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Preface

This text is an introduction to the theory of fuzzy sets. Fuzzy sets are
mathematical objects modeling the vagueness present in our natural lan-
guage when we describe phenomena that do not have sharply defined
boundaries. By using the concept of partial degrees of membership to give
a mathematical definition of fuzzy sets, the number of objects encoun-
tered in human reasoning that can be subjected to scientific investigation
is increased.

Fuzzy concepts need to be modeled mathematically for the purpose
of automation such as in expert systems, computer vision, control engi-
neering, and pattern recognition. Fuzzy set theory provides a machinery
for carrying out approximate reasoning processes when available informa-
tion is uncertain, incomplete, imprecise, or vague. With the emergence
of new tools in the area of computational intelligence, such as nonstan-
dard logics, neural networks, and symbolic reasoning, this new theory is
a welcome addition to the repertoire of appropriate tools. This is espe-
cially true when observations are expressed in linguistic terms such as
in implementing human control strategies in robotics. The success of
this methodology has been demonstrated in a variety of fields, such as
control of complex systems, where mathematical models are difficult to
specify; in expert systems, where rules expressing knowledge and facts
are linguistic in nature; and even in some areas of statistics, exemplified
by categorical data analysis, where classes of objects are more fuzzy than
crisp, and where the variability across objects needs to be modeled.

The material in this book has been chosen to provide basic background
for various areas of applications. The material in Chapters 1, 2, 3, 5, 6,
7, 8, and 13 is pertinent in engineering fuzzy logic, by which we mean the
use of simple components of fuzzy theory, such as membership functions
and fuzzy connectives, in the modeling of engineering knowledge, and in
the design of fuzzy control rules. Chapter 4 deals with that part of fuzzy
logic that actually lies within the field of logic. Several propositional
logics are discussed, including fuzzy propositional logic. This material
should provide the reader with a clear way to think about this aspect of
fuzzy theory, and should be of interest in theoretical computer science
and artificial intelligence. The material in Chapters 9, 10, 11, and 12
is pertinent in decision making, in particular in fields such as expert
systems and computer vision where the uncertainty involved can take on
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various facets, such as probability, possibility, belief functions, and more
generally, fuzzy measures.
The material is drawn from many sources, including the novel series

of papers of Lotfi A. Zadeh, who is the founder of the theory of fuzzy
sets. For further reading, there is a bibliography. The text is designed
for a one-semester course at the advanced undergraduate or beginning
graduate level. The minimum prerequisite is some calculus, some set
theory and Boolean logic, and some probability and statistics. However,
we start from the ground up and background material will be reviewed
at the appropriate places. The course is designed for students from fields
such as artificial intelligence, computer science, engineering, cognitive
science, mathematics, and probability and statistics, who seek a strong
background for further study.
The exercises at the end of each chapter will deepen the students’

understanding of the concepts and test their ability to make the necessary
calculations. Exercises with an asterisk convey some advanced aspects of
the topics treated. After completing the course, the students should be
able to read more specialized and advanced books on the subject as well
as articles in technical and professional journals.
This third edition is a fairly extensive revision and expansion of the

second. Many exercises have been added. Some of the material in the
first four chapters has been slightly recast. A major addition is made
to Chapter 5, a section on type-2 fuzzy sets. This topic has received a
lot of attention in the last few years, and we present its mathematical
fundamentals. In Chapter 6, some material is added to the section on
copulas and t-norms. Chapter 7 is expanded by adding some material on
generalized modus ponens and the compositional rule of inference. Chap-
ter 9 on possibility theory has been completely rewritten and expanded.
So has Chapter 10 on partial knowledge. Chapter 12 on fuzzy integrals
has been revised and expanded.
We would like to express our thanks to Professor Lotfi A. Zadeh for

his constant support of our research. We are also grateful to Profes-
sor Carol Walker of the Department of Mathematical Sciences at New
Mexico State University who has read the manuscript many times and
coauthored much of the research of the second author. We thank again
all those who used the first two editions and gave us comments that led to
substantial improvements. We especially thank Bob Stern, our editor, for
his encouragement and help in preparing this third edition. And finally,
we thank David Walker for a careful proofreading of the manuscript.

Hung T. Nguyen and Elbert A. Walker
Las Cruces, New Mexico, Spring 2005
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Chapter 1

THE CONCEPT OF
FUZZINESS

In this opening chapter, we will discuss the intrinsic notion of fuzziness in
natural language. Following Lotfi Zadeh, fuzzy concepts will be modeled
as fuzzy sets, which are generalizations of ordinary (crisp) sets.

1.1 Examples
In using our everyday natural language to impart knowledge and infor-
mation, there is a great deal of imprecision and vagueness, or fuzziness.
Such statements as “John is tall” and “Fred is young” are simple ex-
amples. Our main concern is representing, manipulating, and drawing
inferences from such imprecise statements.
We begin with some examples.

Example 1.1.1 The description of a human characteristic such as healthy;

Example 1.1.2 The classification of patients as depressed;

Example 1.1.3 The classification of certain objects as large;

Example 1.1.4 The classification of people by age such as old;

Example 1.1.5 A rule for driving such as “if an obstacle is close, then
brake immediately”.

In the examples above, terms such as depressed and old are fuzzy
in the sense that they cannot be sharply defined. However, as humans,
we do make sense out of this kind of information, and use it in decision

1



2 CHAPTER 1. THE CONCEPT OF FUZZINESS

making. These “fuzzy notions” are in sharp contrast to such terms as
married, over 39 years old, or under 6 feet tall. In ordinary mathematics,
we are used to dealing with collections of objects, say certain subsets of
a given set such as the subset of even integers in the set of all integers.
But when we speak of the subset of depressed people in a given set of
people, it may be impossible to decide whether a person is in that subset
or not. Forcing a yes-or-no answer is possible and is usually done, but
there may be information lost in doing so because no account is taken of
the degree of depression. Although this situation has existed from time
immemorial, the dominant context in which science is applied is that in
which statements are precise (say either true or false)–no imprecision is
present. But in this time of rapidly advancing technology, the dream of
producing machines that mimic human reasoning, which is usually based
on uncertain and imprecise information, has captured the attention of
many scientists. The theory and application of fuzzy concepts are central
in this endeavor but remain to a large extent in the domain of engineering
and applied sciences.
With the success of automatic control and of expert systems, we are

now witnessing an endorsement of fuzzy concepts in technology. The
mathematical elements that form the basis of fuzzy concepts have ex-
isted for a long time, but the emergence of applications has provided a
motivation for a new focus for the underlying mathematics. Until the
emergence of fuzzy set theory as an important tool in practical appli-
cations, there was no compelling reason to study its mathematics. But
because of the practical significance of these developments, it has become
important to study the mathematical basis of this theory.

1.2 Mathematical modeling

The primitive notion of fuzziness as illustrated in the examples above
needs to be represented in a mathematical way. This is a necessary step
in getting to the heart of the notion, in manipulating fuzzy statements,
and in applying them. This is a familiar situation in science. A good
example is that of “chance”. The outcome produced by many physical
systems may be “random”, and to deal with such phenomena, the theory
of probability came into being and has been highly developed and widely
used.
The mathematical modeling of fuzzy concepts was presented by Zadeh

in 1965, and we will now describe his approach. His contention is that
meaning in natural language is a matter of degree. If we have a proposi-
tion such as “John is young”, then it is not always possible to assert
that it is either true or false. When we know that John’s age is x,
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then the “truth”, or more correctly, the “compatibility” of x with “is
young”, is a matter of degree. It depends on our understanding of the
concept “young”. If the proposition is “John is under 22 years old” and
we know John’s age, then we can give a yes-or-no answer to whether
or not the proposition is true. This can be formalized a bit by con-
sidering possible ages to be the interval [0,∞), letting A be the subset
{x : x ∈ [0,∞) : x < 22}, and then determining whether or not John’s
age is in A. But “young” cannot be defined as an ordinary subset of
[0,∞). Zadeh was led to the notion of a fuzzy subset. Clearly, 18- and
20-year-olds are young, but with different degrees: 18 is younger than 20.
This suggests that membership in a fuzzy subset should not be on a 0
or 1 basis, but rather on a 0 to 1 scale, that is, the membership should
be an element of the interval [0, 1]. This is handled as follows. An ordi-
nary subset A of a set U is determined by its indicator function, or
characteristic function χA defined by

χA(x) =

½
1 if x ∈ A
0 if x /∈ A

The indicator function of a subset A of a set U specifies whether or not an
element is in A. It either is or is not. There are only two possible values
the indicator function can take. This notion is generalized by allowing
images of elements to be in the interval [0, 1] rather than being restricted
to the two-element set {0, 1}.

Definition 1.2.1 A fuzzy subset of a set U is a function U → [0, 1].

