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Preface

Fuzzy control has increased tremendous interest in applications over the past few years and
also among control equipment. The present book titled “Fuzzy Logic Models and Fuzzy Con
trol: An Introduction” has been written to meet these inspirations. It consists of total nine chap
ters: First three chapters are related to fuzzy set theory, fuzzy logic, fuzzy systems and models,
while next six chapters deal with design and analysis methodology of fuzzy control. However,

it should be clear that such a universal theory does not exist for conventional control engineer
ing either, so we have to proceed from a few isolated spots where we already know exactly how
to design a fuzzy control algorithm to clusters of problems and related design methodologies.

Thus, we have tried to structure this book to make it a text book for control engineerinrg cover
ing just the relevant part of the theory and focussing on the principles of fuzzy control rather
than particular applications or tools. Starting with relevant mathematics including fuzzy set
theory, fuzzy logic and models, we go to design parameters and choices and discuss fuzzy
control in control engineering terms such as linear, non-linear, adaptive control and stability
criteria.

The book explicitly aimed at readers from B. Tech./ M.Tech engineering students who want
to study fuzzy control as elective course. It contains the following nine chapters: Chapter 1
Fuzzy Set and Fuzzy Numbers; Chapter 2 Fuzzy logic and Fuzzy Sy&tkapger 3 Fuzzy
System Models; Chapter 4 Fuzzy Control; Chapter 5 Fuzzy Knowledge Base Control (KFBC);
Chapter 6 Adaptive Fuzzy Control; Chapter 7 Non-linear Fuzzy Control; Chapter-8 Stability of
Fuzzy Control Systems, and Chaper 9 Fuzzy Control System Model.

D. S. Hooda
Vivek Raich
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Chapter-1

Fuzzy Sets and Fuzzy Numbers

1.1 BASIC CONCEPTS AND DEFINITIONS

Only in 20" century, mathematicians defined the concepts of sets and functions to represent
problems. In many circumstances the solution using this concept are meaningless. This
difficulty was overcome by the fuzzy concept. Almost all mathematical, engineering,
medidne etc. concepts have been redefined using fuzzit essentially prepares the teacher

DV ZHOO DV VWXGHQW LQ WKH XVH RI IX]]\ VHW~Xuts% DVLF
representation of fuzzy sets, operations on fuzzy sets. These Ipeqviding a more general
appreciation of what has been done with fuzzy sets and applied in problems related to various
areas. It also helps in providing an integrated view of extension principle for fuzzy sets. In
this chapter we are going to introdube Basic Definition of Fuzzy set, types of Fuzzy sets
DQG 1RWDWLRQ 2SHU DOuls R PrdpeéptiosX hiernialvaliwd Fuzzy Set and
Arithmetic of Fuzzy numbers for more details refer to [Klier and Yuan (1995) and Lee
(2005)].

In real world the complexity generally arises from uncertainty in the form of ambiguity. The
probability theory has been an old age and effective tool to handle uncertainty, but it can be
applied only to situations whose characteristics are based on random proeespescesses

in which the occurrence of events is strictly determined by chance. Uncertainty may arise due
to partial information about the problem, or due to information which is not fully reliable, or
due to inherent imprecision in the language withiolr the problem is defined or due to
receipt of information from more than one source. Fuzzy set theory is an excellent
mathematical tool to handle the uncertainty arising due to vagueness. In 1965, Lotfi A. Zadeh
propounded the fuzzy set theory in hippa

A setA can be equivalently represented by its characteristic function i.e. A mapRifigm
the universe of discourse (i.e. region of consideration is a large set) containing A to the set
’,1; equivalently,x « Aiff 5(x) = 1.

,Q 31X]]\" FDVH EHORQAELPEHWZHUHKRODWQB S LV QR ORQJH
KDV D GHJUHH RI 3SEHORQJLQJ WR’™ L Hheffdre,Ehe thddelh& G H J L
to extend from set {0, 1} to interval [0, 1].
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1.1.1 Qisp Set

The study of sets and their use in the foundation of mathematics was just begun before the
turn of the century by Cantor (184®18), Russel, Frege and others. The mhaeif sets
developed by Cantor has not only influenced and enriched almost every branch of
mathematics but also has helped to clarify the relation between mathematics and philosophy.
The basic idea of a set is the origin point in the study of modern algebr

Well-defined and distinct collection of objects is called Set.

7KH ZRUGV DJJUHJDWH FODVV RU FROOHFWLRQ DUH DOV
RI WKH ZRUG VHW LV FRPPRQ ,Q JHQHUDO #®&kdM® O OH
GHQRWH WKH VHWY DQG ORZHU OHWWHUYVY D E F G«««W
to these sets. We express the relation between an object and a set to which it belongs by
writing, a ¢ A. There are three basic methods by which satdbeaepresented.
(i) List method- A ’5,a,4a,...,8 .
(i) Set builder form (Rule method)-
$ [ _3[ ZKHUH 3 [ PHDQV 3[ KDV WKH SURSHUW\ 3~
(i) A characteristic function F£(x) that declares which elements &f are members of
the set and which are not and that is represented as follows:

1, whenxe A

E(X
A(%) % whenx A

which is formally expressed by5(Xx): X o [0,1].

1.1.2 Operations on Crisp Set.
Union #If A and Bare two norempty sets then 2®8 defined as
A %B={x «X|xe*Aorx « B}

For a family of sets {A| i *N}, this is defined as
%80 = {X | x * A;for some i*N}.
Intersection - If A and Bare two norempty sets then A B defined as
A" B={x *X|x*Aandx- B}.
For a family of sets {A| i N} is defined as
“Ai={x|x-<Aiforalli *N}.
Complement of A It is denoted by Aand defined as
Ac={x « X |x * A}l
(1) (A9 =A (i) 1°=X (i) X°= 1
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1.1.3 Properties of operations on CrispSet

Basic properties of union, intersection and complements are summarizing in the. 1alie

A, B, C « P(X)
Table-1.1 Properties of operations on Crisp set
1. Involution (A°)° =A
2. | Commutative property AW =B%\;A"B=B A

3. | Associative, property

(A %B) %e=A%B %)
(A"B) "C=A"(B"C)

4. Distributive, property

A%B "C)=(A%B) ~ (A%)
A" (B %) = (A"B) %{A"C)

Idempotent, property

A%=A,A A=A

Absorption, property

A%A "B)=A A" (A%B)=A

ABK=X,A"1=1

Identity

A%l =AA"X=A

5
6.
7. | Absorption by, X andl
8
9

Law of contradiction

ATAC= |

10. | Law of excluded

A %A =X

11. |De-ORUJDQTV ODZ

(A "B)°= A°%B°, (A %B)° = A°"B°

1.1.4 Convex Set

Definition. The term convex is applicable to a #eén f"(n xdimensional Euclidian vector
space) if the followings are satisfied.

@%@
@ >C

> X

Figure 1.1: Convex setsA, A, A and noRconvex setsA,, A, A in f?
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(i) Two arbitrary points s and r are defined in A
r f:ieN, s ’§:ie N, . (N isasetof positive integers)

(i) For arbitrary real number¢ between0 and1, pointt is involved in A, wheret
ist Ar (L O)s:i*N, .

,Q RWKHU ZRUGV LI HYHU\ SRLQW R$andKHA i© BISDpHNARQQHF
(Fig.1.1) shows some examples of convex andauvex sets.

1.1.5 Sets as Points in Hypercubes

There is an interesting geometric analog for illustrating the afleset membership (Kosko,
1992). Heretofore we have described a fuzzy Aetlefined on a universe X. For a universe
with only one element, the membership function is defined on the unit interval [0, 1]; for a
two-element universe, the membership function is defined on the unit square; and for a three
element universe, the membaigsfunction is defined on the unit cube. All of these situations
are shown in Fig. 1.2. For a universeroélements we define the membership on the unit

hypercube|" B, l@

The endpoints on the unit interval in Fig. B2(and the vertices of the unit square and the
unit cube in Figs. 1.2(b) and 1.2(c), respectively, represent the possible crisp subsets, or
collections, of the elements of the universe in each figure. This collection of possible crisp
(nonfuzzy) subsetsfoelements in a universe constitutes the power set of the universe. For

example, in Fig. 1.2(c) the universe comprises three eIeants,’X, %, X " The point (O,

0, 1) represents the crisp subset ispace, wherex; and X, have no membership and

elementx, has full membership, i.e., the subget, }; the point (1, 1, 0) is the crisp subset
where X, and X, have full membership and elemext has no membership, i.e., the sulset

X;, X, }; and so on for the other six vertices in Fig. 1.2(c). In general, ther@ atbgets in

the power set of a universe withelements; geometrically, this universe is represented by a
hypercube inn-space, where 2 vertices represent the collection of sets constituting the
power set. Two points in the diagrams bear special notdussdted in Fig. 1.2(c). In this
figure the point (1, 1, 1), where all elements in the universe have full membership, is called
the whole set, X, and the point (0, 0, 0), where all elements in the universe have no

membership, is called the null set,
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{x}=(0,1) X=x,x)=>11)

L)

=(0) X =(x)=(1)
; ) $=(0,0)
@D =(,0)
(a) One-element universe (b) Two-element universe
0, 1,1) X =(x;, %p,%3) = (1,1,1)
1,1,0
©,1,0) . ( )
I
| (110
i 2°2°2
: ®
& | ©,0,1)
TR 1,0,1)
¢ = (O: 0’ O) X (1, 0, 0)

(c) Three-element universe
Figure 1.2: Sets as points

The centroids of each of the diagrams in Fig. 1.2 represent single points where the
membership value for each element in the universe equals. For example, the point in Fig.
1.2(b) is in the midpoint of the square. This midpoint in each of the three figusespecial

point +tLW LV WKH VHW RI PD[LPXP pplIX]]JLQHVYV 19 $ PHPEH
element belongs to the fuzzy set as much as it doesthat is, it holds equal membership in

both the fuzzy set and its complement. In a geometrisesehis point is the location in the

space that is farthest from any of the vertices and yet equidistant from all of them. In fact, all
points interior to the vertices of the spaces represented in below Figure represent fuzzy sets,
where the membership lue of each variable is a number between 0 and 1. For example, in
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Fig. 1.2(b), the point represents a fuzzy set where variaplehas a 0.25 degree of

membership in the set and variabke has a 0.75 degree of membership in the set. It is

obvious by inspection of the diagrams in Figure 1.2 that although the number of subsets in a
power set is enumerated by fertices, yet the number of fuzzy sets on the universe is
infinite as representday the infinite number of points on the interior of each space.

The concept of a fuzzy set is an extension of the concept of a crisp set. Just as a crisp set on a
universal set X is defined by its characteristic function while X to {0, 1}, while a fuzzgrse
a domain X is defined by its membership function from X to [0, 1].

Definitionl. Let X be a norempty set (called the universal set or the universe of discourse
or simply domain). A fuzzy setis a subset oiX and is defined as

A Rx) Px BI@x X,
where A(x) represents the degree of membership and is defined as

ré&EByb#=J @ANROK=I>ECQEPU
& Ty L P s EByb#=J@ANROK=I>ECQEPU
radDANBRO=TEIQEI>ECQE&MIABANIyD# K NIyb #

Important Remark: Generally to distinguish Crisp set and Fuzzy set A is used in place of A.
But for the simplicityof typing throughout the text we shall use A in placédb represent
fuzzy set.

Definition2. Let X be a domain. The set of all fuzzy sets on X denoted by FS (x) is called
Fuzzy power set of X

1.1.6 Representation of a FuzzySet

A fuzzy set can be represented by the following ways

(A) Fuzzy set A on X can be represented by, set of ordered pair as follow.
$ " [a():x X}

(B) In case if the domain is finite fuzzy set Aj= a (Xi) / X.

For example if A (a) = 0, Ab) = 0.7, A(c) = 0.4 and A (d) = 1. Then, fuzzy set A can be
written asA= {(a, 0), {(b, 0.7), (c, 0.4), (d, 1)}

orA=0/a+0.7/b + 0.4/c + 1/d.

The symbol! DQG WKH VI\PERO LQ WKH DERYH p®MWDWLRQ VWL
(C) In case the doain is continuous A= AX) / x.

(D) A 3UHDO QXPEHUV FORVH WR
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A Mo Pu 1 (xmop

As shown in fig. 1.3.

Trats
1 +

Figure 1.3: Real numbers close to 10

Example 1.1.1&RQVLGHU IX]]\ VHW pWZR RU VR ¥Kis,tQe po#ltive/ LQV W
real numbers.

X ’abgde f...
Membership functionfoA fWZR RU VRY LQ WiKgwena®faldws VDO VHW
R@ 1, Ab) 1, /&) 05, ,@) O.

“’A\

Figure 1.4: Graphical representation of crisp set
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0.5

Figure 1.5: Graphical representation of fuzzy set
Usually, if elements are discrete as the above, it is possible to have membership degree or
grade as
A %a1.0), (0,1.0), €,05)0or A 810 Y1.0 ¢ 0.5

Examplel.1.2/HWTV GHILQW DANXHDO/®WPEHU QHDU °~ 7KH ER X
QXPEHU QHDU ~ LV SUHWW\ DPELJXRX¥to BK&ddmSREOEELOL
prescribed set can be defined by the following membership function.

1

1 X2

R(X)

b )

Figure 1.6: OHPEHUVKLS IXQFWLRQ RI IX]]\ VHW 3UHD

Fig. 1.6 shows this membership function. We can also write the fuzzy set with the function.
The membership degree of 1 is 0.5, the possibility of 2 is 0.2hanaf 3 is 0.1.
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1.2TYPES OF FUZZY SETS

(i) Interval-Valued Fuzzy SetsA membership function based on the approach that
does not assign to each element of the universal set to one real number, but a closed
interval of real numbers between the identified lower and upper bounds. Fuzzy sets
defined by membership function of thige are called intervalalued fuzzy sets.
These sets are defined as follows

A: X o ¢ ([0, 1)),
where P ([ 0, 1 ]) denote the family of all closed intervals of real numbers in [0, 1].

(i) Fuzzy Sets of Type2. We can generalize intervahlued fuzzy sets ballotting their
intervals to be fuzzy. Each internal now becomes an ordinary fuzzy set defined
within the universal set [0, 1]. The membership grades assigned to elements of the
universal set by these generalized fuzzy sets are ordinary fuzzy set. Tthege se
known as ‘'fuzzy set of tyg2 The membership function of this type of set having the
following form

A: X o P ([0 1]) where P ([0 1]) denotes the set of all ordinary fuzzy sets that can be
defined within the universal set [0, 1].

The set P ([0, 1])sialso called a fuzzy power set of [0, 1].

(i) L-Fuzzy SetsWhen we relax the requirement that the membership grades must be
represented by numbers in the unit interval [0, 1] and allow them to be represented by
symbols of an arbitrary set L, i.e., at lepattially ordered, we obtain-tuzzy set
The membership function ofluzzy set have the following form

A:XoL

(iv) Level-2 Fuzzy SetsThe generalization of ordinary fuzzy sets involves fuzzy sets
defined within a universal set whose elements are ordinazy &ets. These fuzzy
sets are known as levelfuzzy setsThe membership function of levlfuzzy set
having the following form

A: o C(X) o ([0, 1]) whereC(X) denotes the fuzzy power set of X (The set of all
ordinary sets).

Example 1.2.1: &4RQVLGHU VHW $ 3DGXOW" 7KH PHPEHUVKLS IX
DJH WR 3\RXWK”" 3PDQKRRG" DQG 3VHQLRU" ™ x)yahdz JRU L

R(x) "youth", Ay) "manhood", ,/¢)
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A
x
pa(x) 10+

05

@ ®)

1.0 Al A2 A3

©
Figure 1.7: Fuzzy set of type 2(a) and level 2 fuzyz set{(b), (c)}

7KH YDOXHV RI PHPEHUVKLS IRU 3\RXWK” DQG 3PDQKRRG”
SDGXOW’ -2fuzzy s¥¥.\ S H

7KH VHWYV 3\RXWK" D Q G-13BZ2ysKtR mGhe sateimevih& Hf the values of
PHPEHUVKLS IXQFNLBQGRIPODRIKRREKBUHW\SEBGXOW”™ LV W

1.2.1Support of a Fuzzy Set

Let A be fuzzy set defined on X, then the support of fuzzy set A is a crisp set. It is denoted by
Supp (A) and defined as

Supf A “xe X R( X0,
Example 1.2.2:Consider a universal sEtwhich is defined on the age domain

X %5,15,25,35,45,55,65,75,8
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Table 1.2membershipof:LQIDQW ~ 3:*\RXQJ~ *DGXOW  DQG 3V

Age Infant Young Adult Senior
5 0 0 0 0
15 0 0.2 0.1 0
25 0 1 0.9 0
35 0 0.8 1 0
45 0 0.4 1 0.1
55 0 0.1 1 0.2
65 0 0 1 0.6
75 0 0 1 1
85 0 0 1 1

H FDQ GHILQH IX]]\ VHWV VXFK DV 3LQIDQWhe 3\RXQJ " 3DG
possibilities of each elementwto be in those four fuzzy sets are in Table 1.2.

7KH VXSSRUW RI 1X]]\Suppyoung® X\15,25,35{45,5 and it is a crisp

VHW &HUWDLQO\ WKH VXSSRUW RI 3LQIDQW” LV HPSW\ Vt

7KH PD[LPXP YDOXH RI WKH PHPEHUVKLS LV FDOOHG 3KH
fuzzy sets is 1, then fuzzy set QRUPDOL]JHG™ 7KH VHWYV 3\RXQJ" 3DG
normalized as shown in fig. 1.8.

1.0+ 1.0+

Figure 1.8:Non-normalized and normalized fuzzy set

/IHWTV FRQVLGHU FULVS VHW SWHHQDJHU" 7KLV FULVS VH
19 in the uniersal setX. As you shall notice this set israstricted setcomparing withX.
6LPLODUON\ IX]]\ VHW 3\RXQJ" LV DOVR DiutzyHredvittior- WHRG V H
universal seK in certain manner, we get a fuzzy set.
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1.2.2 £- Cut Set

Let A be fuzzy set defined on universe of discourse #w[0,1] be any number, therC-

cut set of A is a crisp set. It is denoted 89( and defined as
A e X: (NP

where strong - cut set of fuzzy set A is denoted lﬂyyA and defined as
A NXeX: (RIP

Remark: For any fuzzy set A and pair,D , <[®, 1] of distinct values such that, D ,,
we have *A <”:A and * A <7z A,

Tal

AG)

- a‘lA —

Figure 1.9: Subnormal fuzzy set that is convex
Example 1.2.3;The -FXW VHW LV GHULYHG IURP IX]]\O/HW 3\RXQJ
WKLV PHDQV 3WKH DJH WKDW ZH FDQ VD\ \RXQJ ZLWK SRV

If D 0.4,young, ”25,35,45
If O 0.8,young, 725,35

Remark: The % cut, A , is often called the core of fuzzy set A. The heidiftd) , of a
fuzzy set A is the largest membership grade obtained by any element in that set. Formally,
h(A)  sup R(X - Afuzzy set A s called normal whei(A)  1; it is called subnormal

xeX

when h(A) 1. The height of fuzzy set may also be viewed as the supremuf fof
which A z /.
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1.2.3 Level Set

The value £ which explicitly shows the value of the membership function, is in the range of
[0,1@ 7KH SOHYHO VHWD&EVh& BWDLQHG E\ WKH

I, "o Rx) ,Dtdxs X .
The levelsetoDERYH IX]]\ VHW 3\RXQJ" LV
{ 7,0.1,0.2,04,0.8,1.0

1.2.4 Convex Fuzzy Set

Assuming universal sé¢ is defined in rdimensional Euclidean Vector spade . If all the
L- cut sets are convex, the fuzzy set with theSecut sets is convex (Fig. 1.10(a)). In other
words, if a relation

R(®) tMin > &), £3)

wheret ® @1 )Y r,s*f", @D, 1] holds, the fuzzy set is convex. Fig. 1.10(b)
shows a convex fuzzy set and Fig. 1.10(c) describes-aorrex set.

