In this case, the fuzzy set of numbers that we like but
dislike provides membership value of 0. In other words, it is completely
contradictory. While fuzzy set representation provides the intermediate
feeling in which we have no contradiction any more.

In fuzzy representation, compared to binary logic, we can feel free to
represent our feelings. It must be closer to our real feelings. The law of
excluded middle does not hold any more. The law of excluded middle is
a principle of binary logic whereby either "yes” or "no” is allowed to be
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taken. Thus fuzzy logic is necessary where we can take intermediate values.

Conventional set theory and binary logic have three elementary opera-
tions: complement set (means negation), intersection (means ”and” ), union
(means "or”). In fuzzy theory, we have defined 1 minus to mean a nega-
tion, and taken the smaller to mean "and”. Then, how shall we define
"or”? Remember that it gives the same answer as binary logic if values are
limited to 0 or 1. Moreover, the simpler, the better. Eventually, taking a
maximum seems to be the best definition of "or”. Prof. Zadeh has adopted
this definition.

For example, the fuzzy set of numbers that I like "or” don't like in
Table 3.2 has a membership function in Table 3.3 (a). In binary logic, since
any truth is either yes or no, such a statement is always true, that is, the
degree of membership always is 1, which is called a tautology. In fuzzy
logic, as we've seen in Table 3.3, there are meaningful values other than 1.

Table 3.3: Logical Operation with Dice Numbers

Dice Numbers F G H
z pr(z) | pe(z) | pu(z)
1 1 0 0
2 0.7 0.2 0.7
3 0.8 0.4 0.4
4 1 0 1
5 0.6 0.6 0.8
6 0.7 0.7 1

(a) F' either favorite or not favorite
(b) G both big and favorite numbers
(¢) H both big and not favorite numbers

Let us consider one more example of "and” and "or”. Table 3.3 (b) - (c)
shows fuzzy sets G and H, which are defined with fuzzy sets in Table 3.1
and 3.2, “big and favorite numbers” and “big but not favorite numbers”,
respectively. Just taking bigger or smaller is thus simple. The operations of
fuzzy sets, “and,” “or” and “not,” are illustrated in Figure 3.3. Fuzzy set
A and B, the intersection “A and B,” the union “A or B” and the negation
“not A” are indicated.

You may notice some properties such as a negation of the negation of
A becomes A itself, and a negation of “A and B” becomes either “A” or
«B” . These properties hold in fuzzy logic as in binary logic. For example,
fuzzy set E in Table 3.2, “favorite and disliked numbers,” is identical to the
negation of fuzzy set F' in Table 3.3, “not favorite or not disliked numbers,”
that is, 1 minus membership of E is equal to membership of F'. This make
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Figure 3.3: Operations A and B, A or B, not A

sense because a negation of what is favorite and non-favorite is equivalent
to non-favorite or non-non-favorite (favorite). Let us end the discussion of
operations here.

3.6 Concept of Speed and Fuzzy Theory

Alice and Bob take a drive on a highway. Alice says “Please drive the car
at a safe speed.” Bob answers “Sure,” and he drives the car at a safe speed,
as far as he know.

Fuzziness is involved in our daily conversations such as in the above con-
text. Fuzziness helps with making communication easier. Let us suppose
that Alice expects about 90 km/h to mean “safe speed” and Bob thinks
about 70 km/h. With fuzzy theory, this situation can be illustrated in
Figure 3.4. If Bob drives in 70 km/h, Alice might request he “Speed up a
bit.” Both can be comfortable when they drive in the middle speed of their
expectations.

Even though their expected speeds are different, since their expected
speeds have some fuzziness and there can be an intersection of speeds where
both are satisfied. If we use the conventional computer to define “a safe
speed” by a strict value with +/- 5 km/h error, Alice and Bob can not
reach a consensus.

Our communication can not happen without such fuzziness or a span,
where both parties allow for each other. Language always has fuzziness. By
representing fuzziness with fuzzy sets, we might be able to make computers
that can deal with the semantics of our language. A time to meet with
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A's "safe" speed B's "safe" speed

80 90 1:]6
speed km/h

6 70

Figure 3.4: Fuzzy Sets “Safe Speed”

someone is fuzzy, and so it should be addressed with fuzzy sets. Suppose
we are to meet about five. Then, four is not five but can be said to be
about five with lower degree of correctness. Fuzzy sets provide an appro-
priate description to this example. A relationship between Alice and Bob
would rather be given with intermediate degrees than “yes” and “no.” The
relationship with degrees is represented in fuzzy sets and is called a fuzzy
relation.

Let us come closer to the details. Consider a simple example of the
relationship between names of diseases and symptoms. Let al and a2 be
symbols to mean diseases such as pneumonia or appendicitis. Also, let bl
and b2 be symbols to show a high fever and a pain. Let suppose that disease
al causes symptoms bl and b3, disease a2 has symptom b3, disease a3 has
symptoms b2 and b3, and disease a4 has symptoms b4.

Table 3.4: Relationship Between Diseases and Symptoms

Diseases \ Symptoms | b1 | b2 | b3 | b4
al 1{0|1]0
a2 ofo0|1]0
al Gl1TX]0
ad 0(0)|0/1

This relationship between diseases and symptoms can be expressed in
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