Those functions whose images are contained in the two-element set
{0, 1} correspond to ordinary, or crisp subsets of U , so ordinary subsets
are special cases of fuzzy subsets. It is common to refer to a fuzzy subset
simply as a fuzzy set, and we will do that.
It is customary in the fuzzy literature to have two notations for fuzzy

sets, the letter A, say, and the notation µA. The first is called a “linguistic
label”. For example, one might say “Let A be the set of young people.”
A specific function U → [0, 1] representing this notion would be denoted
µA. The notation A stands for the concept of “young”, and µA spells
out the degree of youngness that has been assigned to each member of
U . We choose to make A stand for the actual fuzzy set, which is always
a function from a set U into [0, 1], and thus we have no need for the
notation µA. Fuzzy sets of course serve as models of concepts such as
“young”, but we have found no real need for special “linguistic labels” for
these concepts. Such labels would not represent mathematical objects,
so could not be manipulated as such. In any case, we will not use any
special symbols for “linguistic labels”, and by a fuzzy set we always mean
a function from some set U into [0, 1].
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For a fuzzy set A : U → [0, 1], the function A is called the member-
ship function, and the value A(u) is called the degree of membership
of u in the fuzzy set A. It is not meant to convey the likelihood or proba-
bility that u has some particular attribute such as “young”.
Of course, for a fuzzy concept, different functions A can be considered.

The choice of the function A is subjective and context dependent and
can be a delicate one. But the flexibility in the choice of A is useful in
applications, as in the case of fuzzy control, treated in Chapter 13.
Here are two examples of how one might model the fuzzy concept

“young”. Let the set of all possible ages of people be the positive real
numbers. One such model, decided upon by a teenager might be

Y (x) =

⎧⎪⎪⎨⎪⎪⎩
1 if x < 25

40−x
15 if 25 ≤ x ≤ 40
0 if 40 < x

0

0.2

0.4

0.6

0.8

1

20 40 60 80 100

A membership function for “young”

An older person might model it differently, say with the function

Z(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

1 if x < 40

80−x
40 if 40 ≤ x ≤ 60

70−x
20 if 60 < x ≤ 70
0 if 70 < x
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0

0.2

0.4

0.6

0.8

1

20 40 60 80 100

Another membership function for “young”

There are various ways to get reasonable membership functions. Here
is an illustration of one way. Suppose we want to model the notion of
“high income” with a fuzzy set. Again, let the set U be the positive real
numbers, representing the totality of possible incomes. We survey a large
number of people and find out that no one thought that an income under
$20, 000 was high, but that the proportion p of people who thought that
an income x between $20, 000 and $75, 000 was high was approximately

p =
x− 20
55

Of course, everyone thought that an income over $75, 000 was high. Meas-
uring in thousands of dollars, one reasonable model of the fuzzy set “high
income” would be

H(x) =

⎧⎪⎪⎨⎪⎪⎩
0 if x < 20

x−20
55 if 20 ≤ x ≤ 75
1 if 75 < x

0

0.2

0.4

0.6

0.8

1

20 40 60 80 100

A membership function for “high income”
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This last example bears a few comments. To get a reasonable model
for the fuzzy set, a survey was made and some probabilities determined.
The value H(50) = 30/55 does not mean that the probability of an income
of $50, 000 is high. It is true that of the people surveyed, the proportion
of them who would classify such an income as high was 30/55. We have
simply taken that proportion to represent the degree to which such an in-
come is considered high. It is not the probability of having a high income.
There is no such probability around in this discussion. If an income is
$50, 000, then the probability that a random person from those surveyed
would classify that income as high is 30/55. But probabilities should
not be confused with degrees of membership in a fuzzy set. Membership
functions are not probability distributions.
We have modeled these membership functions with some very simple

functions–piecewise linear ones. This is common practice.

1.3 Some operations on fuzzy sets
As we have noted, a subset A of a set U can be represented by a function
χA : U → {0, 1}, and a fuzzy subset of U has been defined to be a function
A : U → [0, 1]. On the set P(U) of all subsets of U there are the familiar
operations of union, intersection, and complement. These are given by
the rules

A ∪B = {x : x ∈ A or x ∈ B}
A ∩B = {x : x ∈ A and x ∈ B}

A0 = {x ∈ U : x /∈ A}

Writing these in terms of indicator functions, we get

χA∪B(x) = max {χA(x), χB(x)} = χA(x) ∨ χB(x)
χA∩B(x) = min {χA(x), χB(x)} = χA(x) ∧ χB(x)
χA0(x) = 1− χA(x)

A natural way to extend these operations to the fuzzy subsets of U is by
the membership functions

(A ∨B) (x) = max {A(x), B(x)} = A(x) ∨B(x)
(A ∧B) (x) = min {A(x), B(x)} = A(x) ∧B(x)

A0(x) = 1−A(x)

There are many other generalizations of these operations, and some
will be presented in Chapter 5. One remark about notation: we will use
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∨ for max and for sup. Some authors denote the fuzzy set A ∨ B by
A ∪ B. This function is the smallest that is greater or equal to both
A and B, that is, is the sup, or supremum, of the two functions. This
notation conforms to lattice theoretic notation, which we will have many
occasions to use later. Similar remarks apply to using ∧ for min and for
inf (short for “infimum”).
Here are a couple of examples illustrating these operations between

fuzzy sets. Consider the two fuzzy sets A and B of the nonnegative real
numbers given by the formulas

A(x) =

⎧⎨⎩ 1 if x < 20
40−x
20 if 20 ≤ x < 40
0 if 40 ≤ x

(1.1)

and

B(x) =

(
1 if x ≤ 25³
1 +

¡
x−25
5

¢2´−1
if 25 < x

(1.2)

Here are the plots of these two membership functions.
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The plots for A ∨ B, A ∧ B, and A0 are the following. We leave as
exercises the writing out of formulas for these membership functions.
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Here are two more membership functions for fuzzy subsets of the non-
negative real numbers, their plots, union, intersection, and complements.
Again, writing down the formulas for these membership functions is left
as an exercise.
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C(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 if 0 ≤ x < 1

x− 1 if 1 ≤ x < 2
1 if 2 ≤ x < 3

4− x if 3 ≤ x ≤ 4
0 if 4 < x

(1.3)

D(x) =

⎧⎪⎪⎨⎪⎪⎩
ex−3 if 0 ≤ x < 3
1 if 3 ≤ x < 5
1− x−5

2 if 5 ≤ x ≤ 7
0 if 7 < x

(1.4)
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1.4 Fuzziness as uncertainty

There are many kinds of uncertainty arising in real-world problems and
a variety of techniques are needed for modeling them. What are some
of these techniques, and when does fuzzy set theory provide appropriate
models?
Fuzzy sets deal with the type of uncertainty that arises when the

boundaries of a class of objects are not sharply defined. We have seen
several examples of such vagueness already: “young” and “high income”,
for instance. Membership in such classes is a matter of degree rather
than certainty one way or another, and it is specified mathematically by
fuzzy sets.
Ambiguity is another kind of uncertainty. This may come about in

various ways. For example, if some parameter in a control system is only
known to lie within a given interval, then there is uncertainty about any
nominal value chosen from that interval for that parameter.
Another example is that of randomness, as exemplified by the uncer-

tainty of the outcome of some experiment such as rolling a pair of dice,
or of the observations made of some physical system. Randomness is typ-
ically modeled using probability theory. That is, outcomes are assumed
to be observations of random variables and these random variables have
distribution laws. These laws may not be known, of course, but each
random variable has a unique one. This is in contrast to the fact that
many different membership functions can be assigned to the same fuzzy
concept. Again, probability and degrees of membership are distinct things.
As in the case of uncertainty modeled by probability theory, prob-

ability logic as discussed in Chapter 4 is used as a vehicle for making
inferences from data. Probability logic is used in situations where events
of interest are either true or false, but the information available is incom-
plete and prevents such a determination. Propositions will correspond to
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events, and the probability of an event is used as a measure of the truth
of its corresponding proposition.
In confidence interval estimation in statistics, the situation is this. A

model parameter, for example, the mean µ of a random variable X, is
unknown. For each subset A of the range U of X, either µ ∈ A or µ /∈ A,
but it is not known which. One would like to construct a small subset
A such that µ is very likely to be in A. Since µ is fixed, a probabilistic
statement to this effect is meaningful only when the set A is random.
Thus the probability that µ ∈ A is the probability α that the random set
contains µ. After constructing A from data, it is a nonrandom set, and
we interpret the probability α as our degree of confidence that µ is in A.
Now consider a similar situation. Let U denote a set of all possible

answers to a specific question, only one of which, say u0, is correct. Which
of the answers is the correct one is unknown. For each crisp subset A
of U , we would like to ask an expert, or use evidence of some kind, to
assign a value Q(A) ∈ [0, 1] that represents our degree of belief that A
contains u0. This type of assignment is a mathematical modeling of fuzzy
concepts by fuzzy sets. Here the fuzzy sets are fuzzy subsets of the set of
all subsets of U.
In complicated real-world cases, several types of uncertainty can co-

exist. For example, to each population of humans, chosen at random, one
might be interested in its “morality”, its “political spirit”; to each town
chosen at random, one might be interested in its “shape”, its “beauty”,
and so on. These are examples of fuzzy concepts that can be formu-
lated rigorously as random fuzzy sets. Each type of uncertainty has its
mathematical representation or model, and associated calculus. Different
mathematical theories are like tools in a toolbox. One may be more ad-
vantageous to use than another in a given situation. Sometimes several
may apply, and one may even want to use several in conjunction. The
practitioner has to be creative and use understanding in order to choose
the right combination of mathematical theories to apply. We turn now
to some typical useful aspects of fuzzy sets.
The modeling of fuzzy concepts by fuzzy sets leads to the possibility

of giving mathematical meaning to natural language statements. For ex-
ample, when modeling the concept “young” as a fuzzy subset of [0,∞)
with a membership function A : [0,∞)→ [0, 1], we described the meaning
of “young” in a mathematical way. It is a function, and can be manip-
ulated mathematically and combined with other functions, for example.
The fuzzy concept has been put into a useful form.
Even in areas where statistical techniques are dominant, such as in

multivariate categorical data analysis, fuzzy sets are not only useful in
various cases, but may be more efficient. They have the capacity, for
example, to model variability across objects. We illustrate: if the cat-
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egories are like “gender” or “marital status”, there is no fuzzy concept
involved. But if the categories are “depressed”, “mentally unbalanced”,
and “stable”, then instead of using an ordinary partition of a set of people
into these categories, a fuzzy partition might be more realistic. This is
a typical case where fuzziness is involved and the ordinary mathematical
concept of partition needs to be generalized to its fuzzy counterpart. (See
Section 7.4.) For example, fuzzy partitions are essential in the design of
fuzzy controllers, which is the topic of Chapter 13.
There is a more formal relation between randomness and fuzziness.