A, =[0,0.2,04,0.8,1]

(a) Convex Fuzzy Set
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Ba(8) [mmmmmmmmmmmmmmmm oo

”A(t) """"""""""""

M) [moo===

R R e

(S

(b) Convex Fuzzy Set ,(t) tP ,(r)

[ TNC) ] ittt
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S
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:
t

(c) Non Convex Fuzzy Set ,(t) P A(r)
Figure 1.10:Convex and noftonvex fuzzy sets
1.2.5 Magnitude of Fuzzy set

There are three ways of measuring the cardinality of fuzzy set. First, we can derive magnitude
E\ VXPPLQJ XS WKH PHPE Htadicar8ingdig JUHHY W LV 3

A1 R

xeX
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YROORZLQJ WKLV PHWKRG WKH PDJQLWXGH RI IX]]\ VHW 3
|seni0|L 01 02 06 11 2

Second, comparing the magnitude of fuzzyfsefith that of universal set can be an idea.

7KLV LV FDOOHG *UHODWMODWH EDWGH@RAWLW\ ,Q WKH
seniof 2.9 |X| 9 and senipr 2.99 O.

Third method expresses the cardinality of fuzzy set as explained below:

Let “A be the L-cut of A. The number of elements ‘iéjA‘. In other words, the possibility
for number of elements i\ to be ‘ DA‘ is 2 Then the membership degree of fuzzy

cardinality|A| is defined as

R, ‘DA‘ D Pl ,, where /, is alevel set.

Example 1.2.5:,1 ZH EXW IX]]\ VH® G4 theé¢ &&J5 eMents in the-cut.
seniog , A45,55,65,75,85| , serlj,g}r In the same manngthere are 4 elements at

D 0.2, there are 3 element® 0.6, there are 2 element® 1.0. Therefore, the fuzzy
FDUGLQDOLW\ RI 3VHQLRU" ™ LV

seniof 5,01, 4,02, 306, 21
13  OPERATIONS ON FUZZY SETS

Considering three fuzzy se#, B and C on the universeX. For a giverelementx of the
universe, the following function theoretic operations for 4betheoretic operations unions,
intersection and complement are defined fgrB and C on X:

Union: Rye(X) KX > X max &), (B .
Intersection: R-z(X)  HAX S 0 min R, (¥ .

Complement: ;(X) 1 P ,(X).

Subset: A ZB Y (X Py(R, forall x X, A(¥ Oand B(X) 1.
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By My

(a) Union of fuzzy sets (b) Intersection of fuzzy sets

n

(c) Complement of fuzzy set

1.0 A 1.0 B

(d) Subset of fuzzy sets

Figure 1.11:Venn diagram of operation on fuzzy sets
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Any fuzzy set A defined on a universeX is a subset of that universe. Thembership
value of any elementin the null set/ is 0, and the membershilue of any elementin

the whole sexis 1. This statement is given ByH O R U J D Q $§tste®fbr Zldssical sets also
hold for fuzzy sets, as denoted by the following expressions:

A" B A%BandA%B A "B
All operations on classical sets also hold for the fuzzy set except for the excluded middle

laws. Thesdwo laws does not hold good for fuzzy sets. Since fuzzy sets can overlap, a set
and its complement also can overlap.

The excluded middle law for fuzzy sets is given by

A Bbo XandA A I

x4 x F 3
1 A A ;
(a) Crisp set A and its complement (b) Crisp setA Bbo X (Law of exclusive)
'
T
>
0] X

(c) Crisp setA A /(Law of contradiction)

Figure 1.12:Excluded middle law for classical sets
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A

0 >
X

(a) Fuzzy set A and its complement (b) Fuzzy set AU A#X (Law of exclusive)

Hoa

0 > X

(c) Crisp set AN A= ¢ (Law of contradiction)

Figure 1.13:Excluded middle law for Fuzzy sets

Comparing Venn diagram for classical sets and fgety for excluded middle law are shown
in Fig.1.6 and Fig.1.7 respectively.

1.3.1 Properties of Fuzzy Sets

The properties of the classical set also suits for the properties of the fuzzy sets. The important
properties of fuzzy sets are as follows:

Commutativity: A% B B % andA"B B~ A

Associativity: A%B %) (A B CandA"(B"C (A B C
Ditributivity: A % B "C) (A %B (A %J andA" (B%C) (A "B % A "Q.
Idempotency: A A AandA A A
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Identity: A %0 AandA X A A "/ andA %o X
Transitivity: If A° B Cthen A« C.

Involution: A A
These are the important properties of the fuzzy set.

Example 1.3.1:Consider two fuzzy seté\ and B. find Complement, Uniorintersection,
'LITHUHQFH DQG 'H ORUJDQYV ODZz

1 05 06 02 06 05 08 0.4 0.7 03

A —® and B _ =" = .

2 3 4 5 & 2 3 4 5 &
Complement
A 0 0504 08 04 o 05 02 06 03 07

2 3 4 5 6 2 3 4 5 6
Union

1 08 06 0.7 06
A%B = — = = _—R.
° 3 4 5 6

Comparing the membership values and writing maximum of the two values determine Union
of thefuzzy set.
Intersection
- 05 05 04 0.2 03
A°B — — — — .
2 3 4 5 &
Comparing the membership values and writing minimum of the two values determine
intersection of the fuzzy set.

Difference

. 05 02 06 0.2 06
NB ATB TS 4 5

. 0 05 4 0.7 03
BA B A S 3 4 5 &
H ORUJDQYV /DZV

- = 0 0.2 04 03 04
ARB AB S 3 4 5 &
_— = = 05 05 0.6 .8 0.7

Example 1.3.2:We want to compare two sensors based upon their detection levels and gain
settings. The following tabl&.3 of gain settings and sensor detection levels with a standard
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item being monitaed provides typical membership values to represent the detection levels for
each of the sensors.

Table 1.3
Gain setting| Sensor 1 detection level  Sensor 2 detection levels
0 0 0
20 0.5 0.35
40 0.65 0.5
60 0.85 0.75
80 1 0.90
100 1 1

The universe of discourse & D, 20, 40, 60, 80, 10( Find the membership function

for the two sensors: Find the following membership functions using standard set operations:
@ Rus(¥) (0) Rys(¥ (© R (X) (d) 2 (X)
Solution: It can be solvedimilar as previous example.

1.3.2 Fuzzy Complement

Complement sefA of setA carries the sense afegation. Complement set may be defined
by the following functiorC.

C:[0,1] o [0, 1]
Complement functiorC is designed to map membership functiog(x) of fuzzy setA to

[0,1] and the mapped value is written@s Z(X) ). To be auzzy complement function, the

following two axioms should be satisfied:
(C,) C(0) 1,C(1) O(boundary condition).

(C,) If a,b+[0,1] anda b, thenC(a) t C() (monotonic non increasing), wheaand
b stand for membership value of memkeén A. For example, if R(X) a,

R() bixy Xthen R(x) &AY).C( £9) A A).

(C) and (C,) are fundamental requisites to be a complement function. These two axioms

DUH FDOOHG 3:D[LRPDWLF VNHOHWRQ" )RU SDUWLFXOD!I
additional requirements:

(C,) C is a continuous function.

(C,) Cisainvolutive.ie., C(C(a) aforall a<[0,1].

Example 1.3.3:Above four axioms hold in standard complement operator
C(R) 1 RKXor & 1 &

WKLV VWDQGDUG IXQFWLRQ LV VKRZQ LQ )LJ D DQG
1.14(b).
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A .
C(a) C(a)

1 fora<t
1 fora<t

C(a)= {

l-a

@ ®)

!

JUNE)) i ”K(x)

(c) @

Fig. 1.14Axioms in standard complement operator
The followingis a complement function satisfying only the axiomatic skeleton
(Fig 1.24(b)):
1, fora dt
%, fora !t.

Note that it does not hold in fig.1.14(c) afigi1.14 ().
Again, the following as shown in Fig 1.15:
C(a) 0.51 cos&)

whena 0.33,C(0.33) 0.7%s continuous. However, wherC(0.75) 0.15 0.33

C(LV QRW FRQWLQXRXV 2QH RI WKH SRSXODU FRPSO}
defined as

C,(@ @ a")", wherews] 1,f[.

C(a
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The shape of the function is dependent on parameter (Fig 1.16).WsMhdn WKH <DJHU(|V
function becomes the standard complement functia) €1 - a.

T 1.0

0.9

C@ g

0.7

0.6

0.5

0.4

0.3

0.2

0.1
0.0

01 02 03 04 05 06 07 08 09 10

Figure 1.15:Continuous fuzzy complement functié(a) 0.5(1 cos& '

T 1.0
0.9
C@ o3
0.7

0.6
0.5 \
0.4
03

—— 1
I — p

I

—
]

\

L |

w=0.5

0.2

\

0.1

~ |

E—

—

0.0

01 02 03 04 05 06 07 08 09 1.0

a —»

Figure 1.16: <DJHUfYV FRPSOHPHQW IXQFWLRQ

1.3.3 Fuzzy Union Function
In general sense, union AfandB is specified by a function of the form:
U:[0,1 [0,1u [0, 1].

This union function calculates the membership degree of uAidB from those ofA and
B,

Rxe(@) UL KX, £X]
this union function should obey the following axioms:
u)u@o,00 OU(O,1) 1Y 1,0) 1) (1,1) (Boundary condition)
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U,)U(a,b) U(h a(Commutative)
(U,) If a da andb db, U(a, b) dU(a, b). FunctionU is monotonic function.
U, U U(ab),c U aU(h g (Associative)

(Ug) FunctionU is continuous.

Ug)U(a, @ a(ldempotent)

s, el
N
S
R o

e <R ‘*\

-
\Q :
AR P R

£

_

X X
Figure 1.17:Visualization of standard union operation

The standard operator Max is treading on those six axioms.

ULl R(®), &X] max> %), & @I‘ pe ¥ max> , OF 5 (XK

visualizing the standard union operation is illustrated in figure 1.17.

< D J Hudifin/function satisfies all axioms exceft,) .
U,(@b) min 1, @ B'Y*@, where w]0,f [.
The shape of Yager function varies with parametdfor instance,

w 1leadstoU;(a, b) min% (@ b)@

w 2 leadstoU,(a, b) min 1,4/& B°.

SupposingwWw 0 f,Yager union function is transformed into the standard union function

immin 1, @ b*}*  max@,b)

wof

There are some examples of Yager functionwierl, 2 and f in Tables 14. We know that

the union operation of crisp sets is identical to OR logic. It is easy to see thet the relation is
also preserved here. For example, ifAeEH 3\RXQB*WH)GLRU™ WAKIHIBEIQLRQ R
3\RXQJ RU VHQLR U meagngMieHintHapd/GR Rdic are completely identical.
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Table 14 <DJHUTV XQLRQ IXQFWLRQ

. 2
(@) Uyl ) min2(a b) (B) U@ b) min 1a bzq Uy max@,b)
pl © 025 05 p| 0 | 025 0.5 p| O 025 05
a a a_~
1 1 1 1 1 1 1 1 1 1 1 1
0.75 0.75 1 1 0.75 075 | 019 09 0.75 0.75 0.75 0.75
0.25 0.25 0.5 0.75 025 | 025 | 035 0.55 025 0.25 025 05

1.3.4 Fuzzy Intersection Function
In general sense, intersectionfodndB is specified by a function of the form
| :[0,1] [0,1u [O,1].

This intersection function calculates the membership degree of #nioB from those ofA
andB,

Rus 1 Y. &)
this intersection function should obey the followings:
(1)1¢,0) 0] (0,1) O (1,0) 0, (1,1) (boundary condition).
(1,) 1'@,b) [I(b,a)(commutativity).
(1,) If a da andb db, I(a, b) di(a, b). Function! is monotonic function.
(I,) ' 1@b)c | a,l,c) (associativity).
(I5) Function! is continuous.
(Ig) I (@, a) a (idempotency).
The standard fuzziptersection satisfies the above six axioms with

IR, &I min >89, (R @ ./ min> 0P (K

Visualizing the standariditersectiorunion operation leads to Fig. 8.1
<DJHUTV IX oRdvucedinphévious section satisfies all the axioms exgdept,

where

l,@b) 1 min1 (@ a) (@ b)yjye, wherew 10f [.

- El

However, the shape varies with parameteFor instance,
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w 1lleadstol,(@,b) 1 min4 (2 a b)C

w 2leadstol,(a,b) 1 min 1,\/(1 a} (@ b¥* .
Supposingw 0 f,Yager function converges to the standard intersection function
im1l mn1(@a) @b)yjye mina,b)

wo f

Note that intersection an&ND logic are equivalent. For instance, consider two fuzzy sets
3\RXQJ" DQG 3VHQLRU"™ ,QYSHHWWHRFEWZRR) UR WD W KRHQMAH LR XQJ

AnB

X

Figure 1.18:Visualization of standard fuzzy intersection set

Example 1.3.4:Take Yager function a7 = 1 for example. Taking = 0.4 andb = 0.6, we
have

l,@,b) 1 mn3 (2 a b)@1 mnL,2 @ 1 1 C

This time leta = 0.5andb = 0.6, thena+b=1.1

l,,b) 1 min4, 2 110 1 min[L, 2 1.1 0.

Next, takea = 0.3andb = 0.6for an example. Ifiw 0 f, the intersection is reduced to,
l,(a, b) min[0.3,0.6] 0.3

There are some more examples of Yager function in TalBes 1.

Tables15 <DJHUYV LOQWHUVHFWLRQ IXQFWLR
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(@) ly@b) 1 mn2(2 a b)l  (b)I,@b 1 mnif@af @ b)zf4 (©) I ¢(ab) min(a,b)

b 0 0.25 0.5 b 0 0.25 0.5 b 0 0.25 0.5
a 4 a
[ 0 [ 025 | 05 e L oas | os T | 0 025 05
0.75 0 0 025 0.75 0 0.25 0.5
075 0 021 | 044
025 0 0 0 535 5 5 o7 025 0 0.25 0.25

1.3.5 Some Other Operations

(1) Simple disjunctive sum

By means of fuzzy union and fuzzy intersection, definitibthe disjunctive sum in fuzzy set
is defined just like in crisp set as given below:

AtB (A" B%{A "B (crisp set)
and A TB max'min[R(x),1 LX) min[l RAX), ;&)
(ii) Disjoint sum

7KH NH\ LGHD Rl 3H[FOXVLYH 25" LV HOLPLQDWLRQ RI FRF
With this idea, we can define an operatoffor the exclusive OR disjoint sum as follows

R | BY o).

Example 1.3.5:Here we discuss procedures obtaining disjunctive sum and disjoint séim of
andB given Figures 1.19 (gnd 1.8 (b), respectively.

A %,0.2),(%,0.7),& ,1),& ,0), B 4x,0.5),(%,0.3),( ,1),& ,0.1)
A %x,0.8),(%,0.3), ,0).& ,1), B x,0.5),(%,0.7),( ,0),& ,0.9
A B %x,0.2),(%,0.7),,0),6 ,0, A B %x,0.5),(x,0.3),( ,0),6 ,0.1)

and finally, we have
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AtB (A" B%{A"B Xx05)(x,0.7),(x,0),(x.0.0)
A B %x%,0.3),(%,0.4),( ,0),( ,0.1)

A
Set A
1.0 SetB
0.9 1.0 Set A®B -

0.8
0.7+
0.6
0.5
0.4+
0.3

03

0.2 02 0.1
[0 18 R N I I m—
o |

x X, X3 X4

0.7

0.5

Figure 1.19(a) Example of simple disjunctive sum

A

SetA ——M
1.0 SetB

0.9 1.0 S:t AAB Shaded area
0.8
0.7+
0.6
0.5
0.4

0.3
0.3

0.2 02 0.1
(125 o e N
0 |

X X, X3 X4

0.7

0.5

Figure 1.19b): Example of disjoint sum
() Simple difference iriuzzy set
The difference in crisp set is defined as follows
A B A B

By using standard complement and intersection operations, the difference operation
in fuzzy set would be simple.

(ii) Bounded difference
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For noviceoperator7, we define the membership function as
Re(¥) max[0, PKx) gAX)]

Example 1.3.6:If we reconsider the previews exampk, B and A /B (Figures 120 and
1.21).

A
1 Set A
SetB
A . .
0.7 - Simple difference A-B:
Shaded area

B

0.5
0.7

0.3
0.2

x Xy X, X4

Figure 1.20:Simple differenceA B
A %x,0.2),(%,0.7),& ,),& ,0), B 1x,0.5),(x,,0.3),( ,1),& ,0.1)

A Set A
1— Set B
Simple difference AOB:
Shaded area
A
0.7
0.5_ B
0.3_|
0.2 |
o1

Figure 1.21:Bounded differencéA /B

Simple difference is

A B %x,0.2),(x,0.7),(4 ,0),6 ,0)
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By this definition, bounded difference pfeceding two fuzzy sets is as follows

AB x,0),(x,0.4),(x,0),04 ,0)

1.3.6 t-norms and t-conorms

There are two types of operators in fuzzy setsrm and fconorm.These are often called as
triangularnorm and triangulaconormrespectively.

Definition (t-norm): The fuzzy intersectiorftorms of two fuzzy set& andB is specified in
general by a binary operation on the unit interval. In other words a function

T:[0,1] [0,1u [O,1] which satisfies the following axioms: for at, y, X, y, ze[0,1]:
(T) T(x0) 0,T(x1) x(boundary condition).

(T,) T(Xy) T(Yy ¥ (commutativity).

(T,) f xdx,y dy YT(xy d{ x Y)(monotonicity).

(T) T(T(x ¥, 2 T xT Yy P (associativity).

Now we can easily recognize that the following operators hold conditionsfont.

(a) Intersection operatof )

(b) Algebraic product operatdrX
(c) Bounded product operatdr )
(d) Drastic product operator

Definition (tconorm (snorm)): The fuuzy unionftonorm/snorm of two fuzzy seté andB
is specified in general by a binary operation on the unit interval. In other words it is a

function S:[0,1 [0,1u [0,1] satisfies the following axioms: for all
X, Y, X, Y, z*[0,1];

(1) S(x0) x g x1) 1(boundary condition).

(T,) S(xY Ky X(commutativity).

(T,) f xdx,y dy Y x Yy d® x Yy(monotonicity).
(T,) S(x Y, 2 & x6,Y)k(associativity).
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There areexamples of-tonorm/snorm operators.
(a) Union operator( %p
(b) Algebraic sum operatof @

(c) Bounded sum operatdrt)
(d) Drastic sum operator %o

(e) Disjoint sum operatof ')

1.4 FUZZY NUMBERS

Among the various types of fuzzy sets, of special significance are fuzzy sets that are defined
on the seR of real numbers. Membership functions of these sets as

A:R o [0, 1].

These clearly have guantitative meaning and may, under certain conditions, be viewed as
fuzzy numbers or fuzzy intervals. To view them in this way, they should capture our intuitive
conceptions of approximate numbers or intervals, such as "numbers that are close to a given
real number" or "numbers that are around a given interval of real numbers." Such concepts
are essential for characterizing states of fuzzy variables and, consequently, play an important
role in many applications, including fuzzy control, decision makipgyr@imate reasoning,
optimization, and statistics with imprecise probabilities.

To qualify as duzzy numbem fuzzy set A on R must possess at least the following three
properties:

(i) A must be normal fuzzy set;
(i) A must be closed interval for ever+ [0, 1];
(iii) Support of A, ° A, must be bounded

Since L-cuts of any fuzzy number are required to be clasemivals for all D¢]0, 1], every

fuzzy number is a convex fuzzy set. The inverse, however, is not necessarily true/since
cuts of some convex fuzzy sets may be open ordpedh intervals.

Special cases dfizzy numbers include ordinary real numbers and intervals of real numbers.
As illustrated in Figure 1.22 (a) is an ordinary real number, (b) is an ordinary (crisp) closed
interval [1.25, 1.35], (c) is a fuzzy number expressing the proposition "close;'t@id(d)

is a fuzzy number with a flat region (a fuzzy interval).
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r 9 F
o I 1 b= . -
(=X | -3 . "
= I =
2 I i 1 1
g | B 1 1
£ I £ I I
Q | )
(@ = | (b) = " 1
(0] | 0 i 1
| > 1 1 >
0 1.3 0 1.25 1.35
F 3
A 1 .
1 o !
= .
o n '
E 3 1
¢ Qo '
[+}] E i
o (] i
s = ;
€ = @ o
? > 0 12 126:1.32 1.4

1.3

[=]

Figure 1.22:A comparison of a real number and a crisp interval with a fuzzy number
and a fuzzy interval, respectively

A(x) B(x)
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C(x) D(x)

>

0 x 0 x
Figure 1.23:Basic types of fuzzpumbers

Although the triangular and trapezoidal shapes of membership functions shown in Figure
1.22 are used most often for representing fuzzy numbers, other shapes may be preferable in
some applications. Furthermore, membership functions of fuzzy nummeerd not be
symmetric as shown in Figure 1.23. Fairly typical areated "beltshaped” membership
functions, as exemplified by the functions in Figure 1.22 (a) is symmetric and figure 1.22 (b)
is asymmetric. It may also be membership functions which ioakease (Figure 1.23 (c)) or

only decrease (Figure 1.23 (d)) also qualify as fuzzy numbers. They capture our conception
of alarge numbeor asmallnumberin the context of each particular application.

The following proposition shows that membership functions of fuzzy numbers may be, in
general, piecewisdefined functions.

Proposition 1.4.1:Let A * F(R). Then, A is a fuzzy number if and only if there exists a
closed interva[a, b] z /such that

;1, for x < [a, b]
A(X) @(x), for xe] f, 4

T(x), for x ]bs [,

wherel (X) is a function from]  f, @ to [0,1] that is monotonic increasing acohtinuous

from the right such that(x) O for x ] f, Z;ris a function from]b, f[ to [0,1] that

is monotonic decreasing and continuous from the left suchr{pat O for x ] Zs [.

The implication of proposition 1.4.1 is that every fuzzy number can be represented in the

form of A(X). In general this form allows us to define fuzzy numbers in a piecewise manner,
as illustrated in Figure 1.24.
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A

A(x){

1(x) \i : \\ / r(x)
e

I
I
I
I
I
I
I
I
I
I
I
:
o (0] a b o, x

AN

Figure 1.24:General fuzzy number

As an example, let us define the four fuzzy numbers in Figure 1.24 in terA{spf
(@) , a bz, 13Il(x) Oforafxe] f ,1.3r k) Oforale 1.3, |
(b) , a 125b 2, 135 &) Oforalxe ]f £1.25y X ) O,forak [B5f [.

(©) . 12a b 137, 14

| 0, forxe] f,1.2]
) @O(X 1.3) 1, forxe [1.2,1.3

10(1.3 x) 1, forxe ]1.3,1.4

"0 , forx .4s .

(d) , l2,a 1.28b 13Z, 1.4
forx ] f,1.2]

I(x
9 @2 5k 1.28) 1, forxe [1.2,1.28|
x 12.5(1.32 x) 1, forxe ]1.32,1.

% forx J1.4¢ |[.

1.4.1 Triangular Fuzzy Number

It is a fuzzy number represented with three points as follows

A (a &, &)
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This representation isterpreted as membership function defined below:

0, x<a

a,-a,
Hiy(X) =
a,-x a,<x<a,
a,-a
0, x>a,

Now if you get crisp interval bys-cut operation, interval’A shall be obtained as follows
D [0, 1]

(D (D
a” a & &
aQ & 4

We get

a’ (& a gand§ (a P 3
Thus

°A &% d"® % a a3 %a D al

A
(%)

a a, a, x

Figure 1.25: Triangular fuzzy numbeA (a, a, &)

Example 1.4.1:In the case of the triangular fuzzy numb&r ( 5, 1, 1) (Figure 1.25), the
membership function value will be
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0 x < -5
x+5 -5<x< -1
4
'u(.l)(x)z‘
l-x ~1<x<]
2
0 x>1

L- cut interval of this fuzzy number is

X5 yx o 5

4
1 x Yx D 1
2

°A &P d? A 5 P Y
If D 0.5, substituting 0.5 forC, we get

0.5A al(O.S)’ a3(0.5%| >3’ O@

0.5

Figure 1.26: D 0.5 cut of triangular fuzzy numbefA ( 5, 1,1)

1.4.2 Trapezoidal Fuzzy Number
We can define trapezoidal fuzzy numbBeas(Figure 1.27),

A (a, &, &, g).
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The membership function of this fuzzy number will be interpreted as follows

0, x<a
X—a
~, g <x<a,
a,-a,
M(x)=11, a, <x<a,
a,—x
a,£x<a,
al
0, x>a,
A
Ha(x)
11
> X
a a, a a,

Figure 1.27: Trapezoidal fuzzy numbeA (&, &, &, a,)

L-cut interval for this shape is D [0, 1]

°A %3 a) a (3 ap al

Whena, a;the trapezoidal fuzzy number coincides with triangular one.

1.4.3 Bell Shape Fuzzy Number

Bell shape fuzzy number is often usegractical applications and its function is defined as
follows

(x m)%
26 <

R(x) exp



FuzzySets and Fuzzy Number$.37

Figure 1.28: Flat fuzzy number

Here A (X) is the mean of the function anc is the standard deviation.

Figure 1.29: Bell shape fuzzy number

1.5 ARITHMETIC OPERATIONS ON INTERVALS AND FUZZY
NUMBERS

Fuzzy arithmetic is based on two properties of fuzzy numbers: (1) each fuzzy set, and thus
also each fuzzy number, can fully and uniquely be represented ly-ists and2) O-cuts

of each fuzzy number are closed intervals of real numbers faPa]0, 1], These properties

enable us to define arithmetic operations on fuzzy numbers in terms of arithmetic operations
on their acuts (i.e., arithmetic operations on closed intervals). The latter operations are a
subject ofinterval analysis,a wellestablished r@a of classical mathematics; we overview
them in this section to facilitate our presentation of fuzzy arithmetic in the next section.

1.5.1 Arithmetic Operations on Intervals

Let * denote any of the four arithmetic operations on closed intea@dition (+),
subtraction(-), multiplication 1, anddivision( /). Then,

[ab[¢cd " g adfdbcdg d
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is a general property of all arithmetic operations on closed intervals, except that
[a b/ ¢ g is not defined whe® «[c, d], i. e., the resultant of an arithmetiperation on
closedintervals is again a closed interval.

The four arithmetic operations on closed intervals are defined as follows:
Addition

[a b [cd [a cb ¥
Subtraction

[a b [cd [a db [

Multiplication

[a, b.[¢ d [min(a¢c ad bc by max( ac ad hc B

or[a, b.[¢ d [(acS adSbcSby( .ac>.ad>.bc.bH

and, provided tha ¢ [c, d].

Division

[, b/[¢cd [mn(d ¢cd dbcbYmax(dacadb,chb)
or

[ab/[cd [(dcEa dsb c&b)( /& ¢ /a ds/b o/b)d

Inverse Interval

[a b * [min(l/ a1/ b), max(l/a, 1/b)]
or

[a, b * [/ a&/b, A/ a>1/b).

Example 1.5.1:Let A and B be
A=[3,5],B=[2, 7], thus

Addition

3,5 [ 2,7] [3 2,5 7] [4,12].
Subtraction

38,51 [ 2,71 [3 7.5 (2] [47]
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Multiplication

[3,5][ 2,7] [mnB( 2),37,5(2),57),max(3( 2B7,5( 2),57)] [ 10, 35]
Division

[3,5]/[ 2,7] [min(3/( 2),3/7,5/( 2),5/7),md8/( 2),3/7,5/( 2),5/7)] [ 2.5 5/7
Inverse Interval

[ 2,7]Y [min(L/( 2),1/7), max(1/( 2),1/7)] [ 1/2/7].
1.5.2 Operations on C-cut Intervals

We referred to O-cut interval of fuzzy numbeA [a, a] as crisp set

A (&% & D01 a ad’la)f

So “A is a crisp interval. As a result, the operations of interval reviewed in the previous
section can be applied to the-cut interval °A.

If L-cutinterval °B of fuzzy numberB [b, by is given
B H7BT D001k bETES,
operations betwee#/A and “B can be described as follows
(&2 &7()E P8P 4°°8)% °62° B0 1],
and [a?, d7()BY BT 4’°8),°4 °R%2,° B01]
These operations can be also applicable to multiplication and division in the same manner.
1.5.3 Arithmetic Operations on Fuzzy Numbers

Let A and B denote fuzzy numbers and let denote any of the four basic arithmetic
operations. Then, we defin® B a fuzzy set on R by defining it&-cut, Y(A*B) as

AB)= A B
for any D¢]0, 1]. When is /, it is required thaQ * “B for all D¢]0, 1]. Now A B can
be expressed as

AB 9%, A B.

0]0,1]
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since” A B is closed interval for eachD°]0, 1] and A, B are fuzzy numberdd B is
also a fuzzy number.

For example consider two triangustnape fuzzy numberé and B defined as follows:

;0, forx d 1andx !
A(X) &x 1)/2, for 1 xd1
%3 x)/2, forl xd3,

;O, for x landxd I
B(X) ®&x 1)/2, for1 xd3
5 x)/2, for 3 xd5.

Their D-cuts are:
A2 1,3 P]landB [2 1,5 D]
Using arithmetic operation, we obtain
AA B) [408 4 Ppfor £0,1],
AA B) [4D 6,2 4 [pfor 10, 1],

%A B)- { 40 12 D5,4 D 16 O15] for « D, 0.5]
®
fA0 1,4 b 16 D15] for +00.5, 1],
s 20 1/2D1,3 2 2 DP 4, for « [0, 0.5]

1AIB) ®
=2D1/5 2D, 3 2p 2 DB for « [0.5,1]

The resulting fuzzy numbers are then:
0, for x Oandxd ¢

A B(® @4,  for0 xda
%8 x)/4, for 4 xds8,

;O, forx d 6 andx ! 2
A B(X @&x 6)/4, for 6 xd 2
2(2 x)/4, for 2 xd 2,
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0, forx 5andxt 1!
i :3 (4 x)l/z"il/4,for 5dx O 9
ABDIT & w22, forodx 3
“4 @ xy2/2,for3dx 15, 9,
0, forx landxt :
AIB (% x 1/(2 2x), for 1dx O

E?SX 1)/(2x 2),forodx 13
13 x)/(2x 2), for13dx 3.

We now proceed to theecond method for developing fuzzy arithmetic, which is based on the
extension principle. Employing this principle, standard arithmetic operations on real numbers
are extended to fuzzy numbers.

Let A and B denote fuzzy numbers and let denote any of the four basic arithmetic
operations. Then, we define a fuzzy et B on R by the equation

A B (2 sup>A(X3 B(y@orall zo F

zZ Xy

More specifically, we define for alt * R as given below:

A B (3 sup>A(XS B(Y(

z Xy

A B (3 sup>A(XS B(Y(

z Xy

AB (2 sup>A(X) SB(Y(

zZ XYy

A/B (2 sup>A(x) B(Y(

z Xy
Example 1.5.2:Let A and B be such that
A¥) [ 51 andB(y) [ 512]

with associate membership functions shown in Fig0.1.
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k},l, uk

|IIII|IIII|IIIIIIII Tx IIIIIII|IIII|IIII| 'y
-15 -10 -5 0 5 -5 0 -5 10 15

Figure 1.30 Two membership functions

% % for 5dx d 2
R(X) < 1

= = for 2dx d

3 3

ZO, for 5dx d 3
R(Y) Gr% % for 3dx d4

°y

o— 1—2 for 4 dx d.2.
8 8

Then, by the general operation rule we have
C(2 A¥ RY [51 [512] [ 10,13

and, by comparingR(x) and Z(X) point wise, we obtain

R(2) sup”™ Px), RY)

:O, for 10dz d 8
°z 8

R(2) g?(—) 10 for 8dz d2
g—z £3 for 2 dz d3.
11 11

+HUH LW LV FOHDU WKDW WKH JHQHUDO 3VXS" UXOH GR
contrast, this resulting explicit formula of2(z) can be easily obtained by using the
equivalent O-cut operation afollows.
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X

Figure 1
,Q WHRHW QRWDWLRQ

D QG X3 4 1/3, respectively, which give,

X2

.3L: Membership function
| R-eut BFGNX) YD GRERV DW R H G xB\+ 6/BIW W L Q

enlarged) Fig. 1B Hence, the projection interval is

A @ [x %l [3
similarly, B(Y) @ [% %] [7
so that

2@ XY@ >R

Setting z, i DRGI

i DQGI . DV VKRZQ LQ
5 ® 1]
3, ® 12],
Y@ [1o 8 1 13
JLYHZ . D Q Gz, /11 + 12/11,

which yield the membership function shown in Fig.21.3

™

1

0=2/10+8/10

0

|IIII|IIII
-/w/ S5 A

>

IIII|IIII|III|
5 210 \

a=z,/11+13/11

Figure 1.22: The resulting membership function
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Taking C(2) [ 10, 13] into account, we finally arrive at

:O, for 10dz d 8
°z 8

R(2) % 10 for 8dz d2
g—z E for 2 dz d.3.
11 11

Example 1.5.3:Let A(X) and B(y) be such that
A(X) [0, 20] and B(y) [0, 10],

With the membership functions

0, forO xd 7 d

Z% g for 7 dx d4
R(X) ® 12

° Y 22 for14dx dl9

: 8 8

0, for19 xd 20

and

D, forOdx d 3

R(y) , for3dx b

OWO
N w

<

g? 2, for5dx doO.

Then we have, via the interval arithmetic

C(22 A® Ry [ 10, 20],with

0, for 10dx d 3

°£2 % for 3dx d
R@ &> 12

° 2 =, for9dx d6

7 7

0, for16 xd 20.
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Example 1.5.4:Let A(X) and B(y) be such that
A(X) [2,5] and B(y) [3, 6],

With the membership functions

R(X)

R(Y)

X 2, for2dx d3

~y 6, for5dx d6,

as shown in figure 13

In the L-cut notation, for anyL value, letting

AN@ > 2, » 5andBY@ 2 3D 6(

A

A

u n
1 1
I | I I I ~ I I | I [ o
1 2 3 4 5 6 * 1 2 3 4 5 6 7
Figure 1.33: Two membership functions
30
= 20 ~170.+30
25
50— 402 — 40 +15
3 —a? —40.+12
103
] 202 -Ta+6
573
- T T T T | T T T T | 'a
0.5 1.0

Figure 1.34: The intermediate membership functions
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It then follows that

C(2 [6, 30]and
2@ A3@RYQ 2, 2D05@2 D3, OB= p( ), PO}
where

p(D min2 B 7 D6, D4 M2 4* B 182° TF 30

(D max’2b 7 D6, D4 m2, 4> D4 VB, D7 3
with the curves shown in figure3u.

Hencep(D 2 b 7 D6andp(DH 2 B 17 D30so that

C(7 MO KPP 2D7 B2°? Oy By
Let, moreover

z 20 7D6,z 2D17 [8C

We solve them for2Q subjectto0 @ 1, and obtain

Tl 17 J49 &

4 4
And consequently

-7 N1 &

R(2 ®

4
17 J49 &
« 4

, fore =z 15 ¢

,for15 =z 30,

As shown in figure B5.
b 1

—

IIIIIIIIIIIIIIIIIIIIIIIIII
5 10 15 20 25 30

Figure 1.36: The resulting membership function

z
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Example 1.6.5:Let A(X) and B(y) be such that
A(x) [18,33]andB(y) [5, 8],

With the membership functions

% 1—48,f0r 18dx d22
R(X) ®

-~ = 3, for 22dx d33

11

-y 5 for5dx d6
Bl ®y

5 4, for 6dx d8,

as shown in figure 163

u

o

AL ALY LRI RN RN ARRRIRARLR
5 10 15 20 25 30 35

Figure 1.36: Two membership functions

In the L-cut notation, for any value, letting
AN@ # 18 1@ 3Jand B(Y@ > 5 D 8

AXN@ # 18, 12 33@ 4 18 Om 33
BYY@ 5 2D8@ 2 D8 B s

(2 @

1

Vl]"' T T I "[IllllIllllllllllllllllllllllll

294 3 113 4 3 6 335 17

Figure 1.37: The resulting membership functions
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Let Z, 4 18 2 1/D 3%
t — I ——
e > g o 5 gives
8z 18 andD ﬁs,such that
2z, 4 z 11
;822 148, for—9 a %1
R &~
=5z 33 . 11 4 11
z 11 3 3’

As shown in figure 1.3
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Exercise- 1

Let A be the given fuzzy set with membership function

X 5 for5dx d6
AX) @x 7, for6 xd7
%, otherwise,

Sketch the graph of the function. What is its type?

Consider two fuzzy sets A and B as shown

0 05 03 07 094, 02 04 06 09 0«
2 3 4 57 P 2 3 4 5

Find (&) A%B (D A "B(9 A%B(d A I

Consider the fuzzy sefs B, andC defined on the intervad =[0,10] of real
numbers by the membership grade functions

X « 1
A L B2 A 10 2§

Determine mathematical formulas and graphs of the membership grade functions of
each of the following sets:

@ A B,C

() A%B A % B &
© A"BA CB G
d A% % A B T

@ A%, A C B %

A

Let A be a fuzzy set defined by

Ay 05 04 07 08 1

X X% X X% X

List all L-cuts and strongC-cuts ofA.
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5. Discuss the reflexivity properties of the following fuzzy relation.
R Xl X2 X3
X1 1.0 0.7 0.3
X2 0.4 0.5 0.8
X3 0.7 0.5 1.0
6. For the fuzzy relation

1.0 04 08 0.3 0%
05 1.0 0.6 07 19
R 09 10 00 06 0@
1.0 05 0.2 0.0 09
0.3 05 03 01 19

Compute itgprojections and cylindrical extensions.
7. 6KRZ WKH WZR IX]]\ VHWV VDWLVI\ WKH 'H ORUJDQTYV |/

1 1
A(X) ——, —_—.
() 1 (x 10) B(% 1 X
8. Define equilibrium point. Show that every fuzzy complement has at most one
equilibrium.

9. Compute the complements, intersection and union of the following fuzzy rel&ions
andS.

a b ¢ d a b ¢ d
al0 02 04 0® al0 00 00 0a
b 0.0 0.1 0.0 o.jgands b 0.0 00 04 0%
c 01 00 1.0 0® c 04 00 01 0®
d 0.0 04 00 1§ d 05 1.0 00 09

10. Determine whether the following fuzzy relation is an equivalence relation.
a b ¢ d
aloO 08 04 0a
b 08 1.0 0.0 09
c 04 00 1.0 0%
d 01 00 05 1§



11.

12.

13.

14.

15.
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Discuss the properties of the following morphism
h:aabo Dco Ede ,where

A ™bcde,BN EJRZ A ASZ Bu.

a b ¢ d e

al0 00 00 1.0 02 D E .

b 1.0 04 00 00 10 g D10 00 18
R c 04 00 00 09 060 S E04 00 0§

d 0.8 0.0 0.6 0.8 0 J0.8 08 1.&

e 0.0 06 08 04 19

For all &, b+ [0,1], prove thati_..(a, b) i(a, bd min(a, b),
wherei ;. denotes the drastic intersection.

For all &, b+ [0,1], show thatmax@,b) u(a, b y. (a b,
whereu,,, denotes the drastic union.

Let A, B be two fuzzynumbers whose membership functions are given by

{x 2)/2, for 2 xdO {x 2)/2, for 2 xd4
AX) & x/2, for 0 x 2 gngA(X) &2 X)/2, for 0 xd6
of), otherwise, oﬂ, otherwise.

Calculate the fuzzy numbeld B, A BB A AB AR

Let S [L 5] andS, [2, 6] with fuzzy membership functions

(x 1), for1ldx d2 (y 2)/2, for 2dx d4
and R
S %5 /3 for 2dx 5.2 6 y)2, for 4dx de

Compute the following six operations to obt@pand 72 :

z F(xy x yfor <™ = [,
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Chapter-2

Fuzzy Relations and Fuzzy Logic

2.1 INTRODUCTION

In the first chapter we have defined fuzzy set and its properties, operations on fuzzy sets and
different fuzzy numbers. In the present chapter important topics of fuzzy set theory like
Membership function; fuzzification and membership values assignmentisaussed. Fuzzy
relations and their graphs are studied in details. However, our main emphasis is on fuzzy
logic which is a method to formalize the human capacity of imprecise reasoning or
approximate reasoning. Such reasoning represents the humantabiiason approximately

and judge ambiguous uncertainty. In fuzzy logic all truths are partial or approximate. In this
sense this reasoning has also been termed interpolative reasoning and the process of
interpolating between the binary extremes of tane false is represented by the ability of
fuzzy logic to encapsulate partial truths. In later part of the chapter the concepts of classical
and fuzzy logic and approximating reasoning are explained in detail.