Let A : U → [0, 1] be a fuzzy set. For α ∈ [0, 1], let Aα = {u ∈ U :
A(u) ≥ α}. The set Aα is called the α-cut of A. Now let us view α as a
random variable uniformly distributed on [0, 1]. That is, let (Ω,A, P ) be
a probability space and α : Ω→ R a random variable with

P{ω : α(ω) ≤ a} =

⎧⎨⎩ 0 if a < 0
a if 0 ≤ a ≤ 1
1 if a > 1

Then Aα(ω) is a random set. (Random sets will appear in Chapters 9,
10, and 11.) The covering function, or one-point covering function,
of the random set Aα(ω) is defined to be

π : U → [0, 1] : u→ P{ω : u ∈ Aα(ω)}

which is P{ω : α(ω) ≤ A(u)} = A(u). That is, π(u) = A(u). This means
that a fuzzy set can be written as the covering function of a random set. A
random set is characterized by its distribution. But specifying a covering
function of a random set is not sufficient to determine its distribution,
much the same as the fact that moments of a random variable do not
in general specify its distribution. In any case, a possible interpretation
of the formal connection between fuzzy sets and covering functions of
random sets is that fuzziness is a weakened form of randomness. It does
not mean that probability theory subsumes fuzzy set theory.
The relation A(u) = P{ω : u ∈ Aα(ω)} is interesting in suggesting

ways to obtain membership functions. First, A is a membership function,
being a function U → [0, 1]. Of course this is true if Aα is replaced by
any mapping S : Ω → P(U) and the probability function is replaced by
any mapping µ : P(Ω)→ [0, 1]. Then u→ µ{ω : u ∈ S(ω)} is certainly a
mapping U → [0, 1] and hence is a fuzzy set.
We close this section with such an example. Suppose we are interested

in describing the fuzzy concept of the seriousness of some illness. Suppose
that the illness under consideration is manifested as subsets of the set
Ω = {ω1, ω2, ..., ωn} of possible symptoms. Let U be a set of humans,
and let S : Ω → P(U) be given by S(ω) = {u ∈ U : u has symptom
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ω}. For u ∈ U, we are interested in some numerical measure of the set
{ω ∈ Ω : u ∈ S(ω)}. This is to be a measure of the seriousness of the
illness of u. Medical experts often can provide assessments that can be
described mathematically as a function µ : P(Ω)→ [0, 1], where µ(B) is
the degree of seriousness of the illness of a person having all the symptoms
in B. So a membership function can be taken to be

A(u) = µ{ω ∈ Ω : u ∈ S(ω)}

Since µ is subjective, there is no compelling reason to assume that it
is a measure, for example, that it is additive. However, it is obvious
that it should be monotone increasing, that is, B ⊆ C should imply that
µ(B) ≤ µ(C). Such functions as these are called fuzzy measures, which
are a topic of discussion in Chapter 11.

1.5 Exercises
1. Give several statements in natural language that involve fuzzy con-
cepts.

2. From your own experience, describe situations where fuzzy concepts
are needed.

3. Using just common sense, give a reasonable membership function
for the following fuzzy sets. (Of course, you must first specify ex-
actly what the underlying set is.)

(a) n is a large integer.

(b) The mean of a random variable is around 5.

(c) x is much larger than y.

(d) These are very young people.

(e) x is between −3 and 2.
(f) x is approximately equal to y.

4. Let U = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}. Let two fuzzy subsets A and B of
U be given by

u 0 1 2 3 4 5 6 7 8 9
A(u) 0 0 0.1 0.2 0.3 0.8 0.9 1 1 1

and

u 0 1 2 3 4 5 6 7 8 9
B(u) 1 1 0.9 0.8 0.7 0.5 0.4 0.2 0.2 0

Determine A ∨B, A ∧B, and A0.
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5. Let C and D be fuzzy subsets of the nonnegative real numbers.
Draw the graph of C ∧D0 when

A(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 if 0 < x < 1
x− 1 if 1 ≤ x < 2
1 if 2 ≤ x < 3
4− x if 3 ≤ x < 4
0 if 4 ≤ x

and

B(x) =

⎧⎪⎪⎨⎪⎪⎩
ex−3 if 0 ≤ x < 3
1 if 3 ≤ x < 5
1− x−5

2 if 5 ≤ x < 10
0 if 10 ≤ x

6. Write out the formulas for A ∨B, A ∧B, A0, and B0, where A and
B are given by formulas 1.1 and 1.2 in Section 1.3.

7. Write out the formulas for C ∨D, C ∧D, C0, and D0, where C and
D are given by formulas 1.3 and 1.4 in Section 1.3.

8. For fuzzy sets A, B, and C, prove that (A∨B)∨C = A∨ (B ∨C),
and that (A ∧B) ∧ C = A ∧ (B ∧ C).

9. For fuzzy sets A, B, and C, prove that (A ∨B)0 = A0 ∧B0.

10. *Let f : U → [0, 1] and let α : (Ω,A, P ) → [0, 1] be a uniformly
distributed random variable. Let Sf : Ω → P(U) : ω → {u ∈ U :
f(u) ≥ α(ω)}.

(a) Verify that the range Sf (Ω) = {Sf (ω) : ω ∈ Ω} is totally
ordered by set inclusion.

(b) Show that for A ∈ Sf (Ω), {ω ∈ Ω : A ⊆ Sf (ω)} ∈ A.
(c) Let S : Ω → P(U) be any random set in U. We say that

S is nested if S(Ω) is totally ordered and for A ∈ S(Ω),
{ω : A ⊆ S(ω)} ∈ A. Show that if S is nested and its covering
function coincides with f, then for A ∈ S(Ω), we have P (ω :
A ⊆ S(ω)) = P (ω : A ⊆ Sf (ω)).

11. Let U be a finite set. The cardinality, or sigma count, of a
fuzzy subset A of U is #(A) =

P
u∈U A(u). For fuzzy subsets A

and B of U, the degree of subsethood of A in B is defined as
s(A|B) = #(A ∧B)/#(A).

(a) Verify that s(A|B) = 1 if and only if A(u) ≤ B(u) for every
u ∈ U.

(b) Compute the degree of subsethood of A in B in Exercise 4.





Chapter 2

SOME ALGEBRA OF
FUZZY SETS

In Chapter 1, we discussed modeling fuzzy concepts such as uncertainty
with fuzzy sets. Applications demand combining these fuzzy sets in vari-
ous ways. This means that we must understand the set F(U) of all fuzzy
subsets of a set U as a mathematical object. The basic mathematical
structure of F(U) comes from the fact that the unit interval [0, 1] is or-
dered. This ordering on [0, 1] induces a partial order on F(U), which in
turn, gives F(U) the algebraic structure of a lattice. So we need some
background material about partially ordered sets, lattices, and related
mathematical notions. These notions are fundamental, and are absolutely
essential in understanding the mathematics of fuzzy sets.

2.1 Boolean algebras and lattices

We begin by discussing the familiar properties of the system of subsets
of a set. Let P(U) be the set of all subsets of the set U . It is called the
power set of U. Sometimes P(U) is identified with 2U , which is the set
of all mappings of U into {0, 1}. A subset A ∈ P(U) is identified with
the function U → {0, 1} that maps each element of A to 1 and the other
elements of U to 0. The set U may be finite or infinite. Perhaps the most
basic thing about P(U) is that it is a partially ordered set. This simply
comes from the familiar notion of set inclusion. If A and B are in P(U)
then we write A ⊆ B if A is a subset of B, that is, if every element of A is
an element of B. To make the definition of partially ordered set formal,
we use the notion of relation. The Cartesian product of a set S with
a set T is the set S × T = {(s, t) : s ∈ S, t ∈ T}.

17
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Definition 2.1.1 A relation on a set U is a subset R of the Cartesian
product U × U .

The notion of relation is a very general one. For an element (x, y) ∈
U × U , either (x, y) ∈ R or it is not. Standard notation to denote that
(x, y) ∈ R is xRy. Taking this view, ⊆ is a relation on P(U), and A ⊆ B
is the notation that we use to say that the pair (A,B) ∈ ⊆.
The relation ⊆ satisfies the following properties.

• A ⊆ A. (The relation is reflexive.)

• If A ⊆ B and B ⊆ C, then A ⊆ C. (The relation is transitive.)

• If A ⊆ B and B ⊆ A, then A = B. (The relation is antisymmet-
ric.)

A partial order on a set is a relation on that set that is reflexive,
transitive, and antisymmetric.

Definition 2.1.2 A partially ordered set is a pair (U,≤) where U is
a set and ≤ is a partial order on U .

We often just say that U is a partially ordered set if it is clear what
the relation ≤ is. Partially ordered sets abound. As already indicated,
(P(U), ⊆) is a partially ordered set. If (U,≤) is a partially ordered set,
then so is (A,≤) where A is any subset of U and ≤ is the relation induced
on A by the relation ≤ on U . If (U,≤) is a partially ordered set and for
any two elements x, y ∈ U either x ≤ y or y ≤ x, then we say U is a
chain or is linearly ordered, or totally ordered. Any subset U of the
set of real numbers is a chain under the usual ordering. In particular, the
interval [0, 1] is a chain and will play a fundamental role throughout this
book. Two elements x and y in a partially ordered set may have a sup.
That is, there may be an element s such that x ≤ s, y ≤ s, and s ≤ t
for all elements t such that x ≤ t and y ≤ t. By antisymmetry, there is
at most one such s, and it is the smallest element greater than both x
and y. Such an element is denoted sup{x, y}, or quite commonly x ∨ y.
Similarly, x and y may have an inf, denoted x ∧ y. In a chain, x ∨ y and
x∧y always exist. In this special case, the sup is one of the two elements
x and y, and similarly for the inf .

Definition 2.1.3 A lattice is a partially ordered set (U,≤) in which
every pair of elements of U has a sup and an inf in U .

Chains are always lattices, as noted above. The partially ordered set
(P(U),⊆) is a lattice. The sup of two elements in P(U) is their union,
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and the inf is their intersection. The interval [0, 1] is a lattice, being a
chain.
A binary operation on a set U is a map U ×U → U . For example,

addition and multiplication are binary operations on the real numbers,
that is, are functions from R×R to R. Binary operations are often
written between their arguments. That is, the image of (2, 3) under the
operation of addition is written 2 + 3. We will adhere to this standard
practice. Also, throughout this book, we will use R to denote the set of
real numbers.
If (U,≤) is a lattice, then it comes equipped with the two binary

operations ∨ and ∧. For x, y ∈ U , x ∨ y is the sup and x ∧ y is the
inf of x and y. The operations ∨ and ∧ are also called join and meet,
respectively. From either of these binary operations one can reconstruct
≤. In fact, a ≤ b if and only if a ∧ b = a if and only if a ∨ b = b. These
binary operations satisfy a number of properties.

Theorem 2.1.4 If (U,≤) is a lattice, then for all a, b, c ∈ U,

1. a ∨ a = a and a ∧ a = a. (∨ and ∧ are idempotent.)

2. a ∨ b = b ∨ a and a ∧ b = b ∧ a. (∨ and ∧ are commutative.)

3. (a ∨ b) ∨ c = a ∨ (b ∨ c) and (a ∧ b) ∧ c = a ∧ (b ∧ c). (∨ and ∧ are
associative.)

4. a ∨ (a ∧ b) = a and a ∧ (a ∨ b) = a. (These are the absorption
identities.)

The proof is quite easy and is left as an exercise. A pertinent fact is
that two binary operations satisfying conditions 1-4 define a lattice.

Theorem 2.1.5 If U is a set with binary operations ∨ and ∧ that satisfy
the properties of Theorem 2.1.4, then defining a ≤ b if a ∧ b = a makes
(U,≤) into a lattice whose sup and inf operations are ∨ and ∧.

Proof. We first show that a ∧ b = a if and only if a ∨ b = b. Thus
defining a ≤ b if a ∧ b = a is equivalent to defining a ≤ b if a ∨ b = b.
Indeed, if a ∧ b = a, then a ∨ b = (a ∧ b)∨ b = b by one of the absorption
laws. Similarly, if a ∨ b = b, then a ∧ b = a. We show the existence of
sups, and claim that sup{a, b} = a∨b. Now a ≤ a∨b since a∧ (a∨ b) = a
by one of the absorption laws. Similarly b ≤ b∨ a = a∨ b, so that a∨ b is
an upper bound of a and b. For any other upper bound x, a = a∧ x and
b = b∧x, whence x = a∨x = b∨x. Therefore, x = a∨x∨b∨x = (a∨b)∨x,
and so a ∨ b ≤ x. Thus a ∨ b = sup{a, b}. The rest of the proof is left as
an exercise.



20 CHAPTER 2. SOME ALGEBRA OF FUZZY SETS

The upshot is that a lattice may be thought of as a partially ordered
set in which every pair of elements has a sup and an inf, or as a set with
two binary operations satisfying the conditions of Theorem 2.1.4. So we
could say “(U,≤) is a lattice,” or “(U,∨,∧) is a lattice.” The latter would
mean, of course, that the binary operations ∨ and ∧ satisfy the conditions
in Theorem 2.1.4.
Here are some pertinent additional properties that a lattice (U,≤)

may have.

1. There is an element 0 in U such that 0∨ a = a for all a ∈ U. There
is an element 1 ∈ U such that 1 ∧ a = a for all a ∈ U . (0 and 1 are
identities for ∨ and ∧, respectively.)

2. U has identities, and for each element a in A, there is an element
a0 in U such that a∧ a0 = 0 and a∨a0 = 1. (Each element in U has
a complement, or A is complemented.)

3. a ∨ (b∧ c) = (a∨ b)∧ (a∨ c) and a∧ (b∨ c) = (a∧ b)∨ (a∧ c). (The
binary operations ∨ and ∧ distribute over each other. If one of
these distributive laws holds in a lattice, then so does the other.)

4. Every subset T of U has a sup. That is, there is an element a ∈ U
such that t ≤ a for all t ∈ T, and a ≤ x for any x such that t ≤ x
for all t ∈ T . Similarly, every subset T of U may have an inf . That
is, there is an element b ∈ U such that b ≤ t for all t ∈ T , and b ≥ x
for any x such that x ≤ t for all t ∈ T .

If a lattice has an identity for ∨ and an identity for ∧, then it is a
bounded lattice. From the equation a ∧ 1 = a, we get that 1 is the
largest element in the lattice, and 0 ∧ a = 0 ∧ (0 ∨ a) = 0, so 0 is the
smallest. This condition could have been stated just by saying that the
lattice has a largest and a smallest element. A bounded lattice satisfying
the second condition is a complemented lattice. A lattice satisfying
both distributive laws is a distributive lattice. A bounded distributive
lattice that is complemented is a Boolean lattice, or Boolean algebra.
Chains are distributive lattices, and (P(U),⊆) is a Boolean lattice. If a
lattice satisfies condition 4, that is, if every subset has both a sup and an
inf, it is a complete lattice. For a subset T of a complete lattice, supT
is often written

W
T , or

W
t∈T t, and similarly inf T =

V
T , or

V
t∈T t. If

{ti : i ∈ I} is a family of elements of a complete lattice, then it should
be clear that there is a unique smallest element x such that ti ≤ x for
all i ∈ I. (Some of the ti may be equal.) We write x =

W
i∈I ti. Similar

remarks apply to the inf of the family {ti : i ∈ I}. The interval [0, 1] is a
complete lattice, and so is (P(U),⊆).
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The lattice ([0, 1],≤) plays a fundamental role. It is a bounded dis-
tributive lattice. It is not complemented. For x, y ∈ [0, 1], x ∨ y =
sup{x, y} = max{x, y}, and similarly x ∧ y = inf{x, y}. Distributivity
is easy to check. This lattice has another important operation on it:
[0, 1] → [0, 1] : x → 1− x. We denote this operation by 0 even though it
is not a complement. The operation has the following properties.

• (x0)0 = x.

• x ≤ y implies that y0 ≤ x0.

Such an operation on a bounded lattice is called an involution, or
a duality. It follows that 0 is one-to-one and onto, and that 00 = 1 and
10 = 0. If 0 is an involution, the equations

(x ∨ y)0 = x0 ∧ y0

(x ∧ y)0 = x0 ∨ y0

are called theDe Morgan laws. They may or may not hold. But [0, 1] is
a bounded distributive lattice which has an involution, namely x0 = 1−x,
satisfying the De Morgan laws. Such a system (V,∨,∧,0 , 0, 1) is a De
Morgan algebra. Every Boolean algebra is a De Morgan algebra, and
in particular, the set of all subsets P(U) of a set U is a De Morgan
algebra. A De Morgan algebra that satisfies x ∧ x0 ≤ y ∨ y0 for all x and
y is a Kleene algebra.

Theorem 2.1.6 Let (V,∨,∧,0 , 0, 1) be a De Morgan algebra and let U
be any set. Let f and g be mappings from U into V . We define

1. (f ∨ g)(x) = f(x) ∨ g(x),

2. (f ∧ g)(x) = f(x) ∧ g(x),

3. f 0(x) = (f(x))0,

4. 0(x) = 0,

5. 1(x) = 1.

Let V U be the set of all mappings from U into V . Then (V U ,∨,∧,0 , 0, 1)
is a De Morgan algebra. If V is a complete lattice, then so is V U .