2.2. FEATURES OF MEMBERSHIP FUNCTION

Thefeature of the membership function is defined by three properties:
@ Core
(i) Support
(iii) Boundary
The Fig. 2.1 shown below defines the properties listed above.
0] Core
If the region of universe is characterized by full membership 1 in the then this gives the
core of the membership function of fuzzyfatThe elements which have the membership
function as 1 are the elements of the core, ig(x) 1.
(ii) Support

If the region of universe is characterized by nonzero membership in tAgetbet defines the
support of a membership function for fuzzy Aet

The support has the elements whose membership is greater thairezerg,(x) ! O.
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(i) Boundary

u(x)
Core

Support

Boundary Boundary

Figure 2.1: Features of membership function

If the region of universe has a honzero membership but not full membership, this defines the
boundary of a membership function; this defines the boundary of a membership function for
fuzzy setA.

The boundaries dve the elements whose memberships are between 0 and 1,
ie, 0 AKX 1

These are the standard regions defined in the membership functions. Next, we define two
important terms.

Crossover point

The crossover point of a membership function is the element in universe whose membership
value equal to 0.5,e., R(x) 0.5.

Height

The height of the fuzzy seA is the maximum value of the membership functio@.,,
max A (x) .

The membership functions can be symmetrical or asymmetrical.
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2.3 FUZZIFICATION

Fuzzification is an important concept in the fuzzy logic theory. Fuzzificasidhe process
where the crisp quantities are converted to fuzzy (crisp to fuzzy). By identifying some of the
uncertainties present in the crisp values, we form the fuzzy values. The conversion of fuzzy
values is represented by the membership functions.

In any practical applications in industries, measurement of voltage, current, temperature, etc.,
there might be a negligible error. This causes imprecision in the data. This imprecision can be
represented by the membership functions. Thus fuzzificatioerisrmed.

Hence, fuzzification process may involve assigning membership values for the given crisp
guantities.

Membership values Assignments

There are various methods to assign the membership values or the membership functions to
fuzzy variables. The assiment can be just done by intuition or by using some algorithms or
logical procedures. The methods for assigning the membership values are listed as follows:

® Intuition

(i) Inference

(iii) Rank ordering

(iv) Angular fuzzy sets
(V) Neural networks
(vi) Genetic algorithms

(vii)  Inductiveseasoning

® Intuition

,QWXLWLRQ LV EDVHG RQ WKH KXPDQYV RZQ LQWHOOL.
membership functions. The thorough knowledge of the problem and the linguistic variable
should also be known. Fig. 2.2 (a) shows membership function for imprecision n cris
temperature reading.

For example, consider the speed of arditor. The shape of the universe of speed given in
rpm is shown in Fig. 2.2 (b).
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p4 ut

Low Medium High
Reading noted

—0.5% 050, Temperatureh 0 500 1000 15002000

Figure 2.2: Membership function (a) temperature (b) speed

The curves represent membership function corresponding to various fuzzy variables. The
range of speed is splitted into low, medium and high. The curves differentiate the ranges set
by humans. The placement of curves is approximate over the universe airsiscthe
number of curves and the overlapping of curves is an important criteria to be considered
while defining membership functions.

(i) Inference

This method involves the knowledge to perform deductive reasoning. The membership
function is formed from thknown facts oknowledge set.

Let us use inference method for the identification of the triangle.UL&e universe of
triangles andA,B, andC be the inner angles of the trianglééso A t B t C t 0. Therefore
the universe is given by:

U %A B,C), At Bt Ct0, A B C 180

There are various types of triangles, for identifying, we define three types of triangles:

I- Appropriate isosceles triangl®- Appropriate right triangleand O- Other triangles. The
membership vales can be inferred to alltbése triangle types through the method of
inference, as we know the knowledge about the geometry of the triangles.

The membership for the approximate isosceles triangle, for the given conditions
AtBtCtOandA B C 180,isgiven as,

P(ABC) 1 ——min(A BB O
60
The membership for the appropriate right triangle, for the same conditions, is
R(ABC) 1 (A 90)

The membership for the other triangles can be given as the complement of the logical union
of the two alreadylefined membership functions
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B(ABC) | RRU E\ XVLQJ 'H ORUJDQYV ODZ LW LV
BR(AB,C) |~ R min 1 RABC)
© ’ 1 /g(A,B,Cj@
35°
85° 60°

Figure 2.3: A given triangle

Example 2.3.1:Define the triangle for the figure shown in Fig. 2.3 with the three given
angles.

Solution. The condition is

AtBtCtOandA B C 180.
HereU ™ 85 tB 60tC 35t OOA B C 180

The membership values for the triangle shown in Fig. 2.3 for each type of triangles are:

1 .
Px) 1 —min(A B,B O).
7(X) 50 ( )

PX) 1 —min@5 60,60 35) 1— min(25 25
60 60
P(x) 0.583

1
Now, R(X) 1 —(A 90).
ow,  R() 1 o ( )

R 1 %(85 90) 0.944

And  B(X) minxA Ax),1 A min{l 0.583,1 0.944
A(x) 0.055

Hencethere is highest membership foRR(x). Thus inference method can hesed to
calculatethe membership values.
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(iii) Rank ordering

The polling concept is used to assign membership values by rank ordering process.
Preferences are above for pair wise comparisons and from this the ordering of the
membership is done.

Example 2.2: Suppose 1000 peoplesmond to a questionnaire about the pair wise+
preference among five cars of universeXsefPalio, Siena, Astra, Easter, Balén®efine a
fuzzy setadA RQ WKH XQLYHUVH RI FDUV B3EHVW FDUV’

Table 2.1:Pair wise preferences among five cars between p86ple

Number who preferred

Palio | Siena| Astra | Easter| Baleno | Total | Percentagel Rank

order
Palio - 515 545 523 671 2.254 225 2
Siena | 481 - 475 845 580 2.381 23.8 1
Astra 469 624 - 141 536 1.770 17.7 4
Easter | 457 530 470 - 649 2.114 211 3
Baleno | 265 425 402 389 - 1.481 14.8 5

Total 10,000

The pair wise comparison is made among 1,000 people and their views are summarized in
Table 2.1.

From the table, it is clear that 515 preferred Siena compared to Palio, 545 Astra to Palio, etc.
The tableforms an anti symmetric matrix. There are about ten comparisons made which gives
a ground total of 10,000. Based on preferences, the percentage is calculated. The ordering is
then performed. It is found that Siena is selected as the best car.

Fig. 2.4 show the membership function for this example.
©n A
14+

Balew Astra Easter Palio Siena
Cars

Figure 2.4: Membership for best car
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(iv) Angular Fuzzy Set
The angular fuzzy sets are different from the standard fuzzy sets in their coordinate
description. These sets are defined on the universe of angles, hence are repeating shapes after
every 2 £ cycle. Angular fuzzy sets are applied in quantitative description of linguistic

variables known trutivalues. When membership of value 1 is true and that of 0 is false, then
LQ EHWZHHQ p 9 DQG p § LV SDUWLDOO\ WUXH RU SDUWLD

The linguistic valus are formed to vary with, the angle defined on the unit circle and their
membership values are on ) The membership of this linguistic term can be obtained
from A y ttan ,wheretis the horizontal projection of éhradial vector and is given as

cos , i.e.,t = cos. When the coordinates are in polar form, angular fuzzy sets can be used.

Example 2.3.2:Consider a motor which is used in computer peripheral applications. From
the membership function based on its tiotausing angular fuzzy sets

A
1))
0=1I/4
FA PA
0=I12
E-axis
< > NR
FC 0=-I1/4
PC
v
0=11/4

Figure 2.5: Angular fuzzy set

The linguistic terms relating to the direction of motion of the motor is given as

t uz(2)

FC PC NR PA FA

Figure 2.6: Angular fuzzy membership function
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Fully anticlockwise (FA)+ 12
Partially anticlockwise (PA}x 14
No rotation (NR)+ =0

Partially clockwise (PCx =i /4
Fully clockwise (FC)x =i /2

The angular fuzzy set for this is shown in Fig. 2.5. The membership function is shown in Fig.
2.6. The values for membersHimctions used in Fig. 2.5 is obtained as follows

(Z2) ZtaP ,whereZ cos7

Therefore, the angular fuzzy membership values are shown in Table 2.2. Hence, angular
fuzzy sets can be used to obtain fuzzy membership values.

Table 2.2: Angular fuzzy membership values

T tanT| Z=cosT| RZ)=(Ztan)

2909 | v 0 1
Wa@sy | 1 0.707 0.707
0 0 2 0

(V) Neural Networks

Neural networks are used to simulate the working network of the neurons in the human brain.
The concept ofhe human brain is used to perform computation on computers.

In this case, the fuzzy membership function may be created for fuzzy classes of an input data
set. The procedure is the numbers of input data values are selected. Then it is divided into
trainingdata set and testing data set. The training data set may be used to train the network.

The generations of membership function from neural network are shown in Fig. 2.7.

Fig. 2.7 (a) shows the training data set. This is passed through a neural network shown in Fig.

2.7 (b). The data points of Fig. 2.7 (a) are divided into three regioRs,a8” and R® as in

Fig. 2.7 (c). Depending upon the data points, the regions are classified. If the data point is in
region 1, then we assign full membership in region 1 and zero membership in regions 2 and 3.
Similarly if the data points are in region 2, it will hafedl membership in region and zero
membership in regions so on.



Fuzzy Relations and Fuzzy Logi¢ 2.9

- R
* szxxl X * xszxxl
X 1 ///// X X/
X x e - R2 — > . &7///
R X R X
XX R X X, x Z R
X X X /2 X
X - R}’ X
(@) () (©)
Data points ——R! Data points
12 14 X, —— R oToT— 14
X
SEE SR
— R [0 ]1
X, ——
—_ R3
C) (e) ®
P Rl
A single data points
X, — 1
R 1
X;.7] .8 2 )
X,[ 82 g N 7R — R
X, —— R .1
—_ R3

® (LY ®

Figure 2.7: Generation of membership function using neural networks

The neural network is then created, from which the training is done between corresponding
membership values in differentasses, to simulate the relationship between the coordinate
locations and membership values. The neural network uses the set of data value and
membership values to train itself as shown in Figure 2.7 (d). This training process is
continued until the neal network can simulate for the given entire set of input and output
value.

After the net is trained, its performance can be checked by the testing data. After full training
and testing process is completed, the neural network is ready and it can be detednbine

the membership values of any input data in the different regions. These are all shown in
Figure 2.7 (g)i).

The complete mapping of the membership of different data points in different fuzzy classes
can be determined by using neural netwonbraach.
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(vi) Genetic Algorithms

*HQHWLF DOJRULWKP *$ XVHV WKH FRQFHSW RI 'DUZLQTY’
EDVHG RQ WKH UXOH 3VXUYLYDO RI WKH ILWWHVW ~ 'DU
living things came into existence throughet process of reproduction, crossover, and
mutation among existing organisms.

The steps involved in computing membership functions using GA are:

(a) For the given functional mapping of a system, some membership functions and their
shapes are assumed f@arious fuzzy variables to be defined.

(b) These membership functions are then coded as bit strings.

(c) These hit strings are then concatenated (joined).

(d) Similar to activation function in neural networks, GA has a fitness function.

(e) This fitness faction is used to evaluate the fitness of each set of membership functions.

(f) These membership functions are the parameters that define the functional mapping of the
system.

Thus, GA can be used to determine the membership functions.
(vii)  Inductive Reasoning

The membership can also be generated by the characteristics of inductive reasoning. The
induction is performed by the entropy minimization principle, which clusters the parameters
corresponding to the output classes. For inductive reasoning methodstibele be a well

defined database for the inpattput relationships. This method can be suited for complex
V\VWHPV ZKHUH WKH GDWD DUH DEXQGDQW DQG VWDWLF
not suited, since the membership functions continuabiyhgh with time.

There are three laws of induction.

(1) Given a set of irreducible outcomes of an experiment, the induced probabilities are those
probabilities consistent with all available information that maximize the entropy of the set.

(2) The induced mbability of a set of independent observations is proportional to the
probability density of the induced probability of a single observation.

(3) The induced rule is that of rule consistent with all available information of which the
entropy is minimum.

The third law stated here is the mostly used for membership function development.

The steps involved in generating membership functions using inductive reasoning are as
follows:

(a) It is necessary to establish a fuzzy threshold between classes of data.

(b) First, determine the threshold line with an entropy minimization screening
method.

(c) After this, start the segmentation process.
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(d) The segmentation process first results into two classes.

(e) Further partitioning the first two classes one more titmexetis three different
classes.

(f) The partitioning is repeated with threshold value calculations, which lead us to
partition the data set into a number of classes or fuzzy sets.

(g9) Then based on shape, membership function is determined.

Thus the generation of membership function is based on partitioning or analog screening
concept. This draws a threshold line between two classes of sample data. The main concept
behind drawing the threshold line is to classify the samples when minimi@ngntropy for
optimum partitioning.

24 FUZZY RELATIONS AND THEIR GRAPHS

2.4.1 Crisp Relation

Definition (Cartesian product): Let A and B be two norempty sets, the product set or
Cartesian producA uB is defined as follows

AuB %Xab:ae<A be B.

The concept of Cartesian product can be extended to n sets. For an arbitrary number of sets

A A, .. ,A, the set of all #uples a,a,.... &, such that a « A,
a, A,... ,a A is called the Cartesian product and is written as
n

1A"

7KH SURGXFW LV XVHG IRU WKH 3FRPSRVLWLRQ"™ RI VHW

example, a relation is a product space obtained flemsets A and B.f> fu f u |
denotes the-8imensional space of real numbers.

A UA u... Aor
[
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A

(a,b,) (ay,0,) (a3,b,)

(a1,5) (a3,b) (a3,b)

a, a, a,
Figure 2.8: Cartesian producA uB

Definition (Binary relation): If AandB are two sets and there is a specific property between
elements of A andy of B, this property can be described using the ordered yay. (A set

of such &, y) pairs,X * Aand y * B,is called a relatiofR.
R Mx y:xs Ay B.
Ris a binary relation and a subsetAfuB.
7KH WsirPrefationRwithy” LV GHQRWH®R®YRywith R X B

Representation Methodsof Relations
There are four methods of expressing the relation betweeA aatiB.

(1) Bipartigraph

a
a

a;

Figure 2.9: Bipartigraph

The first is by illustratingA andB in a figure and representing the relation by drawing arcs or
edges (Fig. 2.9).
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(i) Coordinate diagram

The second is to use a coordinate diagram by plotting membérsrok axis and that of B
ony axis, and then the members #f uB lie on the space. Fig 2.10 shows this type of
representation for the relatiét namely x> y* 4wherex * Aandy « B.

-
N

b4

Y

Figure 2.10:Relation ofx* y* 4

(iii) Matrix
The third method is by manipulating relation matrix. BedndB be finite sets havingrand
n elements respectively. Assumiigis a relation betweeA and B, we may represent the

relation by matrixM, ~ m; which is defined as follows

d @,b) R i 1@Ym,j L(In

Mg (m;), wherem, @.b)* R
) '1]

Such matrix is called a relation matrix.
(iv) Digraph

The fourth method ighe directed graph or digraph method. Elements are represented as
nodes, and relations between elements as directed edges.

A={1, 2, 3,4}andR={(1, 1), (1, 2), (2, 1), (2, 2), (1, 3), (2, 4), (4, 1)} for instance.

" by b b 3

a 1 0 0 ’

a 0 1 0 .e G)
a; 0 1 0

as 0 0 1 °

Figure 2.11:Directed graph
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Fig 211 shows the directed graph corresponding to this relation. When a relation is
symmetric, an undirected graph can be used instead of the directed graph.

Table2.4: Comparison of relations

Property Relation Reflexive Anti-reflexive Symmetric Anti- Transitive
symmetric
Equivalence 9 9 9
Compatibility 9 9
Preorder 9 9
Order 9 9 9
Strict-order 9 9 9

2.4.2 Fuzzy Relation

If a crisp relatiorR represents that of from seAsto B, for X * A and y ¢ B, its membership
function R(X, y) is

4 iff (x y) * R
Jff (X y) ¢ R

This membership function mapa uB to set {0, 1}i.e., R:A B {0, &.

R(xy)

Definition (Fuzzy relation): Fuzzy relation has degree of membership whadee lies in
[0, 1].

B:A B [0,5andR "(xY), (%) P.(xytO, » APy B.
Here A(X,y)is interpreted as strength of relation betweandy.

Operations on Fuzzy Relations

Let RandT be fuzzy relation on Cartesian space Y. Then the followingoperations apply
for the membership values for various set operations:

Union: The union of two fuzzy relatiorRandT is defined by

Ra(X y) max AX,y), <X Y)

Intersection: The union of two fuzzy relatiorRandT is defined by

R-+(xy) min AxvY), £xY).
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Complement: The complement of fuzzy relatidiis given by
R Y) 1 Pe(X ).
Containment: The containment of two fuzzy relatioRsandT is given by
ReTY o(x YdP(x Yy, Xy

2.4.3 Fuzzy Cartesian product andComposition

Let A be a fuzzy set on universéandB be a fuzzy set on universé then the Cartesian
product between fuzzy setsandB will result in a fuzzyrelationR which is contained with
the full Cartesian product space & uB R ¢ X uY, where the fuzzy relatioR has
membership function

Rxy)  Re(xy) mn RxY), &Y.

Example 2.4.1:Consider two fuzzy set8 and B. A represents universe of three discrete
temperaturesx ’X, X, X andB represents universe of two discrete flow ’Sll, Y, .
Find the fuzzy Cartesian product between them

04 07 01 _ .. 05 0f

XXX B %

Solution. A represents column vector of sizex3l andB represents columwuector of size
1x2. The fuzzy Cartesian product results in a fuzzy reldiohsize 3x 2:

i Y.

x 0.4 0.4

AuB R x 05 0.7
X 0.1 0.X

A

Composition of Fuzzy Relation

Let R be a fuzzy relation on the Cartesian spdceY, S be a fuzzy relatioonY x Z, andT
be a fuzzy relation oK x Z, then the fuzzy set matnin composition is defined as:

T R S (Settheoretic notation)
A A

X, Z ,max’min F{(x,y)‘?s(y,z)‘:x- Xy Y,z Z
y

In functiontheoretic form
R X z > Pxys Py z.
yo

In fuzzy max#product composition is defined in termssettheoretic
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/\ \
T RS X zmax (%X YPs(y 2: X XM Yez .
y
RXz » PXYX LYz,
yo

Max-Average Composition

The maxaverage compositio® Ris defined as follows:

org

1 -
S Rx 3 X z,5 max rR(XYP(y 2: X X Yez@z

org

Example 2.4.2:Consider fuzzy relations

i Y. 4 5 4
x 0.7 0.6 y, 0.8 0.5 04

x, 0.8 03  ~ vy, 01 06 0.7

Find the relationT R Susing maximin and maxproduct composition.
Solution. Max #Min Composition
T R S
R(X1, z1) = max[min(0.7, 0.8), min(0.6, 0.1)]
=max[0.7, 0.1]
=0.7,
R(x1, z) = max[min(0.7, 0.5), min(0.6, 0.6)]
= max[0.5, 0.6]
= 0.6,
R(X1, z3) = max[min(0.7, 0.4), min(0.6, 0.7)]
= max[0.4, 0.7]
=0.7,
R(x2, z1) = max[min(0.8, 0.8), min(0.3, 0.1)]
= max[0.8, 0.1]
=0.8,
R(X2, ) = max[min(0.8, 0.5), min(0.3, 0.6)]
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= max[0.5, 0.3]
=0.5,

R(X2, z) = max[min(0.8, 0.4), min(0.3, 0.7)]
=04

z z 3
x, 0.7 0.6 0.7
x, 0.8 05 0.4

Max #roduct Composition
R(x,z) maxX0.7u0.8), (0.6u 0.1
max >0.56, 0.060)
0.56

R(x,z) maxX0.7u0.5), (0.6u 0.6
max .35, 0.36Q)

0.36
R(x,z) maxX0.7u0.4), (0.6u 0.7

max .28, 0.420)

0.42
and so on

4 4 4
x 0.56 0.36 0.42

x, 0.64 0.40 0.3%2

Example 2.4.3:1In the field of computer networking there is an imprecise relationship
between the level of use of a network communication bandwidth and the latency experienced
in peerto-peer communication. Lét be a fuzzy set of use levels (in terms of the percentage

of full bandwidth used) antf be a fuzzy set of latencies (in milliseconds) with the following
membership function

02 05 08 10 06 01, 03 06 09 10 06 03
10 20 40 60 80 13%’ 5 1 15 4 8 '
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Find the Cartesian product represented by the reld@onX Y.
Reflexivity: Let R be the fuzzy relation oriX uX, thenR is called reflexive

if R(x, x) 1, x X

Example 2.4.4:Let X ’5(1, X, X, )g‘, then the following relation is reflexive.

X X XX

x 1 0 02 03

«

R % 0 1 01 I
x, 2 07 1 04

x, 0 1 04 15

If R and R, are reflexive fuzzy relation, then maxin compositiorR R is also reflexive.

Symmetry: Let R be the fuzzy relation onX uX.
0) R is called symmetricif (X, y) PL(Y, X % y» X

(i) R is called antisymmetric if for X zy

either k,y)zZP,(y,X) % P
Y% Xy _X
or R Y) Pr(y, ¥ 0/ P

(iii) R is called perfectly symmetric if fox zy whenever

<X y) 10 thenP,(y,x) 0 x,y» X

Example 2.4.5:
X X, Xy Xy XXy Xy Xy X Xy X3 Xy
X (4]0[.1]8 X1410(.7(0 | .41.8].1].8
8111010 X200(111.9](.6 X0 8111].0].2
R,: Ryt R,:
X;00.6[7]0 31.81.4(.7|.4 X30.10.6].7].1
x,[012]01]0 x,|0[.110]0 x,[ol2]0]0

R is a perfectly anti symmetric relation, whilg, is an anti symmetric relation, but not a
perfectly anti symmetric relatior?, is non symmetric relation, that is, there existy « X
with (X, y) ZP (Y, X, which is not anti symmetric and therefore also not perfectly anti

symmetric.
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One could certainly define other concepts, such a®aanti symmetry

|R(xy) ARt Dxy X

These concepts would probably be more in line dithbasic ideas of fuzzy set theory. Since
we will not need this type of definition for our further considerations, we will abstain from
any further definition in the direction.

Example2.4.6:1Let X X, %, %, % andY N, ¥, W% Y .

The following relation is symmetric relation.

Yi Y2 ¥ Y
X[o[.1]0].1

X0 11].2].3
REY): 0[.2].8].8
X,|.1[3[8]1

Transitivity: A fuzzy relation R is called (maxmin) transitive ifR RZ R

In other words, a fuzzy relatioR( X, X) is transitive (maxmin transitive) if
R(x, 2) t max min> 2(x,y), RY, 2)(
yn

is satisfied for each pair ofx, z) X X A relation failing to satisfy this inequality for
some member ofX is called non transitive, and if

R(X, 2) rygxmin> Px,y), Ry, 2

forall (x, 2 X X then the relation is called anti transitive.

@@@é&

Figure 2.12:Fuzzy relation
For maxmin composition, the following properties hold:
(i) R is reflexive andR, is an arbitrary fuzzy relation, theiR R, < R and
R, R <R
(i) If Risreflexive,thenR ZR R
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(ii) R and R, are reflexive, therR R, is reflexive.
(iv) R and R, are symmetric, thef® R issymmetricifR R R R

(V) If R is symmetric, so is each power &

Example 2.4.7:Let R be the fuzzy relation defined as
X; Xy X5 X4

X12(11]1.4)4
R- 1016130
X10(11.310
Xy 11 (1].1
ThenR Ris

X Xy Xy Xy
121642
00061310

R:
X10(1.61.3(0
X,.1111.3].1

Now one can easily see that; 5(X, ¥) &P (X% V) holds for allx, y « X.

Combinations of the above properties give some interesting results femmaomposition
as given below:

() If R is symmetric and transitive, then, (X, ¥) &P z(x X forall X, y * X.

(i) If R isreflexive and transitive, theR R R
(iii) If R andR,are transitve andR R, R RthenR Ris transitive.

Similarity or Equivalence Relation

A similarity relation is a fuzzy relation2(x, X) that is reflexive, symmetric and maxin
transitive.

Example 248 /HWV FRQVLGHU D IX]]\ UHODW Ifatex. Singdxiisv V H G
relation is reflexive, symmetric and transitive, we see that it is a fuzzy equivalence relation
(Fig 1.4.6).



Fuzzy Relations and Fuzzy Logi¢2.21

a 1.0 08 07 1.0
b 08 1.0 07 08
c 07 07 1.0 07
d 1.0 08 07 1.0

Figure 2.13:Graph of fuzzy equivalence relation

Example 2.4.9:The following relation is a similarity relation:
X; X, X3 X, X5 X

X |1]1.2]11[.6[2].6

51211 12(.2(.8].2
R:

X1 [.2]1].6[2].6

X;1.61.2]16111.2].8

X 1.21.81.21.2(11.2

X, [.61.2]1.6].8[.2(1

A similarity relation of a finite number of elements can also be represented by a similarity
tree, similar to a dendogram. In this tree, each level represenfsaut ( L-level set) of the
similarity relation. For the above similarity relation, the siniijatree is shown below. The
sets of elements on specifi-levels can be considered as similarity classe&dével.
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X0 Xy, X, Xy X5, X} Ry,
_ N
X1, X3, X4, X6} {X,, Xs} Ros
/N \
(X, X} (X, Xg} (X,, X} Ros
/N
{X1, X3} {X4} {Xe} {Xa} {Xs} R,

Figure 2.14: Dendogram

We shall now turn to fuzzy order relations: As already mentioned, similarity relations and
orderrelations are primarily distinguished by their degree of symmetry. Roughly speaking,
similarity relations are fuzzy relations that are reflexive, (méx) transitive and
symmetrical; order relations, however, are not symmetrical. To be more precise, even
different kinds of fuzzy order relations differ by their degree of similarity.

Pre-order Relation

A fuzzy relation that is (marin) transitive and reflexive is called a fuzzy joreler relation.

Order Relation

A fuzzy relation that is (mamin) transitive, reflexive and anti symmetric is called a fuzzy
order relation. If the relation is perfectly anti symmetrical, it is called a perfect fuzzy order
relation. It is also called a fuzzy partial order relation.

Total Order Relation
A order relation o a fuzzy linear ordering is a fuzzy total order relation such that
X,y* X; xz yeither B(x,y) '0or AR(y, X !0.

Any L-cut of a fuzzy linear order is a crisp linear order.
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Example 2.4.10:The following relation is fuzzy order relation:
bal Y2 Ya Ya

X ) 4 8 8
R x, 0 1 0 2
x5 |0 6|0 4
|0 0 0 7

2.4.4 Fuzzy Graphs

A graph G is defineds follows:G  (V, E), where

V : set of vertices. A vertex is also called a node or element.

E: set of edges. An edge is pdix, y) of vertices inV.

A graph is a data structure expressing relat®n \Z V. When order in pairx y) is
defined, the pair is called edge witirection and we call such graph directed graph. When
order is not allowed, we call it undirected graph.

When_setsA and B are given (including the case = B OHWYV GHILQH D FUL
R K B Forx Ay Bif (x,¥) ¢ Rthere exists an edge betweeandy. In other
words,

(X, y)e Roe (%Y Ps(xy 1.

Here given the relatioR is a fuzzy relation, and the membership functidg(x, y) enables
R (X, y) value to be between 0 and 1. Such graph is called a fuzzy graph.

Definition: Let E be the (crisp) set of nodes. A fuzzy graph is then defined by
Gx, %) M6 x), B(x x) (% X+ B E.

Example 2.4.11:Figure shows an example of fuzzy graph represented as fuzzy

relation matrix M ;.
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Mg |by by

a 08 0.2
dy 0.3 0.0
a3 07 04

Figure 2.15:Fuzzy graph

Example 2.4.12: There is a setA ¢ f where [ is the set of real numbers and
xef, A x: xclose to XSk 0,1,2,..The membership function of the set A is

formally defined as Z(X) max X, cox @
® Show thegraphical representation of A.
(i) Show the D-cut set of A at L=0.5.
(iii) Show the relation defined as follows:
R Xx y):y cosxt 0, x» A
(iv) Show the L-cut relation of R at£=0.5.

(v) Show the set defined byR2(y) cosx,Xx A This set B is a set induced by R
and A.

(vi)  Show the relation defined as follows2(X, y) max >0, Sinx@x A

A
14 (x)
- nom g mom g 35w TSt x
2 3 3 2 2 3 3 2

Figure 2.16:Set 2(x) cosx C
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A
M 40.5(%)

EE ' 7715'71
2 3 3 2

|
a
|
SR
wla
=)
w3
SEE]
A

Figure 2.17: D cutset®® A

A

y

-7

Figure 2.18:Relation A(x, y) cosx

yk

+0.5

2/
[

- T Sn On
2 2 3 3 2

SN
wla
wla -

Figure 2.19: D cutrelation®°R
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A
up(x)

1

0 1 x
Figure 2.20: AB(y) cosx,x A

r o0
3

N3
(]

n
3

ISR

Figure 2.21: R(x, y) max>0, sinx(

Sub graph
H(x, %) is a fuzzy sub graph dB(x, X ) if
w5 %) Pe(x, %), (x X)* BUE
H(x, %) spans graphG(x, x) if the node sets oH (x, x;) and G(x, X) are

equal, that is, if they differ only in their arc weights.

2.4.5 Fuzzy Morphism

Definition (Homomorphism): Given multiple crisp relatondR X AandS B B
homomorphism from4, R) to (B, S is for the functionh: A 0 B having the characteristics

asforx,x * A, (%,%) * RY Hx), l{%) « ¢
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In other words, if two elements, and x, are related by, their imagesh(x) andh(x,) are
also related b.

Definition (Strong Homomorphism): Given two crisp relationd)R X AandS B B
, if the function h: A 0 Bsatisfies the following, it is called strohgmomorphism fromA,
R)to (B, S.

() for x,% ¢ A (%)= RY Hx), H{x) -
(i) Forall y,,y, » B, if

x h'(y), % h'(y) then(y, y,) *SY (% %)+ R

Definition (Fuzzy Homomorphism): If the relationsR & AandS B PRare fuzzy
relations, the above Morphism is extended to a fuzzy homomorphism as follows

For all x;, x, * A and their imagel(x), h(x) * B,
r(%, %) P g N(X), (%) .

in other words, the strength of the relat®for h(x), h(X,) is stronger than or equal to the
that ofRfor (X, X,).

If a homomorphism exists between fuzzy relatioAsR) and B, S), the homomorphisrh
partitions A into subsets A, A,...,A because it is a marg-one mapping

xe A, i L2,..n, h(x) y Esoto speak, imagh(xi) of elementsxi in Aj is
identical to elemeny in B. In this manner, every elementAshall be mapped to one Bf If
the strength betweeA, and A gets the maximum strength betwean « A and X * A,

thus morphism is replaced with fuzzystg homomorphism.

Definition (Fuzzy strong homomorphism): Given the fuzzy relationR andS, if h satisfies
the followings,his a fuzzy strong homomorphism.

Forall x; « A,% * A, A, AZ /
Yo h(x), . Hx), Y Yo B ¥ Y% 9
max o . %) Ps %)

Example 2.4.13:Consider the relationR X AandS E Ein the following
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a b ¢ d

00 06 00 00 _Sla B v
00 00 08 00 @ |06 0.8 0.0
1.0 0.0 0.0 0.0 B (1.0 0.0 06
00 06 0.0 0.0 y (0.6 0.0 0.0

oo o = |R

we apply the mapping functionfrom A to B as followsh: a,b L4 @ Ed o

0.6

0.8

h:A—>B
Figure 2.22:Fuzzy homomorphism

Here all X, X *Rof A has the relation h(x), h(x) ¢ Sin B. Furthermore
R X% g h(X), %) holds.

For exampleh(c) ,hd) £, Rc,d 0d £ ,E JO.6

As a consequence, this morphism is a fuzzy homomorphism (Fig 2.22). We know
R E J 0.6, but we are not able to find its corresponding paR.ifiherefore it is not a
fuzzy strong homomorphism.

Example 2.4.14\We have two relationR Z AandS B B

Rla b ¢ d e
a |05 05 00 00 00
b |1.0 00 05 00 00 S |a B ¥
¢ 100 00 00 1.0 05 o |05 05 00
d 100 00 09 00 00 B |10 05 10
e [00 00 00 1.0 00 y |00 09 10
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We have also a function from Ato B as follolsa o Q2 bhco Ed e

Here for all X, X, ¢ R of Ahas the relationh(x), (%) ¢ S in B and inversely, for all

(Y, ¥,) S h'(y), h'(y»e Fin A Thus h completes the conditions for fuzzy
KRPRPRUSKLVP 1RZ OHWYYV FRQVLGHU WKH FRQGLWLRQV

RcAxA hA—>B ScBxB

Figure 2.23:Fuzzy strong homomorphism
Forexample( £ VS, £, 5 L h'() ¢ h() {4k
max>R €,d), Pc.e)@ max>l, 0.0 1 P( E

in the same manner, we can verify for other pairs and then we see the mdnphiarfuzzy
strong homomorphism (Fig 2.23).

2.4.6. Extension Principle: An introduction to Fuzzy Control

One of the most important notions in fuzzy set theory is the extemsioniple. The
extension principle provides a general method for combiningfuexy and fuzzy concepts

of all kinds, e.g., for combining fuzzy sets and relations, but also for the operation of a
mathematical function on fuzzy sets. Fuzzy sets can algudypreted as fuzzy numbers. In
this Case one can use the extension principle to add or multiply these fuzzy numbers.

Let A,...,A be fuzzy sets, defined respectively &h,....U_, and let f be a noruzzy
function f:U, u.. W, oV. The aim is to extendf such that it operates oA, ..., A, ,
andreturns a fuzzy sef on V. This is done by using the supin composition as follows:
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Definition (Extension Principle): The extension off, operating ofy,..., A, results in the
following membership function foF

R(v) sup min 20 ),.... 20, ) (2.4.1)

U,y
fu,..u Vv

when f *(v) exists. Otherwise2(v) O.

Another way to obtain this result is

min A(ul)""PAh (un)

F 3 : (2.4.2)
U, uU, U fu,...u,
In the binary case and on a discrete or compact domain, (2.4.1) is given by
Riam(y)  max min £2x), %) . (2.4.3)
Y f0u %)

So the function f is extended from the domain of real numbers to the domain of fuzzy
numbes.

Example 2.4.15:The extension principle is often used in fuzzy arithmetic. ret @&and be
two fuzzy numbers (fuzzy sets defined on ), then the membership function of the sum of
m and n (denotedm T n )is

£, (2 supmin £(x), Ry) (2.4.49)

L%
zZ Xy

So, the original function, in this case + is given in the subscript of the supremum operation. It
is worthwhile to work this out. Let6  be the fuzzy number with membership degree
| X4,6,8 and 4 the fuzzy number with membership degrkey;3,4,5 ,then6 14

has membership degre / z7,10,13 j e. approximately 10, but quite fuzzy. As a
formula,

6 t4 maxmin 6«)?4(3/)/2 P | z;7,10,13 : (2.4.5)
zZ Xy

zZ Xy

In the same way, subtractions is defined by

£,.(2 supmin £X), RY) (2.4.6)

X,y
zZ Xy

and
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2 (2 supmin £X), RYy) (2.4.7)
X,y

z X yu

While the domain in fuzzy control usually is either discrete or compact, one can almost
always use the mamin composition instead of the sypLQ FRPSRVLWLRQ $Q

extension operator can be found by us’i‘ng*é (S-normT-norm) composition. That is,

P (V) AW 5.5 Ru) (2.4.8)

On continuous domains one has to be careful with choicé&.ofNormally, only the

supremum operation and tHg, operation can be used. Another well known composition
operation is the magroduct or maxdot composition, that is,

R(\v) max  Pu)" Aw) . G AR) (2.4.9)

Upseroibhy

2.5 CLASSICAL AND FUZZY LOGIC

2.5.1 Introduction

Logic is but a small part of the human capacity to reason. Logic can be a means to compel us
to infer correct answers, but it cannot by itself be responsible for our creativity or for our
ability to remember.n other words, logic can assist us in organizing words to make clear
sentences, but it cannot help us determine what sentences to use in various contexts. Consider
the passage above from the nineteesthtury mathematician Lewis Carroll in his classic
Through the Looking Glas$iow many of us can see the logical context in the discourse of
these fictional characters? Logic for humans is a way quantitatively to develop a reasoning
process that can be replicated and manipulated with mathematical pré@tepiaterest in

logic is the study of truth in logical propositions; in classical logic this truth is biaary
proposition is either true or false.

This section introduces the reader to fuzzy logic with a review of classical logic and its
operations, Igical implications, and certain classical inference mechanisms such as
tautologies. The concept of a proposition is introduced as are associated concepts of truth
sets, tautologies, and contradictions. The operations of disjunction, conjunction, andnnegati
are introduced as well as classical implication and equivalence; all of these are useful tools to
construct compound propositions from single propositions. Operations on propositions are
shown to be isomorphic with operations on sets
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2.5.2 ClassicalLogic

In classical logic, a simple propositioR is a linguistic, or declarative, statement contained
within a universe of elementsX (say), that can be identified as being a collection of
elements in X that are strictly true or strictly false. Hence, apwsition P is a collection

of elements, i.e., a set, where the truth values for all elements in the set are either all true or
all false. The veracity (truth) of an element in the proposit®ncan be assigned a binary

truth value, calledT (P) just as an element in a universe is assigned a binary quantity to

measure its membership in a particular set. For binary (Boolean) classical Tdqd®, is
assigned a value of 1 (truth) or O (false)UIfis the universe of all propositions, thdn is a

mappng of the elementsy, in these propositions (sets) to the binary quantities (0, 1), or
T:u U (0,d).

All elementsu in the universdJ that are true for propositiol® are called the truth set of
P, denotedT(P).Those elements in the universdJ that are false for propit®n P are

called the falsity set of.

In logic we need to postulate the boundary conditions of truth values just as we do for sets;
that is, in functiortheoretic terms we need to define the truth value of a universe of

discourse. For a universé and the null set/, we define the following truth values:
T(Y) 1andT(/) O.

Now let P and Q be two simple propositions on the same universe of discourse that can be
combined using the following five logical connectives

Disjunction (V)
Conjunction (A)
Negation (-)
Implication (=)
Equivalence («)

to form logical expressions involving the two simple propositions. These connectives can be
used to form new propositions from simple propositions.

The disjunction connective, the logiaai, is the term used to represent what is commonly
referred to as thanclusive or The natural language teron and the logicabr differ in that

the former implies exclusion (denoted in the literature agxictusive orfurther details are
JLYHQ LQ WKLV FKDSWHU )RU H[DPSOH puVRheShétce VDOL
of one or the other option, but not both. Tihelusive oris the one most often employed in

logic; the inclusive orl¢gical or as used here) implies that a compound proposition is true if
either of the simple propositions is true or bothtase.
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The equivalence connective arises from dual implication; that is, for some propodiions
and Q,if PoQandQ o P, thenP | Q.