Proof. The proof is routine in all respects. For example, the fact
that ∨ is an associative operation on V U comes directly from the fact
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that ∨ is associative on V . (The two ∨’s are different, of course.) Using
the definition of ∨ on V U and that ∨ is associative on V , we get

(f ∨ (g ∨ h)) (x) = f(x) ∨ (g ∨ h) (x)
= f(x) ∨ (g(x) ∨ h(x))
= (f(x) ∨ g(x)) ∨ h(x)
= (f ∨ g) (x) ∨ h(x)
= ((f ∨ g) ∨ h) (x)

whence f ∨ (g ∨ h) = (f ∨ g) ∨ h, and so ∨ is associative on V U . The
rest of the proof is left as an exercise.

The set V U of all mappings from U into V is really the same as
the Cartesian product

Q
u∈U V of |U | copies of V, where |U | denotes the

number of elements of U . Viewed in this way, the operations ∨ and ∧
are coordinatewise, and it is easy to see that

Q
u∈U V is a De Morgan

algebra simply because V is.
Let U be any set and let F(U) be the set of all fuzzy subsets of U . We

have defined operations on F(U) in Chapter 1. Those operations come
from operations on [0, 1] just as the ones in Theorem 2.1.6 come from
operations on V . We have the following.

Corollary 2.1.7 (F(U),∨,∧,0 , 0, 1) is a complete De Morgan algebra.

When the operations are clear, it is customary to write simply V for
a De Morgan algebra (V,∨,∧,0 , 0, 1). Thus we would write F(U) for the
De Morgan algebra in the corollary.
There are many ways to construct new lattices from old. One of the

most fundamental is this. Let X and Y be partially ordered sets. In the
Cartesian product X × Y = {(x, y) : x ∈ X, y ∈ Y }, let (a, b) ≤ (c, d) if
a ≤ c and b ≤ d. Then X × Y becomes a partially ordered set, and if X
and Y are lattices, then X×Y is a lattice and this lattice is respectively,
bounded, distributive, complemented, Boolean, or De Morgan if and only
ifX and Y are. (See Exercise 10.) The setX×Y with this componentwise
ordering is the product of the lattices X and Y. This notion can be
extended to the product of any family of lattices and gives a way to make
new lattices from old. If (X,≤) is a lattice and Y is a subset of X, then
the partial order on X induces one on Y. If this induced partial order on
Y makes it into a lattice, and if the sup and inf of two elements of Y
taken in X are the same as the sup and inf taken in Y, then Y is called
a sublattice of X.
Let X be a lattice and let X [2] = {(x, y) ∈ X × X : x ≤ y}. Then

X [2] is a sublattice of X ×X. (See Exercise 11.) If B and C are Boolean
algebras, then B × C is a Boolean algebra. But B[2] is not a Boolean
algebra, since it does not have complements. (See Exercise 12.) However,
B[2] does have pseudocomplements.
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Definition 2.1.8 Let X be a bounded lattice, and let x ∈ X. Then an
element x∗ is a pseudocomplement of x if x ∧ x∗ = 0, and y ≤ x∗

whenever x ∧ y = 0. That is, for each x ∈ X, there is a unique largest
element whose meet with x is 0.

An element in a bounded lattice has at most one pseudocomplement
since two pseudocomplements must each be less or equal to the other,
and hence equal. If every element has a pseudocomplement, then the
bounded lattice is pseudocomplemented, and the unary operation
∗ is called a pseudocomplement. Every finite distributive lattice is
pseudocomplemented. The equation x∗∨x∗∗ = 1 is called Stone’s iden-
tity, and a Stone algebra is a pseudocomplemented distributive lattice
satisfying this identity. If (S,∨,∧,∗ , 0, 1) is a Stone algebra, then for
S∗ = {s∗ ∈ S : s ∈ S}, (S∗,∨,∧,∗ , 0, 1) is a Boolean algebra. That
is, ∗ is a complement on S∗. The sublattice S∗ consists precisely of the
complemented elements of S, and is sometimes called the center of S. If
B is a Boolean algebra, then B[2] is a Stone algebra (Exercise 12). Stone
algebras have a fairly extensive theory [64] and only a few facts are cited
here and in the exercises. The connection with fuzzy sets follows.
The bounded distributive lattice (F(U),∨,∧, 0, 1) of all fuzzy subsets

of a set U is pseudocomplemented. If A ∈ F(U), then

A∗(u) =

½
0 if A(u) 6= 0
1 if A(u) = 0

is the pseudocomplement of A. It is totally straightforward to check that
this is indeed the case. What is the center of F(U)?

Theorem 2.1.9 (F(U),∨,∧,∗ , 0, 1) is a Stone algebra whose center con-
sists of the crisp (ordinary) subsets of U.

2.2 Equivalence relations and partitions

There are many instances in which we would like to consider certain ele-
ments of a set to be the same. For example, in the set of integers there
are occasions where all we care about an integer is whether it is even
or odd. Thus we may as well consider all even integers to be the same,
and likewise all odd integers to be the same. This considering of certain
subsets of a set as one element is one of the most fundamental notions
in mathematics. It generalizes the notion of equality. The appropriate
embodiment of this notion is a special kind of relation on a set, an equiv-
alence relation. A standard notation for such a relation is some symbol
such as ∼, or ≡, and it is customary to write a ∼ b for (a, b) ∈ ∼.
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Definition 2.2.1 A relation ∼ on a set U is an equivalence relation
if for all a, b, and c in U,

• a ∼ a,

• a ∼ b implies b ∼ a, and

• a ∼ b, b ∼ c imply that a ∼ c.

The first and third conditions we recognize as reflexivity and transi-
tivity. The second is that of symmetry. Thus an equivalence relation is
a relation that is reflexive, symmetric, and transitive. Before giving some
examples, there are two more pertinent definitions.

Definition 2.2.2 Let ∼ be an equivalence relation on a set U and let
a ∈ U . The equivalence class of an element a is the set [a] = {u ∈ U :
u ∼ a}.

We defined a finite partition in Chapter 1. Here is the definition in
general.

Definition 2.2.3 Let U be a nonempty set. A partition of U is a set
of nonempty pairwise disjoint subsets of U whose union is U.

There is an intimate connection between equivalence relations and
partitions. Here are some examples illustrating these notions and this
connection.

Example 2.2.4 Let U be a set, and define x ∼ y if x = y. This example
is just meant to point out that equality is an equivalence relation. For
any x ∈ U , [x] = {x}. That is, the equivalence classes are just singletons.
But do notice that the equivalence classes form a partition of U .

Example 2.2.5 Let U be a set and define x ∼ y for any two elements
of U . That is, any two elements are equivalent. For any x ∈ U , [x] = U .
Again the equivalence classes form a partition, but the partition has only
one member, namely U itself.

Example 2.2.6 Let Z be the set of all integers. Let m ∼ n if m − n
is even, that is, is divisible by 2 in Z. This is an equivalence relation
because m−m = 0 is even, if m−n is even then so is −(m−n) = n−m
and if m− n and n− p are even then so is m− n+ n− p = m− p. So ∼
is reflexive, symmetric, and transitive. For m ∈ Z,

[m] = {n ∈ Z : n ∼ m}
= {n ∈ Z : n−m is even}
= {m+ 2k : k ∈ Z}
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So, for example,

[5] = {..., 5− 6, 5− 4, 5− 2, 5− 0, 5 + 2, 5 + 4, 5 + 6, ...}
= {...,−1, 1, 3, 5, 7, 9, 11, 13, ...}

which is just the set of odd integers. The equivalence class [m] of any
odd integer m will be this same set. Similarly, the equivalence class of
any even integer will be the set of all even integers. So there are just two
equivalence classes, the set of odd integers and the set of even integers.
Again, the set of equivalence classes forms a partition.

Example 2.2.7 Let f : U → V be any function from the set U to the
set V . On U , let x ∼ y if f(x) = f(y). Then ∼ is an equivalence relation
and the equivalence class [x] consists of all those elements of U that have
the same image as x. It should be clear that these classes form a partition
of U . So any function induces an equivalence relation on its domain, two
elements being equivalent if they have the same image.

Here is the formal connection between equivalence relations and par-
titions.

Theorem 2.2.8 Let ∼ be an equivalence relation on the set U . Then
the set of equivalence classes of ∼ is a partition of U. This association of
an equivalence relation ∼ with the partition consisting of the equivalence
classes of ∼ is a one-to-one correspondence between the set of equivalence
relations on U and the set of partitions of U.

Proof. The union of the equivalence classes [u] is U since u ∈ [u]. We
need only that two equivalence classes be equal or disjoint. If x ∈ [u]∩[v],
then x ∼ u, x ∼ v, and so u ∼ x and x ∼ v. By transitivity, u ∼ v. If
y ∈ [u], then y ∼ u, and since u ∼ v, it follows from transitivity that
y ∼ v. Thus y ∈ [v]. This means that [u] ⊆ [v]. Similarly, [v] ⊆ [u] and
hence [u] = [v]. So if two equivalence classes are not disjoint, they are
equal. Therefore the equivalence classes form a partition. Notice that
two elements are equivalent if and only if they are in the same member
of the partition, that is, in the same equivalence class. So this map from
equivalence relations to partitions is one-to-one.
Given a partition, declaring two elements equivalent if they are in the

same member of the partition is an equivalence relation whose associated
equivalence classes are the members of the partition. So our map from
equivalence relations to partitions is onto.