Now define setsA and B from universe X (universe X is isomorphic with universé) ),
where these sets might represent linguistic ideas or thoughfsopositional calculus
(sometimes called thalgebra of propositiorjswill exist for the case where proposition P
measures the truth of the statement that an elemeinom the universeX is contained in
set A and the truth of the statemef that this elementy, is contained in seB, or more

conventionally,
P: truth thatx « Aand Q: truth thatx « B

where truth is measured in terms of the truth value, i.e.,
if x«A T(B 1 otherwise, T (P) (
if xe«B T(Q 1 otherwise, T Q) (

or, using the characteristic function to representh (1) and falsity (0), the following
notation results:

4 xe A

A(X) & A

A notion of mutual exclusivityarises in this calculus. For the situation involving two
propositions P and Q, where T(P) T(Q /,we have that the truth of? always
implies the falsity of Qand vice versa; henceP and Q are mutually exclusive
propositions.

Example 2.5.1:Let P EH WKH SURSRVLWLRQ ppWKH VWUXRWXUDO
EH WKH SURSRVLWLRQ pPuWKH VWUXFW Y& D uriverfePof LV P L
structural members comprised of girders, beams, and columisan element (beam)A is

the set of all widdlange (WF) beams, an® is the set of all steel beams. Hence,

P: xisin Aand Q: Xxisin B.

The five logical connectives already defined can kedus create compound propositions,
where a compound proposition is defined as a logical proposition formed by logically
connecting two or more simple propositions. Just as we are interested in the truth of a simple
proposition, classical logic also invely the assessment of the truth of compound
propositions. For the case of two simple propositions, the resulting compound propositions
are defined next in terms of their binary truth values.

Given a propositiorP: x A P:%x A we have the following for the logical connectives:

DisjunctionP >Q: x* Aorxs B ie TR Q® max TR TQ, (251)
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ConjunctionP 3Q: x « Aand x* B e T(R Q min T(H, T Q@ (2.5.2)
Negation If T(P) 1, thenT(P) O;if T(P) O,thenT(P) 1. (2.5.3)
Implication (P 0 Q): x+ Aor» B ie TR Q T® @ (2.5.4)

1, forT(P) T
Equivalence(P | Q): T(R Q gg ;rrTEP; ZTES; (2.5.5)

The logical connectivémplication i.e., P 0 Q ( P implies Q), presented here is also

known as the classical implication, to distinguish it from an alternative form devised in the
1930s by Lukasiewicz, a Polish mathematician, who was first credited with exploring logics
other than Aristoteliarfclassical or binary logic) [Rescher (1969)], and from several other
forms (see end of this chapter). In this implication the proposiKois also referred to as the
hypothesisor theantecedentand the propositiorQ is also referred to as tfenclusionor

the consequentThe compound propositiof? 0 Q is true in all cases except where a true
antecedentP appears with a false consequef, i.e., a true hypothesis cannot imply a
false conclusion.

Example 2.5.2 [Gill (1976)]:Consider the following four propit®ns:

1. If 1+1=2, then4 ! 0.
2. If 1+1=3, then4 ! O.
3. If1+1=3, thend O.
4. If 1+1=2,thend4 O.

The first three propositions are all true; the fourth is false. In the first two, the conclusion 4
0 is true regardless of the truth of the hypothesis; in the third caserogibsitions are false,
produce a true conclusion.

Hence, the classical form of the implication is true for all proposition® oind Q except

for those propositions that are in both the truth sePofnd the false set o, i.e.,

T(PoQ T(P" WQ (2.5.6)
This classical form of the implication operation requires some explanation. For a proposition
P defined on setA and a propositionQ defined on seB, WKH LPSORRBpWE RQ pp
QMY LV HTXLYDOHQW WR WDNLQJ WKH XQLRARwRIthdOHPHC

elements in the seB WKLV UHVXOW FDQ DOVR EH GHULYHG E\ X\
(2.5.6). That is, the logical implication is analogous to theétssiretic form

(PoQ{ ‘A%B is true {either"not inA"or"inB"
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so that TPoQ T(P Q max T(P, TQ (2.5.7)

This expression is linguistically equivalent to tMW DWHP I QW. VUW U XHTT ZKHQ
HUOQRW RB fYpLV WUXH ORJLFDO RU *UDSKLFDOO\ WKLV
operation are represented by the Venn diagram in Fig. 2.5.1. As noted in the diagram, the
region represented by the differené| B is the set region where the implicatidh 0 Q is

IDOVH WKH LPSOLFDWLRQ pulDLOVIT 7KH VKDGHG UHJL
elements in the universe where the implication is true; that is, the set

AlB A%B A %B
If Xisin A and X is notin B, then
A Bfails A| B (differepce

Now, with two propositions P and Q) each being able to take on one of two truth values

(true or false, 1 or 0), there will be a total 2 4 propositional situations. These situations
are illustrated, along with the appropriate truth values, foptbpositions P and

A

AlB

Figure 2.24Graphical analog of the classical implication operation; gray area is
where implication holds.

Table 2.5: Truth table for various compound propositions

P Q P PvQ PAQ P->Q PeQ
T(l) T F(0) T T() T (1) T (1)
T(1) F (0) F(0) T(1) F(0) F (0) F (0)
F (0) T(1) T(1) T(1) F (0) T(1) F (0)
F (0) F (0) T(1) F(0) F(0) T(1) T(1)

andthe various logical connectives between them in Table 5.1. The values in the last five
columns of the table are calculated using the expressions in (2.5.1) and (2.5.7). In Table 25T
(or 1) denotes true and F (or 0) denotes false.
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Suppose the implicatiooperation involves two different universes of discourse;is a
proposition described by se&, which is defined on univers&X, and Q is a proposition

described by seB, which is defined on univers¥. Then the implicationP o Q can be
represented in séiheoretic terms by the relatidR, where R is defined by

R (AuB %A ¥ IF A THENI
IF x « Awherexe X andAs X THEN y B wherey Y andB = (2.5.8)

This implication, (2.5.8), is also equivalent to the linguistic rule formAIFTHEN B. The

graphic shown in Fig. 2.5.2 represents the space of the Cartesian progu¢t howing
typical setsA and B; and superposed on this space is thetsmiretic equivalent of the
implication. That is,

PoQ:IFxs ATHENYy Bor® © %

The shaded regions of the compound Venn diagram in Fig. 2.5.2 represent the truth domain
of the implication, IFA, THEN B(P o Q).

Another compound proposition in linguistic rule form is the expression
IF A, THEN B ELSE (

Linguistically, this compound proposition could be expressed as

IF A THEN B and IF A, THEN C

In classical logic this rule has the form

(PoQs&(Po 9 (2.5.9)
P:xeA A XX Qy BB Y Sey CC
XA
A
B Y

Figure 2.25The Cartesian space showing the implicatiorAFTHEN B
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X4

B C Y
Figure 2.26Truth domain for IFA, THEN B, ELSE C.

The settheoreticequivalent of this compound proposition is given by

IF A, THEN B ELSE C{( A1 B% A UC Rrelationon X t (2.5.10)

The graphic in Fig. 2.26 illustrates the shaded region representing the truth domain for this
compound proposition for the particular case whgre C /.

Tautologies

In classical logic it is useful to consider compound propositions that are always true,
irrespective of the truth values of the individual simple propositions. Classical logical
compound propositions with this property are catiggtologies. Tautologies are useful for
deductive reasoning, for proving theorems, and for making deductive inferences. So, if a
compound proposition can be expressed in the form of a tautology, the truth value of that
compound proposition is known to be true. lefeze schemes in expert systems often employ
tautologies because tautologies are formulas that are true on logical grounds alone. For
example, if A is the set of all prime numbed 1, A, 2, A 3, A 5,...onthereal

line universe, X, WKHQ WKH SURSFRMW ICRY 4MISEOH E\ T7 LV D WD

One tautology, known awodus ponendeduction, is a very common inference scheme used

in forwardchaining rulebased expert systems. It is an operation whose task is to find the
truth value of a consequent in a production rule, given the truth value of the antecedent in the
rule. Modus ponensleduction concludes that, given two propositioRsand P o Q, both

of which are true, then the truth of the simple propositi@gnis automatically inferred.

Another useful tautology is themodus tollensnference, which is used in backwaslaining

expert systems. Imodus tollensgn implicaton between two propositions is combined with a
second proposition and both are used to imply a third proposition. Some common tautologies
follow:

B%B X A % A % KX

A S(A o0 B o B (modus ponens (2.5.11)
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B §(A 0 B) o A (modus tollens (2.5.12)
A simple proof of the truth value of teodus ponendeduction is provided here, along with

the various properties for each step of the proof, for purposes of illustrating the utility of a
tautology in classical reasoning.

Proof

AS(AoB o8B

A $(A %B) 0B Implication

(ASA) %A ®  0BDistributivity

/ %A 8) 0B Excluded middle axioms

A BS B dentity

A B

(s

B Implication
A B> B'H ORUJDQYV SULQFLSOHV

A B B Associativity

A %X Excluded middle axioms
X T(XY 1 ldentity; QED

A simpler manifestation of the truth value of this tautologghswn in Table 2.6 in truth
table form, where a column of all ones for the result shows a tautology.

Table 2.6Truth Table (modus ponens)

A B A-B (AA(A- B)) (AA(A->B)—-B
0 0 1 0 |

0 1 1 0 1 Tautology

I 0 0 0 I

1 1 1 1 l
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Table 2.7Truth Table (modus tollens)

A B A B A->B (Ba(A-B) (BAA-B)-A
0 0 I | I I I

0 1 1 0 1 0 1 Tautology

I 0 0 | 0 0 I

I | 0 0 I 0 I

Similarly, a simple proof of the truth value of timdus tollensnference is listed here.
Proof

B%X X YT(X 1QED

The truth table form of this result is shown in Table 2.7.
Contradictions

Compound propositions that are always false, regardless of the truth value of the individual
simple propositions constituting the compound proposition, are called contradictions. For
example, if A is the set of all prime numberd, 1, A, 2, A 3, A 5,...onthe real

OLQH XQLYHUVH ; WHKRHIQV WKPIX®OWRSFOH. WLRTY LV D FRQW L
contradictions are listed here:
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Equivalence

As mentioned, proposition® and Q are equivalent, i.e.P | Q, is true only when both
P and Q are true or when botl® and Q are false. For example, the propositioRs

HUWULDQJOH LV GITXHODWBQDOH LY HF XLDQJIXODUTY DUH

either both true or both false for sotn@ngle. This condition of equivalence is shown in Fig.
2.27, where the shaded region is the region of equivalence.

It can be easily proved that the statemEnt Q is a tautology ifP is identical toQ, i.e.,
ifandonly if T(P) T(Q.

T(A)

(B)

Figure 2.27:Venn diagram for equivalence

Example 2.5.3:Suppose we consider the universe of positive integérs, A dn & . Let
P=puLV DQ HYHQ QXREMSB Hfi @)Q & O@iWhenT(P) /2,4,6,8
andT(Q) '8,4,5, 7 The equivalencé® | Q has the truth set

TP Q T(F TQ% TB TQ® M%A N4

2QH FDQ VHH WKDW pp LYEBDQIH Y# Q8)Q RREHHER W IO Q5O V H
DQ HYHQ QXRE#HUWY B4Q ®8)" are both true.

Example 2.5.4:Prove thatP | Q if P = pruis an integer power of 2 less than 7 and
JUHDWHU WKIQ "1 WBRTY 0QSnce T(P) 2,4 and T(Q 2,4 it
follows thatP | Q is an equivalence.

Suppose a propositioR has the formP o Q. Then the propositio@ o P is called the

contrapositiveof R; the propositionQ o P is called theconverseof R; and the prposition
P o Q is called thenverseof R.

D
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Thedual of a compound propositicthat does not involve implicatide the same proposition

with false (0) replacing true (1) (i.e., a set being replaced by its complement), true replacing
false, conjunction( 8) replacing disjunction( >) and disjunction replacing conjunctiori.d
proposition is true, then ittualis also true.

Exclusive Or and Exclusive Nor

Two more interesting compound propositions are worthy of discussion. These are the
exclusive orand theexclusive nor The exclusive or is of interest because it arises in many
situations involving natural language and human reasoning. For example, when you are going
to travel by plane or boat to some destination, the implication is that you can travel by air or
sea, butnot both, i.e., one or the other. For two propositions, P and Q, the exclusive or,
denoted here asOR, is given in Table 2.27 and Fig. 2.28.

Table 2.8: Truth table for exclusive or

P Q P XOR Q
1 1 0
1 0 1
0 1 1
0 0 0
T(P)
TQ)

Figure 2.28:Exclusive or shown in black areas

The exclusive nolis the complement of thexclusive orfMano (1988)]. A look at its truth
table, Table 2.5.5, shows that it is an equivalence operation, i.e.,



242 | Fuzzy Logic Mbdels and Fuzzy Control: An Introduction

Table 2.9: Truth table for exclusive nor

P Q P XOR Q
1 1 1
1 0 0
0 1 0
0 0 1

P XOR Q P Q
and, hence, it is graphicalgquivalent to the Venn diagram in Fig. 2.5.4.
Logical Proofs

Logic involves the use of inference in everyday life, as well as in mathematics. In the latter,
we often want to prove theorems to form foundations for solution procedures. In natural
language,fiwe are given some hypotheses it is often useful to make certain conclusions from
them tthe soecalled process of inference (inferring new facts from established facts). In the
terminology we have been wusing, we want to know if the proposition

P, SB S.. £ 0Qis true. That is, is the statement a tautology?

The process works as follows. First, the linguistic statement (compound proposition) is made.
Second, the statement is decomposed into its respective single propositions. Third, the
statementd expressed algebraically with all pertinent logical connectives in place. Fourth, a
truth table is used to establish the veracity of the statement.

Example 2.5.5:

Hypotheses Engineers are mathematicians. Logical thinkers do not believe in magic.
Mathemdicians are logical thinkers.

Conclusion Engineers do not believe in magic.
Let us decompose this information into individual propositions.
P. a person is an engineer
Q: a person is a mathematician
R: a person is a logical thinker
S: a person believes in magic

The statements can now be expressed as algebraic propositions as
(PoQS(Ro 95(Qo Ro (B E

It can be shown that this compound propaosition is a tautology.
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Sometimes it might be difficult to prove a proposition by a direct proof (i.e., verify that it is
true), so an alternative is to use an indirect proof. For example, the pgpat#r by
contradiction(reductio ad absurdunexploits the fact that?P o Q is true if and only if

P§6 is false. Hence, if we want to prove that the compound statement

PSP, S.. £ 0Q is a tautology, we can alternatively show that the alternative
statement?, SP, S.. & Lis a contradiction.

Example 2.5.6:

Hypotheseslf an archdam fails, the failure is due to a poor sub grade. An-dach fails.
Conclusion The archdam failed because of a poor sub grade.

This information can be shown to be algebraically equivalethig@xpression

(PoQsSP oQ
To prove this by contradiction, we need to show that the algebraic expression
(PoQS8P3Q

is a contradiction. We can do this by constructing the truth table in Table 5.6. Recall that a
contradiction is indicated when the last column of a truth table is filled with zeros.

Table 2.10:Truth table for dam failure problem

P Q PvQ PvQ APAQ

P
0
0
1
1

—o—c |0

S oo

1 1 1
1 0 1
0 1 0
0 0 1

Deductive Inferences

Themodus ponendeduction is used as a tool for making inferences inbated systems. A
typical if then rule is used to determine whether an antecedent (cause or action) infers a
consequent (effect or reaction). Suppose we have a rule of the foAn THEN B, where

A is a set defined on univers¢ and B is a set defined on universe Y. As discussed before,

this rule can be translated into a relation between sets A and B; that is, recalling (2.5.8),

R (AuB %A Y. Now suppose a new antecedent, sdy is known. Can we @s

modus ponendeduction, (2.5.11), to infer a new consequent, Bayesulting from the new
antecedent? That is, can we deduce, in rule form, IF A, THEN B? The answer, of course, is
yes, through the use of the composition operat®h Q FAimpplies B 11 LV GHILQHG R
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Cartesian spaceX uY, B can be found through the following g&eoretic formulation,
again from (2.5.8):

B AR A (AUB %A Y

where the symbol denotes the composition operatidodus ponensleduction can also be
used for the compound rule IR, THEN B, ELSE C, where this compound rule is
equivalent to the relation defined (@.5.10) asR (AuB) ‘%(o_A @. For this compound
rule, if we define another antecedeft the following possibilities exist, depending on (1)
whether A is fully contained in the original antecedeAt (2) whetherA is contained only
in the complement ofA, or (3) whetherA and A overlap to some extent as described next:

IFA «ATHENY B IF Ae ATHEN y (

IFA Az ,A"AZ ,THEN y B%oC

The rule IF A, THEN B (proposition P is defined on #&tin universe X, and proposition Q

is defined on seB in universe Y), i.e (P 0o Q R (AuB % A W, is then defined
in functiontheoretic terms as

R(xy) max  £(X)S AYy), @ L£X)SIE (2513

Example 2.5.7:Suppose we have two universes of discourse for a heat exchanger problem
described by the following collection of elementss= X1, 2, 3,4} and Y={1, 2, 3,4, 5, 6}.

Suppose X is a universe of normalized temperatures and Y is a universe of normalized
pressures. Define crisp set A on universe X and crisp set B on universe Y as folloyg; A
3} and B= {3, 4}. The deductive inference IF A, THEN B (i.e., IF temperature is A, THEN
pressure is B) will yield a matrix describing the membership values afthton R, i.e.,

£ (X, y) through the use of (2.5.13). That is, the matrix R represents the rule IF A, THEN B

as a matrix of characteristic (crisp membership) values.
&ULVS VHWV $ DQG % FDQ EH ZULWWHQ XVLQJ =DGHKYV Q

0O 1 1 @ 0 01 1 0 9

123 % 1 2 3 4 5

If we treat set A as a column vector and set B as a row vector, the following matrix results
from the Cartesian product &k uB is



>
&
© O o o

o O O O

o+ + O

o+ O

o O O O

Fuzzy Relations and Fuzzy Logi¢ 2.45

PRP xR @

The Cartesian product AY can be determined by arranging A as a column vector and the
XQLYHUVH < DV D URZ YHFWRU VHWYVY $ DQG < FDQ EH ZUL

A 10

1 2

1

- 0
A Yu

0

1

0
3

O O Bk

—P,Y

1

O O B

O O B

111111

2 3 4 5

PA@AaAy = I

Then the full relation R describing the implication IF A, THEN B is the maximum of the two
matricesA uB and A uY or, using (2.5.13),

1 2
111
20 0
300
41 1

3

e A N

4
1
1
1
1

5
1
0
0
1

6

2
yj

«

N

f

The compound rule IF A, THEN B, ELSE C can disodefined in terms of a matrix relation

asR (AUB %A @ (P o) (P oBas given by (2.5.9) and (2.5.10), where
the membership function is determined as

Rxy) max  £X)S AY), @ fX)S H)?Z (2514

Example 2.5.8:Continuing with the previous heat exchanger example, suppose we define a
crisp set C on the universe of normalized temperatures Ya§53:6} RU XVLQJ =DGFt

notation,

C

RO
Nlo

wlo

slo

E
5

1

—g@.
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The deductive inference IF A, THEN B, ELSE C (i.e., IF pressure is A, THEN temperature is
B, ELSE temperature is C) will yield a relational matrix R, with characteristic values
(X, y) obtained using Eq. (2.5.14). The first half of txpression in Eq. (5.10) (i.e., A
B) has already been determined in the previous example. The Cartesian p_Q\aa([]«::lan be
determined by arranging the satas a column vector and the set C as a row vector
O 000 1 #
000 ¢
((_
0 0 0 &
0000 1§

— 0 O
A Cu
0 O

Then the full relation R describing the implication IF A, THEN B, ELSE C is the maximum
of the two matrices A B and A uC,

1 2 3 45 6

10000 1 2
20 01 1 0§
R «
300110 @
40 0001 I

2.5.3 Fuzzy Logic

A fuzzy logic proposition, Pis a statement involving some concept without clealdfined
boundaries. Linguistic statements that tend to express subjective ideas and that can be
interpreted slightly differently by various individuals typically involve fuzzy propositions.