Definition 2.2.9 Let ∼ be an equivalence relation on the set U . The set
of equivalence classes of ∼ is denoted U/ ∼ and is called the quotient
space of ∼. The map U → U/ ∼ : u → [u] is the natural map of U
onto U/ ∼.
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The natural map simply associates an element with the equivalence
class it is in. There is another map that is fundamental in algebra. In
its various settings, it is called the first isomorphism theorem. The
setting here is simply for sets. We state it, leaving its proof as an exercise.

Theorem 2.2.10 Let f be a mapping from U onto V. On U let x ∼ y if
f(x) = f(y). Then ∼ is an equivalence relation, and

U/ ∼→ V : [x]→ f(x)

is a one-to-one map from U/ ∼ onto V .

An equivalence relation on U is a subset of U × U , so the set E(U)
of all equivalence relations on U comes equipped with a partial order,
namely set inclusion in U × U .

Theorem 2.2.11 Let E(U) be the set of all equivalence relations on the
set U . Then (E(U), ⊆) is a complete lattice.

Proof. There is a biggest and smallest element of E(U), namely U×U
and {(u, u) : u ∈ U}, respectively. We need to show that any nonempty
family {Ei : i ∈ I} of elements of E(U) has a sup and an inf. Now
certainly

V
{Ei : i ∈ I} =

T
i∈I Ei if

T
i∈I Ei is an equivalence relation.

Let (u, v) and (v,w) ∈
T
i∈I Ei. Then (u, v) and (v, w) belong to each

Ei and hence (u,w) belongs to each Ei. Therefore, (v, w) ∈
T
i∈I Ei.

Thus
T
i∈I Ei is a transitive relation on U . That

T
i∈I Ei is reflexive and

symmetric is similar. What we have shown is that the intersection of any
family of equivalence relations on a set is an equivalence relation on that
set. This is clearly the inf of that family. Now

W
{Ei : i ∈ I} of a family

of equivalence relations on U is\
{E ∈ E(U) : E ⊇ Ei for all i ∈ I}

Note that U×U is an equivalence containing all the Ei. This intersection
is an equivalence relation on U by what we just proved, and it is clearly
the least equivalence relation containing all the Ei. Therefore it is the
desired sup.

What we have just seen is an instance of a lattice L, namely E(U),
contained in a lattice M , namely P(U × U), where the lattice L gets its
order from M , the meet in L agrees with the meet in M , and the join in
L is different from the join in M . The join of elements E and F of E(U)
is E∪F considered as elements of P(U×U), but (unless one is contained
in the other) is not E∪F considered in the ordered set E(U). Thus E(U)
is not a sublattice of P(U × U).
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To see just what the elements are in the sup of two equivalence re-
lations E and F on a set U is a good exercise. It is not E ∪ F unless
one contains the other. The elements can be described and the sup is
the so-called transitive closure. (See Exercise 24 at the end of this
chapter.)
The lattice E(U) is not distributive if U has at least three elements.

By Theorem 2.2.8, the set E(U) is in one-to-one correspondence with the
set P(U) of partitions of U . Thus the lattice order ⊆ on E(U) induces
a lattice order on P(U), making it into a complete lattice. (See Exercise
25.)

2.3 Composing mappings

In dealing with fuzzy sets, it will be necessary to combine mappings, or
functions, in various ways. This section is a collection of a few things
about mappings, and mappings induced by mappings.
Perhaps the most basic thing about mappings is that sometimes they

can be composed. Let f : U → V , and g : V → W . Then g ◦ f , or more
simply gf , is the mapping U →W defined by (gf)(u) = g(f(u)). This is
called the composition of the mappings f and g. Any two functions of a
set into itself can be composed. The notation gf will be given preference.
The function f : U → U such that f(u) = u for all u is denoted by 1U
and is called the identity function on U . The set of all functions from
U to V is denoted Map(U, V ), or by V U .

We have denoted the set of all subsets, or the power set, of U by
P(U), or by 2U . Both are standard notations, with 2U reminding us
that the set of subsets of U may be identified with the set of mappings
from U into {0, 1}. Let f : U → V . The mapping f induces a mapping
P(U) → P(V ), also denoted by f , given by f(X) = {f(x) : x ∈ X}. In
addition, the mapping f induces a mapping f−1 : P(V )→ P(U) defined
by

f−1(Y ) = {u ∈ U : f(u) ∈ Y }

It should be noted that f−1(Y ) might be empty. We also use f−1 to
denote the restriction of f−1 to the one element subsets of V , and for
an element v ∈ V , we write f−1(v) instead of f−1({v}) and view this
restriction of f−1 as a mapping from V into P(U). The context will
make it clear what is meant, and using f−1 in these various ways cuts
down on the proliferation of notation.
Now consider mappings from U to L, where U is a set and L is a

complete lattice. If L is [0, 1] with the usual order on it, then mappings
we are considering are fuzzy subsets of U. Sometimes functions from U
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to L are called L-fuzzy sets. In any case, in what follows, L will be a
complete lattice.
A mapping A : U → L induces a mapping A : P(U) → P(L). So

with a subset X of U , A(X) is a subset of L. But since L is a complete
lattice, we may take the sup of A(X). This sup is denoted

W
(A(X)).

One should view
W
as a mapping P(L) → L. The composition

W
A is a

mapping P(U)→ L, namely the mapping given by

P(U) A→ P(L) ∨→ L

In particular, a fuzzy subset of U yields a fuzzy subset of P(U).
For sets U and V , a subset of U × V is called a relation in U × V .

Now, a relation R in U × V induces a mapping R−1 : V → P(U) given
by

R−1(v) = {u : (u, v) ∈ R}

Thus with A : U → L we have the mapping

V
R−1−→ P(U) A−→ P(L) ∨→ L

Thus a relation R in U × V associates with a mapping A : U → L a
mapping ∨AR−1 : V → L. This latter mapping is sometimes denoted
R(A). When L = [0, 1], we then have a mapping F(U)→ F(V ) sending
A to R(A) = ∨AR−1. If R is actually a function from U to V, then R
has been extended to a function F(U) → F(V ) sending A to ∨AR−1.
In fuzzy set theory, this is called the extension principle. One should
note that if R−1(v) = ∅, then ∨AR−1(v) = 0.
At this point we need some notation. Suppose that f1 : X1 → Y1 and

f2 : X2 → Y2. Then f1 × f2 is standard notation for the mapping

X1 ×X2 → Y1 × Y2 : (x1, x2)→ (f1(x1), f2(x2))

Now if A and B are fuzzy subsets of U and V, respectively, then A× B
maps U × V into [0, 1]× [0, 1], and the image (A(u), B(v)) of an element
of U × V is a pair of elements of [0, 1] and hence has a min. Thus the
composition ∧(A×B) is a fuzzy subset of U ×V. Sometimes in fuzzy set
theory, the mapping ∧(A × B) is denoted simply A × B, but there are
other binary operations besides ∧ that we will have occasion to follow
A×B with. If A is a fuzzy subset of U, and V is any set, then letting B
be the constant map V → [0, 1] : v → 1 yields a fuzzy subset of U × V
called the cylindrical extension of A to U×V . In any case, given fuzzy
subsets of U and V, we get a fuzzy subset of U × V, and thus a mapping
F(U)×F(V )→ F(U × V ) given by (A,B)→ ∧(A×B).
We now look at some special cases.
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• A function f : U → V is the relation {(u, v) : f(u) = v} in U × V ,
so it induces the mapping F(U) → F(V ) that sends A to ∨Af−1,
sometimes denoted f(A), that is, to the composition

V
f−1−→ 2U

A−→ 2[0,1]
∨−→ [0, 1]

• A relation in (U ×V )×W induces a mapping F(U ×V )→ F(W ).
But we have the mapping F(U)×F(V )→ F(U×V ) just described.
Thus a relation R in (U × V )×W induces the mapping

F(U)×F(V )→ F(W )

which sends (A,B) to ∨(∧(A× B))R−1. When U = V = W , then
the relation R in (U×U)×U induces a binary operation on F(U). In
the case U = R, there are the familiar arithmetic binary operations
such as addition and multiplication on R, and each induces a binary
operation on the fuzzy subsets F(R). These particular operations
will be taken up in Chapter 3.

2.4 Isomorphisms and homomorphisms
We introduce here a concept that is basic in algebra and one which we
will meet in a nontrivial way in the next section. Also it will be of
particular significance for us in Chapter 5. We begin with a couple of
examples. Suppose (U,≤) and (V,≤) are two partially ordered sets. (We
are using the same symbol, namely ≤, for the partial orders in both the
sets U and V .) When are these partially ordered sets “just alike”? For
example, it is intuitively clear that as partially ordered sets, there is no
difference between ([0, 1],≤) and ([1, 2],≤). For them to be alike, there
must be a one-to-one mapping from U onto V that respects, in some
sense, the ordering of the two sets. Precisely, there must be a one-to-one
onto mapping f : U → V such that x ≤ y if and only if f(x) ≤ f(y). Such
a mapping f is an (order) isomorphism, and if there is such a mapping
from U to V, the partially ordered sets (U,≤) and (V,≤) are isomorphic.
The mapping f(x) = x + 1 is an order isomorphism from [0, 1] to [1, 2].
A mapping g : U → V such that g(x) ≤ g(y) whenever x ≤ y is called a
homomorphism, or an order homomorphism, emphasizing that the
order relation is being respected. The condition on g that if x ≤ y then
g(x) ≤ g(y) is expressed by saying that g preserves order, or is order
preserving.
Suppose that (U,∨,∧) and (V,∨,∧) are lattices. Here, instead of

having sets with one relation, as in the case of a partially ordered set, we
have sets each with two binary operations on them. (Again, we are using



30 CHAPTER 2. SOME ALGEBRA OF FUZZY SETS

the same symbols for different binary operations.) A mapping f : U → V
is an isomorphism of these two lattices if f is one-to-one and onto,
f(x∨y) = f(x)∨f(y), and f(x∧y) = f(x)∧f(y). That is, f must be one-
to-one and onto and preserve both lattice operations. If the one-to-one
and onto conditions are dropped, then f is a lattice homomorphism.
If U and V are complete lattices, then an isomorphism f : U → V is a
complete lattice homomorphism if and only if f(

W
S) =

W
{f(s) :

s ∈ S} and f(
V
S) =

V
{f(s) : s ∈ S} for every subset S of U . An

isomorphism of a lattice (or any algebraic structure) with itself is called
an automorphism.
Compositions of homomorphisms are homomorphisms and composi-

tions of isomorphisms are isomorphisms. For example, if f : U → V and
g : V → W are lattice homomorphisms, then g ◦ f : V → W is a lat-
tice homomorphism. These facts are left as exercises. In later chapters,
especially in Chapter 5, we will see many examples.
The general theme then is this. Suppose that U is a set on which we

have various structures – relations, binary operations, unary operations
such as complements in Boolean algebras, and so on. If V is another set
with corresponding structures, then the system U with its operations is
isomorphic to the system V with its operations if there is a one-to-one
mapping from U onto V preserving these structures. A homomorphism
just preserves the structure; it is not required to be one-to-one or onto.
This all can be made more precise, but would lead us too far afield at the
moment.

Example 2.4.1 Consider the lattice ([0, 1],∨,∧,0 )with involution, where
∨ is sup, ∧ is inf, and x0 = 1− x, and the lattice {0, 12 , 1} with the same
operations. Then the mapping f : [0, 1]→ {0, 12 , 1} that sends endpoints
to endpoints and the interior points of [0, 1] to 1

2 is a homomorphism.
Note that one requirement is that f(x0) = f(x)0, and that this does hold.

Suppose that f : U → V is a homomorphism from a lattice (U,∨,∧)
to a lattice (V,∨,∧). Then the relation ∼ on U defined by a ∼ b if
f(a) = f(b) is an equivalence relation. But also, if a ∼ b and c ∼ d,
then f(a ∨ c) = f(a) ∨ f(c) =f(b) ∨ f(d) =f(b ∨ d), so a ∨ c ∼ b ∨ d.
Similarly a∧c ∼ b∧d. So this equivalence relation has these two additional
properties: if a ∼ b and c ∼ d then a ∨ c ∼ b ∨ d and a ∧ c ∼ b ∧ d.
Such an equivalence relation on a lattice is called a congruence. And
congruences on lattices give rise to homomorphisms.

Theorem 2.4.2 If ∼ is a congruence on the lattice U, then the set of
equivalence classes U/ ∼ forms a lattice under the operations [a] ∨ [b] =
[a∨ b] and [a]∧ [b] = [a∧ b]. The mapping U → U/ ∼: a→ [a] is a lattice
homomorphism.
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The proof is left as an exercise. The lattice U/ ∼ is the quotient
lattice of U relative to the congruence ∼ . Congruences are defined
analogously on other algebraic systems, such as Boolean algebras, De
Morgan algebras, Stone algebras, and so on. And in each instance, these
congruences give rise in an analogous way to quotient structures. We will
see instances of these concepts in later chapters.
There is another algebraic concept that will be important for us, es-

pecially in Chapters 5 and 6, and that is the concept of a group. Before
giving the definition, we illustrate with an example that will be perti-
nent. Consider the partially ordered set I = ([0, 1],≤), and let Aut(I)
be the set of all automorphisms of I with itself. That is, Aut(I) is the
set of all functions f from [0, 1] to [0, 1] that are one-to-one and onto,
and such that f(x) ≤ f(y) if and only if x ≤ y. We remarked above
that compositions of homomorphisms are homomorphisms, and certainly
compositions of one-to-one and onto functions are one-to-one and onto.
Thus the composition of two elements of Aut(I) is an element of Aut(I),
and thus composition is a binary operation on Aut(I). The composition
of f and g will be written simply as fg, meaning the function given by
(fg)(x) = f(g(x)). This composition has some special properties. It is
associative, has an identity, and every element has an inverse. This means
that

• f(gh) = (fg)h. (Composition is associative.)

• There is an element 1 in Aut(I) such that 1f = f1 = f for all f .
(The function 1 is the function given by 1(x) = x for all x. It is
called the identity of the group.)

• For each f ∈ Aut(I), there is an element f−1 ∈ Aut(I) such that
ff−1 = f−1f = 1. (Each element of Aut(I) has an inverse. The
element f−1 is simply the inverse of f as a function on [0, 1].)

Now, any set G with a binary operation that is associative, has an
identity, and for which every element has an inverse, is a group. Aut(I)
is a set, namely the set of all automorphisms of I, and composition of its
elements as functions is a binary operation on it satisfying the requisites
to be a group. This group is called the group of automorphisms of I.
Groups abound in mathematics, and have a huge theory. Our main in-
terest will be in groups that are automorphism groups of other algebraic
structures, such as the lattice I. We will elaborate on various aspects of
groups, such as subgroups, congruences, quotient structures, and isomor-
phisms between groups themselves as the need arises.

For us, one important aspect is this: mathematical models of real-
world situations are often algebraic structures, that is, sets on which
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there are defined various operations or relations. Homomorphisms, au-
tomorphisms, and quotient structures are basic notions in mathematics.
This is especially true in fuzzy set theory, as we will see. If two models
are isomorphic, then abstractly, one is as good as the other. But one may
be simpler to implement, for computational reasons, for example. In any
case, it pays to know whether or not two such models are isomorphic, or
equivalent.

2.5 Alpha-cuts
This notion plays a fairly big role in fuzzy set theory. Let A be a fuzzy
subset of U , and let α ∈ [0, 1]. The α-cut of A is simply the set of those
u ∈ U such that A(u) ≥ α. All that is needed to make this definition
is that the image of the mapping A be in a partially ordered set. In the
fuzzy case, it is in the complete lattice [0, 1]. The fact that this image
is a complete lattice is important in the theory because we will need to
take the sup of infinite subsets of [0, 1]. We will present the basic facts
about α-cuts in a more general context than usual, requiring at first just
a partially ordered set C instead of the complete lattice [0, 1].
There is a bit of notation that is standard and convenient. If α ∈ C,

then ↑α = {c ∈ C : c ≥ α}. Thus ↑ is a mapping from C into P(C) and
↑α is called the up set of α. We write ↑α rather than ↑(α). If C = [0, 1],
then for α ∈ [0, 1], ↑α = [α, 1].

Definition 2.5.1 Let U be a set, let C be a partially ordered set and let
A : U → C. For α ∈ C, the α-cut of A, or the α-level set of A, is
A−1(↑α) = {u ∈ U : A(u) ≥ α}. This subset of U will be denoted by Aα.

Thus the α-cut of a function A : U → C is the subset Aα = A−1(↑α)
of U , and we have one such subset for each α ∈ C. A fundamental fact
about the α-cuts Aα is that they determine A and this is easy to see. It
follows immediately from the equation

A−1(α) = Aα

T
(
S
β>α

Aβ)
0

Here, 0 means set complement in the set U. This equation just says that
the left side, {u : A(u) = α}, namely the set of those elements that A
takes to α, is the intersection of {u : A(u) ≥ α} with the set {u : A(u) ≯
α}. But these two sets are given strictly in terms of α-cuts. So knowing
all the α-cuts of A is the same as knowing A itself. We can state this as
follows.

Theorem 2.5.2 Let A and B be mappings from a set U into a partially
ordered set C. If Aα = Bα for all α ∈ C, then A = B.
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Thus we have the following situation. A function A : U → C gets a
function A−1↑ : C → P(U) which is just the composition

C
↑−→ P(C) A

−1
−→ P(U)

We already know from the theorem just above that associating A with the
function A−1↑ is one-to-one. What we want first is a simple description
of the functions C → P(U) that can come from functions A : U → C in
this way. For example, in the fuzzy case, this would allow us to identify
the set of fuzzy subsets of U with a set of maps from [0, 1] into P(U) with
certain properties.
In Exercise 37 we note that if C is a complete lattice, then

T
α∈D Aα =

A∨D for any subset D of C. In different notation, this says that the
mapping A−1↑ has the property that

A−1↑(∨D) =
\
d∈D

A−1↑d

Letting g = A−1↑, this says that the following diagram of mappings
commutes.

22
U

2U-
∩

2C C-∨

?

g

?

g

This is the condition that functions g : C → P(U) must satisfy to be
A−1↑ for some A.

Theorem 2.5.3 Let C be a complete lattice and U a set. Let F(U) be the
set of all mappings from U into C, and L(U) be the set of all mappings
g : C → P(U) such that the diagram above commutes, or equivalently
such that for all subsets D of C,

g(
W
D) =

\
d∈D

g(d)

Then the mapping Φ : F(U) → L(U) given by Φ(A) = A−1↑ is one-to-
one and onto.