Most naturallanguage is fuzzy, in that it involves vague and imprecise terms. Statements
GHVFULELQJ D SHUVRQYV KHLJKW RU ZHLJKW RU DVNVHVVF
menus can be used as examples of fuzzy propositions. The truth value assigred be P

any value on the interval [Q]. The assignment of the truth value to a propaosition is actually

a mapping from the interval [(l] to the universe U of truth value$, as indicated in
(2.5.15),

T:u U (0,d)(25.15)

As in classical mary logic, we assign a logical proposition to a set in the universe of
discourse. Fuzzy propositions are assigned to fuzzy sets. Suppose proposition P is assigned to
fuzzy set A; then the truth value of a proposition, dendtéB) is given by

T(P) A(X, where 0dP , (x) d:(2.5.16)

(2.5.16) indicates that the degree of truth for the proposiftanx ¢ A is equal to the
membership grade of in the fuzzy setA
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The logical connectives of negation, disjunction, conjunction, and implication are also
defined for a fuzzy logic. These connectives are given in (2.%2%)20) for two simple
propositions: proposition P defined on fuzzy set A and proposition Q definedpndet B.

NegationT(E’) 1 T(P) (2.5.17)
Disjunction P >Q:xis Aor B ie, T(P> Q max T(P, T{ Q4 (2.5.18)

Conjunction P SQ:xis Aand B i.e, T(PSQ min T(P), T(Q (2.5.19)
Implication [Zadeh (1973)]
PoQ:xis AthenxisB ie,T(FPo Q T P Q max(T(P, T(Q) (2.5.20)

As before in binary logic, the implication connective can be modelled irbaded form;
PoQis, IFxis A, THENY is B and it is equivalent to the following fuzzy relation,

R (AuB %;A Y, just as it is in classical logi The membership function of R is
expressed by the following formula:

R(xy) max  £(x)s Ry) (1 K} (2.5.21)

Example 2.5.9:Suppose we are evaluating a new invention to determine its commercial
potential. We will use two metrics to make our decisions regarding the innovation of the idea.
2XU PHWULFV DUH WKH ppuXQLTXHQHVVYYT RI WKH €QYHQW
X={1,234 DQG WKH puPDUNHW VL]JHYTYT RI WKH LQYHQWLRC
universe of scaled market sizes=Y{1, 2, 3, 4, 5, 6}. In both universes the lowest numbers

DUH WKH PuKLIJKHVW XQLTXHQHVYV T fivdlyQAGnew ktentiqgnOD U J H V
your group, say a compressible liquid of very useful temperature and viscosity conditions, has
MXVW UHFHLYHG VFRUHV Rl ppPHGLXP XQLTXHQHVV 117 GH
VLIH 17 GHQRWHG [X]]\ ¥rhie e implicatibrivdf sWéhiRa @sultyi.e., IF A,

THEN B. We assign the invention the following fuzzy sets to represent its ratings:

. . 0.6 1 0.2
A medium uniqueness ~ 3 —®

o

N
Wl w

© »

(0]

o

(8]

B mediummarket size — — —®
2 4 5

C diffuse market size —3 —5 &6 26 —0'5 .3
1 2 3 4 5

The following matrices are then determined in developing the membership function of the
implication, AR(X, y) illustrated in (2.5.21),
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A

A

1 2 3 4 5 6
10 0 0O O O o
20 04 06 06 03 D
30 04 1 08 03 @
40 02 02 02 02 D

1 2 3 4 5 6
11 1 1 1 1 12
204 04 04 04 04 024

30 0 0 0 0 O
408 08 08 0.8 08 (B8

and finally, R max AuB,_A uy

1 2 3 4 5 6

11 1 1 1 1 1a
204 04 06 06 04 04
3 0 04 1 08 03 &
408 08 08 08 08 08

When the logical conditional implication is of the compound form
IF xis A, THEN yis B ELSE yis C

thenthe equivalent fuzzy relation, R, is expressedRas( AuB) %A 0, inaform

just as(2.5.10), whose membership function is expressed by the following formula:

R(xy) max  £(xX)s Ky), @

Hence, using the result of (2.5.22), the melation is

1 2 3

4

X)) S cH)E

5

6

103 05 06 06 05 O

R(AuB)%oAG):AQSO 0

4 03 05 06 06 05

and finally,

0

0

0

203 04 04 04 04 0

(0%
«,

0

(2.5.22)
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1 2 3 4 5 6
103 05 06 06 05 &3

R 203 04 06 06 04 G
30 04 1 08 03 &

&«

4 03 05 06 06 05 03

2.5.4 Approximate Reasoning

The ultimate goal of fuzzy logic is to form the theoretical foundation for reasoning about
imprecise propositions; such reasoning has lpefamred to as approximate reasoning [Zadeh
(1976, 1979)]. Approximate reasoning is analogous to classical logic for reasoning with
precise propositions, and hence is an extension of classical propositional calculus that deals
with partial truths.

Supposewe have a rukbased format to represent fuzzy information. These rules are
expressed in conventional antecedemisequent form, such as

Rule 1:IF xis A, THENY is B, where Aand Brepresent fuzzy propositions (sets).
Now suppose we introduce a new @etdent, sayA and we consider the following rule:

Rule 2:IFxis A', THENyis B'.

From information derived from Rule 1, is it possible to derive the consequent in RBIE 2,
The answer is yes, and the procedure is fuzzy compaosition. The consijant be found
from the composition operatio®® A R

The two most common forms of the composition operatertlae maxmin and the max
product compositions.

Example 2.5.10: Suppose that the fuzzy relation just developed, i.e., R describes the
LQYHQWLRQYY FRPPHUFLDO SRWHQWLDO :H ZLVK WR NQ
ZLWK D XQLTXHQHVWVFR X IRNIXHDHOPRYW7KDW LV ZLWK
following consequent B can be determined using composition. Let

1 03 0

A almost high uniqueness — =
1 2 3

Then, using the following mafnin composition,

B A R 25 05 06 06 05 05
1 2 3 4 5

we get the fuzzy set describing the associated market size. In other words, the consequent is

fairly diffuse, where there is no strong (or weak) membership value for any of the market size

scores (i.e., no membership values near 0 or 1).
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This power of fuzzy logic and approximate reasoning to assess qualitative knowledge can be
illustrated in more familiar terms to engineers in the context of the following example in the
field of biophysics.

Example 2.5.11:For research on the human visiggstem, it is sometimes necessary to
characterize the strength of response to a visual stimulus based on a magnetic field
measurement or on an electrical potential measurement. When using magnetic field
measurements, a typical experiment will require Igedf0 off/on presentations of the
stimulus at one location to obtain useful data. If the researcher is attempting tomap the visual
cortex of the brain, several stimulus locations must be used in the experiments. When
working with a new subject, a reseagchvill make preliminary measurements to determine if

the type of stimulus being used evokes a good response in the subject. The magnetic

measurements are in units of femtotedl@ {°tesla). Therefore, the inputs and outputs are
bothmeasured in terms of magnetic units.

We will define inputs on the universe X[0, 50, 100, 150, 200] femtotesla, and outputs on
the universe Y= [0, 50, 100, 150 200] femtotesla. We will define two fuzzy sets, two
different stimuli, on universe X:

W CC ZHDN VW&.P—?(—%X&L3 0 _0% X
50 100 150

M CC PHGLXP vauQ)f' oxdy - 94 —%&8 X
50 ~ 100 150

and one fuzzy set on the output universe Y,

s cc vHYHUH Bvip x &322 _%'8 Y
0 50 100 150

The complement of S will then be

S 1 1 05 01 O
- —= R).
0 50 100 150 2

:H ZLOO FRQVWUXFW WKH SURSRVLWLRQ ,) ppZHDN VWLP
classical implication.

IFWTHEN'S Wo S ( W )% W)
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0 50 100 150 20

ag o 0O a4 1 05 01 O
09 50 0,9 0.9 05 0.1
WuS €3 % 1 05 01 0@100 03 0.3 0.3 0.1 (
Q0 150 § 0 0 ©0 O
€0 ¥, 200 86, 0 0O O O
0 50 100 150 20C
ag o O © 0 0 0 O
51> 50 0il 0.1 0.1 0.1 0.
Wuy ©7 % 1 1 1 1@100 0 0.7 0.7 0.7 O’
o 150 £ 1 1 1 1
<1 200 ¥, 1 1 1 1

0 50 100 150 20C
O 1 1 05 01 @

50 09 09 05 01 0J

R WuS %W & 100 0.7 07 07 0.7 04
«

150 1 1 1 1 1
2001 1 1 1 @I

7KLY UHODWLRQ 5 WKHQ H[SUHVVHV WKH NQRZOHGJH F
7+(1 QRW pPpVHYHUH UHVSRQVH 1 1RZ XVLQJ D @HZ DQ!
MUPHGUYWRPXOL {1#bnQeGmpasifoD we can find another response on the Y
universe to relate approximately to the new stimulus M, i.e., to¥hdR:

0 50 100 150 200

1 1 05 0.1 (02

09 09 05 01 0J
M R ® 04 1 04 0®.7 0.7 0.7 07 0« >0.7 0.7 0.7 0.7 0(

1 1 1 1 1

«

1 1 1 1 1«
7KLV UHVXOW PLJKW EH ODPHOUV K G DEICH XIHWE REDWHOY D V |
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An interesting issue in approximate reasoning is the idea of an inverse relationship between
fuzzy antecedents and fuzzy consequences arising from the composition operation.

Consider the following problem. Suppose we use the origintdcedent A in the fuzzy
composition. Do we get the original fuzzy consequent B as a result of the opetaieEmthe
composition operation have a unique inverse, Be., A R? The answer is annqualified
no, and one should nekpect an inverse to exist for fuzzy composition.

Example 2.5.12:Again, continuing with the invention example, Examples 2.5.9 and 2.5.10,
supposethaA' A HJUPHGLXP XQLTXHQHVV 17 7KHQ

B AR AR 24 04 1 08 04 04
1 2 3 4 5

That is, the neveonsequent does not yield the original consequertrfidium market size)

because the inverse is not guaranteed with fuzzy composition.

E

In classical binary logic this inverse does exist; that is, oniegus ponenwould give

B AR AR E
where the sets A and B are crisp, and the relation R is also crisp. In the case of approximate
reasoning, the fuzzy inference is not precise but rather is approximate. However, the

inference does represent an approximate linguistic characteristic ofatierrdetween two
universes of discourse, X and Y.

Example 2.5.13:Suppose you are a soils engineer and you wish to track the movement of
soil particles under applied loading in an experimental apparatus that allows viewing of the
soil motion. You are biding pattern recognition software to enable a computer to monitor
DQG GHWHFW WKH PRWLRQVY +RZHYHU WKHUH DUH VRPH
view the motion. The tracked particle can be occluded by another particle. The occlusion can
ocFXU ZKHQ D WUDFNHG SDUWLFOH LV EHKLQG DQRWKHU &
or partially out of sight of the camera. We want to establish a relationship between particle
occlusion, which is a poorly known phenomenon, and lens occlusionhwsiquite weH

known in photography. Let these membership functions,

XX X i Y. Y5

describe fuzzy sets forteacked particle moderately occludedhind another particle and a
lens mark associated withoderate image qualityespectively. Fuzzy set & defined on a

universe X ’5(1, X X% " of tracked particle indicators, and fuzzy setBte in this case that

B is a crisp singleton) is defined on a univelse A}{, Yor ¥ " of lens obstruction indices. A

typical rule might be: IF occlusion due to particle occlusion is moderate, THEN image quality
will be similar to a moderate lens obstruction, or symbolically,

IF xis A, THEN yis B ie, (AuB %A o) R
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We can find the relation, R, as follows:

yl y2 y3 yl y2 y3
x 0 01 6 q x 09 09 09
¢ A ¢
A Bux 0 09 Q A Yu x 01 01 0]
X 0 0 G X 1 1 1«
yl y2 y3

x 0.9 09 08
R (AuB %A ¥ x01 01 0§
x, 1 1 1g

This relation expresses in matrix form all the knowledge embedded in the implication. Let A
be a fuzzy set, in which a tracked particle is behind a particlesightly more occlusion
thanthe particle expressed in the original antecedent A given by

03 1 O

~ v B

X% X

We can find the associated membership of the image quality usingmmeomposition.
For example, approximate reasoning will provide

IF xis A, THEN B A Fand we get

A

09 09 09 03 06 04
B ®3 1 0@01 01 0 — — —9
l 1 1(_<| yl y2 y3

This image qualityB" LV IX]]JLHU WKDQ % DV LQGLFDWHG E\ WKH IR

OTHER FORMS OF THE IMPLICATION OPERATION

There are other techniques fastaining the fuzzy relation R based on the IF A, THENB

R A BThese are known as fuzzy implication operations, and they are valid for all
values ofx « X and y ¢ Y. The following forms of the implication operator show different
techniques for obtaining the membership function values of fuzzy relation R defined on the
Cartesian product spacé UY.

B(x, y) max>pPx),1 AX)(2.5.23)
R(x, y) min>HX), /X((2.5.24)
B(x y) mnf,d pPx) A)((25.25
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R(x,y) KX £ (2.5.26)
1, for ,(x) dP5(x)

R(X, ) 2.5.27
RO Y) ®Ig(x), otherwise ( )

In situations where the universes are represented by discrete elements the fuzzy relation R is a
matrix.
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EXERCISE-2

1. Using the inference method, find the membership values of the triangular shapes for each
of the following triangles(a) 60 , 40 , 80 (b) 45, 65, 70 and(c) 75, 55, 50

2. Using your own intuition, develop fuzzp XPEHU 3DSSUR[LPDWHO\ RU D
using the following function shapes:

(1) Symmetric triangle
(2) Trapezoids
(3) Gaussian functions.

3. Develop membership function for trapezoidal similar to algorithm developed for triangle
and the function should have two independent variables hence it can be passed. For the
shown in table, show the first iteration in trying to compute the membershipsvédr

input variablesx;, x, and x, in the output region®" and R*

x % x R R
1.0 05 2.3 1.0 O.

(a) Use3 31 1neural network,

(b) Use3 &1 2neural network.

4. The three variables of interest in the MOSFET are the amount of current that can be
switched, the voltage that can be switched and the cost. The following membership
function for the transistor was developed

04 07 1 08 06

Current | —_ — - — ,
08 09 1 11 1.5
02 08 1 09 04
Voltage V @=——. — — — ,
g 30 45 60 75 96
Cost= 04 1 05

05 06 0.7

The power is given by?  V I.

(a) Find the fuzzy Cartesian proddet V |I.
(b) Find the fuzzy Cartesian produEt | C.
(c) Using maximin composition findE P T.

(d) Using maxproduct composition findke P T.
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5. Find the relation between two fuzzy sésand R, using
(a) MaxAmin composition
(b) Maxd#product composition
(c) Max#average composition

i Y2 Yo Vi
x 03 0.1 06 08

R x, 0.1 1 02 0%
4 4 4
y, 09 01 1a
R y, 0.1 05 04

y, 0.6 0.8 0.5

«

y, 01 0 04

6. Discuss the reflexivity property of thellowing fuzzy relation

1 07 03
R 04 05 0§
07 05 Ig

7. For each of the following relation on single set state whether the relation is reflexive,
symmetric, and transitive
(@3:LV D VLEOLQJ RI ~
()3LV D SDUHQW RI ~
(c):LV D VPDUWHU WKDQ °
(d3LV WKH VDPH KHLJKW DV °
(e):LVY DW OHDVW DV WDOO DV °

8. A factory process control operation involves two linguistic (atomic) parameters consisting
of pressure and temperature in a fluid delivery system. Nominal pressure limits range from
400 psi minimum to 1000 psi maximum. Nominal tergiure limits are 130 to 140.
We characterize each parameter in fuzzy linguistic terms as follows:

1 08 06 04 02 QO
— . —= R
131 132 133 134 135 196

0 02 04 06 08 4
134 135 136 137 138 13¢

0.2 04 06 0.8 1-
R
400 600 700 800 900 108(

Low temperature

High temperature

High pressure
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1 08 06 04 0.2 0-

Low pressure @
400 600 700 800 900 100C

(a) Find the following membership functions:

(i) Temperature not very low

(i) Temperature not very high

(iii) Temperature not very low and not very high
(b) Find the following membership functions:
(i) Pressurslightly high

(i) Pressure fairly high[high]?*

(iii) Pressure not very low or fairly low
9. Show that the following propositions from Lewis Carroll are tautologies [Gill, 1976]:

(a) No ducks waltz; no officers ever decline to wadtlt;my poultry are ducks. Therefore,
none of my poultry are officers.

(b) Babies are illogical; despised persons cannot manage crocodiles; illogical persons are
despised; therefore, babies cannot manage crocodiles.

(c) Promisebreakers are untrustworthwine-drinkers are very communicative; a man
who keeps his promise is honest; all pawnbrokers are-@vinkers; we can always trust a
very communicative person; therefore, all pawnbrokers are honest. (This problem requires

2° 64 linesof a truth table; perhaps it should be tackled with a computer.)
10. Given the fuzzy sets A anddh X and Y, respectively,

1
A 31 0% gor x 0.1 andB 32%, for y B 5]
X é y — ‘

R(x) 0 outside the interve0, 10] and 2(x) O outside the intervel0, 5].

(&) Construct a fuzzy relation fr the implication A 0 Busing the classical implication
operation, i.e., construd®  AuB %A M.

(b) Use maxamin composition to findB', given A’ ?
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© o N

10.

11.

12.

13.
14.
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Chapter-3

Fuzzy Systems and Fuzzy Models

3.1. DEFUZZIFICATION

Apart from the lambda cut sets and relations which convert fuzzy sets or relations into crisp
sets or relations, there are other various defuzzification methods employed to convert the
fuzzy quantities into crisp quantities. The output of an entire fuzzy process can be union of
two or more fuzzy membership functions. To explain this in detail, consider a fuzzy output,
which is formed by two parts, one part being triangular shape (Figure 3dnthpther part

being trapezoidal (Figure 3.1 (b)). The union of these two forms (Figure 3.1 (c)) the outer
envelope of the two shapes.

B4 n oA KA
1

=6 01234567 T 012345617
(b) (c)
Figure 3.1: Typical fuzzy output

There are seven methods used for defuzzifying the fuzzy output functions:
() Max-membership principle
(ii) Centroid method
(iii) Weighted average method
(iv) Meaninax membership
(v) Centre of sums
(vi) Centre of largest area

(vii)  First of maxima or last of maxima
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Next, we explan each method with graph.
Max-membership principle
This method is given by the expression

(Z) tP(2, forall z« X (3.1.1)

pt

z* z

Figure 3.2: Max membership method
This method is also referred as height method. iErssown in Figure 3.2.
® Centroid method

This is the most widely used method. This can be called as centre of gravity or centre of area
methaod. It can be defined by the algebraic expression

S R(z) zdx

S (3.1.2)

where 3 is used for algebraic integration. Fig. 3.3 represents this method graphically.

u 3

z*

N

Figure 3.3: Centroid method
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(i) Weighted Average method

This method cannot be used for asymmetrical output membership functions, can be used only
for symmetrical outpt membership functions. Weighting each membership function in the
obtained output by its largest membership value forms this method. The evaluation
expression for this method is

R
; 1 R@z (3.1.3)
R(2

where : is used for algebraic sum.

0 a b T2
Figure 3.4:weighted average method
(iii) Mean-max membership

This method is related to mamembership principle, but the present of the maximum
membership need not be unique, i.e., the maximum membership need not be a singte point,

can be a range. This method is also called as middle of maxima method the expression is
given as

* a
z —, 3.1.4
> (3.1.4)

where ax b are the end point of the maximum membership range as shown in Fig. 3.5.
u A

0 a z* b z

Figure 3.5: Meanmax menbership
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(iv) Centre of sums

It involves the algebraic sum of individual output fuzzy sets, Gayd C, instead of union.

In this method, it is noted that the intersecting areas are added twice. This methakhis sim

to the weighted average method, but in centre of sums, the weights are the areas of the
respective membership functions whereas in the weighted average method, the weights are
individual membership values.