Proof. We have already observed that Φ maps F(U) into L(U) and
that this mapping is one-to-one. Let g ∈ L(U). We must show that
g = A−1↑ for some A ∈ F(U). For u ∈ U , define

h(u) = {d ∈ C : g(d) ⊇
\

u∈g(x)
g(x)} = {d ∈ C : u ∈ g(d)}
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Let A =
W
◦h. Then

A−1↑(c) = {u ∈ U : A(u) ≥ c}

Now if u ∈ g(c), then g(c) ⊇
T
u∈g(x) g(x), which implies that c ∈ h(u)

and thus that u ∈ A−1↑(c). Thus g(c) ⊆ A−1↑(c). Now suppose that
u ∈ A−1↑(c), so that A(u) ≥ c. Then u ∈

T
u∈g(x) g(x) ⊆ g(d) for all

d ∈ h(u). Thus
u ∈

\
d∈A(u)

g(d) = g(A(u)) ⊆ g(c)

It follows that g(c) = A−1↑(c), whence g = A−1↑ = Φ(A).
The system F(U) is a complete lattice, and this one-to-one correspon-

dence with L(U) suggests that it too is a complete lattice in a natural
way. This is indeed the case.
First, F(U) is a complete lattice via the ordering A ≤ B if A(u) ≤

B(u) for all u ∈ U . Also L(U) is partially ordered by f ≤ g if f(x) ⊆ g(x)
for all x ∈ C. This is just the pointwise ordering of the maps in L(U).
For A and B in F(U), A(u) ≤ B(u) for all u ∈ U if and only if

A−1↑(x) = {u : A(u) ≥ x}
⊆ {u : B(u) ≥ x}

if and only if A−1↑ ≤ B−1↑ if and only if Φ(A) ≤ Φ(B). Since Φ is
one-to-one and onto, Φ is an order isomorphism and thus a lattice iso-
morphism where the lattice operations come from the orders. The orders
are complete, so Φ is a complete order isomorphism and thus a complete
lattice isomorphism. In particular, L(U) is a complete lattice.

Corollary 2.5.4 The complete lattices F(U) and L(U) are isomorphic.

The upshot of all this is that studying the complete lattice F(U) is the
same as studying the complete lattice L(U). In particular, the lattice of
fuzzy sets may be viewed as a special set of functions from [0, 1] to P(U)
with appropriate operations on them. However, it should be realized that
L(U) is not necessarily a sublattice of P(U)C . This happens if and only
if C is a chain. If C is not a chain, the sup of two elements of L(U) taken
in L(U) may not be the sup taken in P(U)C .

2.6 Images of alpha-level sets
Let f : U → V and let A be a fuzzy subset of U . Then

W
Af−1 is a

fuzzy subset of V by the extension principle. It is the mapping that is
the composition

V
f−1→ P(U) A→P([0, 1]) ∨→ [0, 1]



2.6. IMAGES OF ALPHA-LEVEL SETS 35

There is a connection between the α-level sets, or the α-cuts, of these two
fuzzy sets. This relation is important in the calculus of fuzzy quantities.
It holds in more generality than for fuzzy sets.

Theorem 2.6.1 Let C be a complete lattice, U and V be sets, A : U →
C, and f : U → V. Then

1. f(Aα) ⊆ (
W
Af−1)α for all α ∈ C.

2. f(Aα) = (
W
Af−1)α for α > 0 if and only if for each member P of

the partition induced by f ,
W
A(P ) ≥ α implies A(u) ≥ α for some

u ∈ P .

3. f(Aα) = (
W
Af−1)α for all α > 0 if and only if for each member P

of the partition induced by f,
W
A(P ) = A(u) for some u ∈ P .

Proof. The theorem follows immediately from the equalities below.

f(Aα) = {f(u) : A(u) ≥ α}
= {v ∈ V : A(u) ≥ α, f(u) = v}

(
W
Af−1)α = {v ∈ V :

W
Af−1(v) ≥ α}

= {v ∈ V :
W
{A(u) : f(u) = v} ≥ α}

One should notice that for some α, it may not be true that
W
A(P ) = α

for any P .

When U = V ×V , f is a binary operation on V . If A and B are fuzzy
subsets of V and the binary operation f is denoted ◦ and written in the
usual way, then the theorem specifies exactly when Aα ◦Bα = (A ◦B)α,
namely when certain sups are realized. These α-level images for fuzzy
subsets of R will be discussed further in Chapter 3, where also some
conditions will be given that are sufficient for the realization of these
sups.
The function

W
Af−1 is sometimes written f(A), and in this notation,

the theorem relates f(Aα) and f(A)α. Of special interest is when U =
U1 × U2 × · · ·× Un. In that case, let A(i) be a fuzzy subset of Ui. Then
A(1)× ...×A(n) is a fuzzy subset of U , and trivially

¡
A(1) × ...×A(n)

¢
α
=

A
(1)
α × ...×A

(n)
α . The fuzzy subset

W
(A(1) × ...×A(n))f−1 is sometimes

written f(A(1), ..., A(n)). In this notation, the third part of the theorem
may be stated as

• f(A
(1)
α , ..., A

(n)
α ) = f(A(1), ..., A(n))α for all α > 0 if and only if for

each member P of of the partition induced by f ,_
(A(1) × ...×A(n))(P ) = (A(1) × ...×A(n))(u)
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for some u ∈ P . That is, for any v ∈ V,

_(
n̂

i=1

A(i)(ui) : (u1, u2, ..., un) ∈ f−1(v)

)

is attained.

This result is often referred to as Nguyen’s Theorem in the lit-
erature. It is valid for L-fuzzy sets. Note that the extension of f :
U (1) × ...× U (n) → V to fuzzy sets, namely

f(A(1), ..., A(n))(v) =
_(

n̂

i=1

A(i)(ui) : (u1, u2, ..., un) ∈ f−1(v)

)

is defined in terms of ∧, a binary operation on [0, 1]. The operation ∧ may
be replaced by a t-norm T (see Chapter 5). This leads to the sup-T con-
volution for defining the fuzzy set f(A(1), ..., A(n)). Nguyen’s theorem
holds in this more general setting, and says that for all v ∈ V,_n

T (A(1)(u1), ..., A
(n)(un)) : (u1, u2, ..., un) ∈ f−1(v)

o
is attained if and only if for all α ∈ L,

[f(A(1), ..., A(n))]α =
[

T (t1,...,tn)≥α
f(A

(1)
t1 , ..., A

(n)
tn )

See exercise 45.

2.7 Exercises

1. Let U be a set and let P(U) be the set of all subsets of U . Verify in
detail that (P(U),⊆) is a Boolean algebra. Show that it is complete.

2. Show that a chain with more than two elements is not comple-
mented.

3. A relation on U is a preorder if it is reflexive and transitive. Let
U = [0,∞) × [0,∞), the product of the set of nonnegative reals
with itself. Let ≤ be the usual order relation in [0,∞).

(a) On U, define (x, y) ¹ (u, v) if xy ≤ uv. Show that ¹ is a
preorder. Show that it is linear, that is, that for a and b in U,
either a ¹ b or b ¹ a.
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(b) On U, define (x, y) ¹ (u, v) if either xy = 0, or u
x =

v
y ≥ 1.

Show that ¹ is a preorder, and is not linear.
(c) Let Γ denote the set of all preorders ¹ on U such that

i. If (x, y) ¹ (u, v), then (ax, by) ¹ (au, bv) for a, b ∈ [0,∞).
ii. If (x, y) ¹ (u, v), then (y, x) ¹ (v, u).
iii. (x, x) ¹ (u, u) if and only if x ≤ u.

Show that the preorders in (a) and (b) are in Γ, and that the
preorder in (a) is the only linear one in Γ.

4. Prove that in a lattice, if ∨ distributes over ∧, then ∧ distributes
over ∨, and conversely.

5. Prove Theorem 2.1.4.

6. Complete the proof of Theorem 2.1.5.

7. Let N be the set of positive integers and let R be the relation mRn
if m divides n. Show that this makes N into a distributive lattice.

8. Complete the proof of Theorem 2.1.6

9. Show that the De Morgan algebra (F(U),∨,∧,0 , 0, 1) satisfies A ∧
A0 ≤ B∨B0 for all A,B ∈ F(U), that is, is a Kleene algebra. Show
that [0, 1] is a Kleene algebra. Show that [0, 1][2] is not a Kleene
algebra.

10. Show that the product X × Y of lattices X and Y is a lattice.
Show that X × Y is respectively, bounded, complete, distributive,
complemented, Boolean, or De Morgan if and only if X and Y are.
Show that if S and T are sublattices of X and Y, respectively, then
S × T is a sublattice of X × Y, but that not every sublattice of
X × Y need be of this form.

11. Let X be a lattice. Show that X[2] is a lattice. If 0 is an involution
of X, show that (x, y)0 = (y0, x0) is an involution of X [2] and that
X [2] with this involution is a De Morgan algebra if and only if X
with the involution 0 is a De Morgan algebra.

12. Let B be a Boolean algebra. Show that B[2] is a Stone algebra but
not a Boolean algebra.

13. Show that if S is a Stone algebra, then so is S[2].

14. Show that every bounded chain is a Stone algebra.










































































































































































































































































































































































































































































































































































































































































































































































