The defuzzified valueZ is given as
ug pg
1 1+
0.75

\
\

00 2 4 6 z 00 2 4 5 8 10 Z

>

02 4 5#2*6 8 10 z
©
Figure 3.6: (a) First membership (b) Second membership (c) defuzzification step

* 3<: R (2) dx

z 1 (3.1.5)
|
kll

X R(2dz

(v) Centre of largest area

If the fuzzy set has two convex sub regions, then the entire of gravity of the convex sub
region with the largest area can be used to calculate the defuzzification value. The equation is

given as
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0 ' | |

2 Y. 4 6 8 10

Figure 3.7:Centre of largest area
3R (2) zdx
3R (2)dx

Where c, is the convex region with largest area. The valliées same as th¥/alue Z

obtained by centroid method. This can be done even fecowvex regions.

(vi) First of maxima or last of minima

Here, the computed output of all individual output fuzzy setss used todetermine the

smallest value, with maximized membership degree, in

HA

(=]
o
I
C\_
m_
[e—e—
o
A

Figure 3.8: First of maxima or lasof minima
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Example 3.1.1:For the given membership function as shown in Fig. 3.8 determines the
defuzzified output value by seven methods.
p 3
1

0.75
0.5

0.7

.35x

(=)

(V)]
€+ XG0

I T
Figure 3.9: Membership function

Solution. (a) Centroid method
A,:(0,0), (2, 0.7)
The straight line mape:

y O 0—;(x 0),y 3.5x

A,y 0.7.

A, not needec
A, (2,0), (3. 1)

01
0 —(x 2), X 2.
32( )Y

A,y L
As:(4,1),(6,0).

01
1 —(x 4), 0.5x 3
y 1 g3 4y

Solving A, and A,;, we havex 2.7, y 0.7

2 2.7 3 4 6

Numerator ®.352dz B8.7Kdz % 2z dz Az

2.7 3

®52z 3 z

0 2 4

10.98
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2 2.7 3 4 6
Denominator ®.35°dz  8.7Kdz ¥ 2 dz d2 ®5%z 3z

0 2 2.7 3 4

3.445

Numerator 10.98
Denominator 3.445

3.187.

(b) Weightedaverage method

2u0.7 4u
1 0.7

(c) Meanamax method

25 3.5
2

(d) Center of sums method

3.176

3.

6

327 2e B ue 4 ad
Z* 0 @ *1 Z@ , 1
°, 8 B
03 > 0743 2 e 4)«dz
6
335 12dz
7 & 284
31.75 3dz

0

(e) First of maxima
z 3.
(f) First of maxima
zZ 4.
(g) Centre of largest area

Area of | %uO.? u2.7 0.7) 1.1¢

Area of Il %ul Y2 3)% 0.7 2.25°¢
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Area ofll is larger, So,

3 1 4 6 1
~uw.3 W3 288z 3 14 36dz 3= @ Hz
© 272 3 42
7 .
3 1 4 6 l
~“ w3 WwWdz 3udz 3- @ oz
2.72 3 42
3 4 6
0.12825%lz 3.5dz 3 Xz
z 21 3 34 5 4 4.49.
0.045dz 3dz 3 dz
2.7 3 4

3.2 FUZZY SYSTEMS

Natural language is perhaps the mpstverful form of conveying information that humans
possess for any given problem or situation that requires solving or reasoning. This power has
ODUJHO\ UHPDLQHG XQWDSSHG LQ WRGD\fV PDWKHPDWL
with the utility of fuzz logic. Consider the information contained in the passage above from

& KD U OHYV ATEI&Id D Tities Imagine reducing this passage to a more precise form
such that it could be assimilated by a binary computer. First, we will have to remove the
fuzziness inherent in the passage limiting the statements to precise sithtistotelian

logic. Consider the following crisp version of the first few words of the Dickens passage:

The time intervak was the period exhibiting a 100 percent maximum of ipessalues as
measured along some arbitrary social scale and the intemwak also the period of time
exhibiting a 100 percent minimum of these values as measured along the same scale [Clark,
(1992)].

The crisp version of this passage has establishedtenable paradox, identical to that posed

by the excluded middle axioms in probability theory. Another example is available from the
VDPH FODVVLF WKH ODA Véale\oHTQWw/Cities- H u, @y LL\F DHIQWY IDU E
that | do, than | havever done; it is a far, far better rest that | go to, than | have ever
NQRZQ 1Y W ZRXOG DOVR EH GLIILFEXOW WR DGGUHVV W
machine using binary logic. Both of these examples demonstrate the power of communication
inherent in natural language, and they demonstrate how far we are from enabling intelligent
machines to reason the way humanstddong way!

Cognitive scientists tell us that humans base their thinking primarily on conceptual patterns
and mental images rah than on any numerical quantities. In fact the expert system
SDUDGLJP NQRZQ DV ppulUDPHVYY LV EDVHG RQ WKH QRW
Furthermore, humans communicate with their own natural language by referring to previous
mental imagesvith rather vague but simple terms. Despite the vagueness and ambiguity in
natural language, humans communicating in a common language have very little trouble in
basic understanding. Our language has been termeshéfieof our thought§Zadeh, 1975].

Hence, any attempts to model the human thought process as expressed in our
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communications with one another must be preceded by models that attempt to emulate our
natural language.

Our natural language consists of fundamental terms characterized as atoeng@nature. A
collection of these atoms will form the molecules, or phrases, of our natural language. The
fundamental terms can be callatbmic terms. Examples of some atomic terms slmw,

medium young beautiful etc. A collection of atomic terms talled a composite, or simply a

set of terms. Examples of composite terms &g/ slow horse mediumweight female

young tree fairly beautiful painting etc. Suppose we define the atomic terms and sets of
atomic terms to exist as elements and sets amiverse of natural language terms, say
universe X. Furthermore, let us define another universe, called Y, as a universe of cognitive
interpretations, or meanings. Although it may seem straightforward to envision a universe of
terms, it may be difficulto ponder a universe anterpretations Consider this universe,
however, to be a collection of individual elements and sets that represent the cognitive
patterns and mental images referred to earlier in this chapter. Clearly, these interpretations
would ke rather vague, and they might best be represented as fuzzy sets. Hence, an atomic
term, or as [Zadeh, (1975)] defines it, a linguistic variable, can be interpreted using fuzzy
sets.

The need for expressing linguistic variables using the precepts of naitems quite well
HVWDEOLVKHG /HLEQL] ZKR zZzDV DQ HDUO\ GHYHORSHU
find characters or signs appropriate for expressing all our thoughts as definitely and as
exactly as arithmetic expresses numbers or geometiigseaxpresses lines, we could in all
subjects, in so far as they are amenable to reasoning, accomplish what is done in arithmetic
DQG JHRPHWU\ 17 )X]]\ VHWYV DUH D UHODWLYHO\ QHZ TXIL
Leibniz had suggested.

With the® definitions and foundations, we are now in a position to establish a formal model
of linguistics using fuzzy sets. Suppose we define a specific atomic term in the universe of
natural language, X, as elemen and we define a fugzset A in the universe of
interpretations, or meanings, Y, as a specific meaning for the frithen natural language

can be expressed as a mappindrt¥n a set of atomic terms in X to a correspondingo$et
interpretations defined on universe Y. Each atomic tetnin X corresponds to a fuzzy set

ALQ < ZKLFK LV WKH ppRUOgsnappiad) whiéiboanLbe Qehdibe 10 A)
is shown schematically in Fig. 3.10

The fuzzy setA represents the fuzziness in the mapping between an atomic term and its
interpretation and can be denoted by the membership functjd? , ) or more simply by

RCD) &) (3.2.1)
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a ]

— 1. |

M(GA) T __ l

Figure 3.10:Mapping of a linguistic atom 2 to a cognitive interpretatior

$V DQ H[DPSOH VXSSRVH ZH KDYH) & \ve Wam RoRritefpral this P pp\
linguistic atom in terms of agey, by a membership function that expresses the term

HU\R X QJ fremiBdfdHip function given here in the notation of [Zadeh,@)7&nd
labeled A, might be one interpretation of the term young expressed as a function of age,

25 100 2a 1
A "yound 1 321 y—32—5-§«
oY Y S ©"1
or alternatively,
1
y 258°

7 , 25year:
Rlyoungy) ® 5 o Yo

1, y d25year:

6LPLODUO\ WKH DWRPLF WHUP ppuROGTY PLJKWnigdseH[S UH \
of interpretation, Y, as

2a 1
Y 28 tor 50dy d10C

O«
On the basis of the foregoing, we can calD QDWXUDO ODQJXDJH YDULDEQO
defined by the fuzzy set”(y) +HUHLQDIWHU WKH ppYDOXHYY RI D C
synonymous with itenterpretation

MH(oldy) 1 1

As suggested before, a composite is a collection, or sgbofic terms combined by various
linguistic connectives such amd or, andnot Define two atomic termsD and £ on the

universe X. Thenterpretationof the composite, defined on universe Y can be déflmethe
following settheoretic operations [Zadeh, (1975b)],

Dor £ PfLy) max f), &P (322
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Dand £ £, £y min (B, & . (323)
NotD D o) 1 ,AB).(3.2.4)

These operations are analogous to those proposed earlier in this cktptdar@fuzzy
operationy where the natural language connectivaesd or, and not were logical
connectives. In linguistics, fundamental atomic terms are often modified with adjectives
(nouns) or adverbs (verbs) likery, low, slight, more or lessfairly, slightly, almost barely,

mostly, roughly, approximately and so many more that it would be difficult to list them all.

‘H ZLOO FDOO WKHVH PRGLILHUV ppOLQJXLVWLF KHGJHVT
term is modified, or hedged, from its originaterpretation. Using fuzzy sets as the calculus

of interpretation, these linguistic hedges have the effect of modifying the membership
function for a basic atomic term [Zadeh, (1972)]. As an example, let us look at the basic

linguistic atom, ., and subjet it to some hedges. Define B (y)/y; fen
Y

>P
"Very' D? 390(%)@ (3.2.5)
Y
"Very very D* (3.2.6)
"Plus'" D% (3.2.7)

"Slightly' D ﬂé@, (3.2.8)

"Minus' D °%" (3.2.9)

The expressions shown in (3.2(8)2.7) are linguistic hedges known asencentrations
[Zadeh, 1972]. Concentrations tend to concentrate the elements of a fuzzyeshidigg the
GHJUHH RI PHPEHUVKLS RI DOO HidtHdddtQWeMednkelBrienOJH RQ
in a set (i.e., the lower its original membership value), the more it is redtuceeimbership
through concentration. For example, by using (3.2.5) for the hegfgea membership value
of 0.9 is reduced by 10% to a valof 0.81, but a membership value(ot is reduced by an
order of magnitude to 0.01. This decrease is simply a manifestatibie pfroperties of the

membership value itself; fod A 1, then tP 2, Alternatively, the expressions given in

(3.2.8) and (3.2.9) are linguistic hedges known diktions (or dilutions in some
publications). Dilations stretch or dilate a fuzzy set by increasing the membership of elements
WKDW DUH ppuSDUWO\NT LQ WHeHushig3\2.8)£dD tBe-hkkdgslight® a ) RU H [
membership value of 0.81 is increased by 11% to a value of 0.9, whereas a membership value
of 0.01 is increased by an order of magnitude to 0.1.

Another operation on linguistic fuzzy sets is knowrn&snsificdion. This operation acts in a
combination of concentration and dilation. It increases the degree of membership of those
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elements in the set with original membership values greater than 0.5, and it decreases the
degree of membership of those elements ensiét with original membership values less than

0.5. This also has the effect of making the boundaries of the membership function steeper.
Intensificationcan be expressed by numerous algorithms, one of which, proposed by Zadeh
(1972) is

2 2(y), for0 P 1
"intensify" D ® ) > WX

3.2.10
4 23 (y)@ for 0.50P, (/) d1 (3:2:10)

Intensification increases the contrast between the elements of the set that have more than
half-membership and those that have less thanrhathbership. Fig. 3.11 (a) and (b), and

3.12 illustrate the operations of concentration,tidifga and intensification, respectively, for

fuzzy linguistic hedges on a typical fuzzy At

M il
Dilation of A
1 Concentration 1
A of A ~_ A
0z X 0 X
Figure 3.11:(a) Fuzzy concentration (b) Fuzzy dilation
LA

Intensification of A

7N

0 X
Figure 3.12:Fuzzy intensification

Composite terms can be formed from onenmre combinations of atomic terms, logical
connectives, and linguistic hedges. Since an atomic term is essentially a fuzzy mapping from
the universe of terms to a universe of fuzzy sets represented by membership functions, the
implementation of linguistichedges and logical connectives is manifested as function
theoretic operations on the values of the membership functions. In order to conduct the
functiontheoretic operations, a precedence order must be established. For example, suppose
we have two atomidVHUPV ppVPDOOYY DQG ppUHG Y DQG WKHLU
DQG ZH SRVH WKH IROORZLQJ OLQ Jaxd jMWLHU H WBRIG IV LRXQL W
of the operations, i.e., not, and, very, would we perform first, which would we perform
second, and so on? In the literature, the following preference table (Table 3.1) has been
suggested for standard Boolean operations.
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Parentheses may be used to change the precedence order and ambiguities may be resolved by
the use of associatigo-therighW )RU H[DPSOH ppSOXV YHU\ PLQXV

interpreted as

plus very(minus (very (small))

Table 3.1 Precedence for linguistic hedges and logical operations

Precedence Operation
First Hedge. Not
Second And
Third Or

Every atomic term and evegpmposite term has a syntax represented by its linguistic label
and a semantics, or meaning (interpretation),which is given by a membership function. The
use of a membership function gives the flexibility of an elastic meaning to a linguistic term.
On thebasis of this elasticity and flexibility, it is possible to incorporate subjectivity and bias
into the meaning of a linguistic term. These are some of the most important benefits of using
fuzzy mathematics in the modelling of linguistic variables. Thigabdity allows us to
encode and automate human knowledge, which is often expressed in natural language
propositions.

,Q RXU H[DPSOH 8&nduuQrRW\VePBeDIMIUXLW ZH ZRXOG SHU
VPDOOYTYT DQG ppYHU\ UH G %f%rn lthé ogical WipetdtQazdien Zhie X0 G S H
phrases as suggested in Table 3.2.1. To further illustrate Table 3.2.1, consider the following
numerical example.

Example 3.2.1:Suppose we have a universe of integér, A, 2, 3, 4,5 We define the
following linguistic terms as a mapping onto Y:

“smar + 98 06 04 02 iarger 92 04 06 08
1 2 3 4 5 1 2 3 4 ¥

Now we modify these two linguistic terms with hedges,

5 1 0.64 0.36 0.16 0.04
small - ®
1 2 3 4 5

"Very small

1 2 3 4 5

Then we construct a phrase or a composit@t

D "notverysmalland not verylarg:



3.14 | Fuzzy Logic Models and Fuzzy Control: An Introduction

which involves the following séheoretic operations:

0 0.36 064 084 096 -1 1 09 06% 036 064 O

D
> 3 4 5 ,41%273 "4 7% 3 T4

In summary, the foregoing material introduces the idealioaistic variable(atomic term),
which is a variable whose values (interptiet® are natural language expressions referring to
the contextual semantics of the variable. Zadeh [Zadeh ()]9@&scribed this notion quite
well:

A linguistic variable differs from a numerical variable in that its values are not numbers but
words or satences in a natural or artificial language. Since words, in general, are less precise
than numbers, the concept of a linguistic variable serves the purpose of providing a means of
approximate characterization of phenomena which are too complex or-tlafirikd to be
amenable to description in conventional quantitative terms. More specifically, the fuzzy sets
which represent the restrictions associated with the values of a linguistic variable may be
viewed as summaries of various subclasses of elemeatsimiverse of discourse. This, of
course, is analogous to the role played by words and sentences in a natural language. For
example, the adjective handsome is a summary of a complex of characteristics of the
appearance of an individual. It may also bewdd as a label for a fuzzy set which represents

a restriction imposed by a fuzzy variable named handsome. From this point of view, then, the
termsvery handsomenot handsomeextremely handsomeuite handsomeetc., are names

of fuzzy sets which resultrdm operating on the fuzzy set handsome with the modifiers
namedvery, not, extremely quite, etc. In effect, these fuzzy sets, together with the fuzzy set
labelledhandsomegplay the role of values of the linguistic variaBlgpearance

Fuzzy (RuleBased)Systems

In the field of artificial intelligence (machine intelligence) there are various ways to represent
knowledge. Perhaps the most common way to represent human knowledge is to form it into
natural language expressions of the type

IF premise (anteant), THEN conclusion (consequent) (3.2.11)

The form in Expression (3.2.11) is commonly referred to as tHEHEN rule-basedform;

this form generally is referred to as tteductiveform. It typically expresses anference

such that if we know a fact (premise, hypothesis, antecedent), then vikfezaror derive,
another fact called a conclusion (consequent). This form of knowledge representation,
characterized ashallow knowledggis quite appropriate in the contextlimguistics because

it expresses human empirical and heuristic knowledge in our own language of
communication. It does not, however, capture teeperforms of knowledge usually
associated with intuition, structure, function, and behavior of the olgestsnd us simply
because these latter forms of knowledge are not readily reduced to linguistic phrases or
representations; this deeper form, as described in Chapter 1, is referr@utiicctige



Fuzzy Systens and Fuzzy Modeld 3.15

Table 3.2 The canonical form for a fuzzy ruleased sstem

Rule 1 : IF condition € THEN restriction R

Rule 2 : IF condition € THEN restriction R

Rule r : IF condition € THEN restriction R

The fuzzy rulebased system is most useful in modelling some complex systems that can be
observed by humansebause it makes use of linguistic variables as its antecedents and
consequents; as described here these linguistic variables can be naturally represented by
fuzzy sets and logical connectives of these sets.

By using the basic properties and operationsnéeffifor fuzzy sets, any compound rule
structure may be decomposed and reduced to a number of simple canonical rules as given in
Table 3.2. These rules are based on natural language representations and models, which are
themselves based on fuzzy sets anglzyulogic. The fuzzy level of understanding and
describing a complex system is expressed in the form of a set of restrictions on the output
based on certain conditions of the input (see Table 3.2). Restrictions are generally modelled
by fuzzy sets and rdians. These restriction statements are usually connected by linguistic

FRQQHFWLYHV VXFK DV pupDQG 17 puRW® .S RRpplyutpk® VH 11

output actions, or consequents of the rules. The following illustrates aecofithe most
common techniques [Ross (1995)] for decomposition of linguistic rules involving multiple
antecedents into the simple canonical form illustrated in Table 3.2.

Multiple conjunctive antecedents

IF x is A" andA? ...andA" THEN vy isB
Assuming a new fuzzyubset A° as
A ATKRT DA,
expressed by means of membership function
A.(X) min  2(x), AX),..., AL/O(il

based on the definition of the standard fuzzy intersection operation, the compound rule may
be rewritten as

IF A* THEN B’
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Multiple conjunctive antecedents
IF x is A" or A°...or A~ THEN yis B
Could be rewritten as

IF A* THEN B’,

where fuzzy setA® is defined as

A A %K %o o,
£.(x) max P(x), AX),.... A3,

This is lased on the definition of the standard fuzzy union operation.

3.2.1 Fuzzy Expert Systems

$Q H[SHUW V\VWHP LV D SURJUDP ZKLFK FRQWDLQV KXPD
WR WKH XVHUfV TXHU\ E\ XVLQJ DQ LQIHUHQIR kheRdiww KR G
Rl UXOH EDVH DQG WKH PRVW+3RSXODU IRUP LV WKDW RI

A fuzzy expert system is an expert system which can deal uncertain and fuzzy information. In
our real world, a human expert has his knowledge in the form of linguistic termsforaere
is natural to represent the knowledge by fuzzy rules and thus to use fuzzy inference methods.

Table 3.3:Lookup table

‘\oe -10 08 =06 -04 -02 0 02 04 0.6 08 1.0
e
-10 -10 -10 -10 -10 -10 08 -08 -08 08 06 -06

-08 08 08 -08 -08 08 08 -06 -06 =06 =06 =06

-06 06 06 -06 -06 04 04 -04 -04 04 02 -02

-04 02 0 0 0 0 0 0 02 02 02 02
-02 —04 04 -04 -04 —04 —04 O 0 0 0 0
0 02 -02 -02 -02 02 -02 -02 0 0 0 0

0.2 0.2 02 02 0.2 0.2 02 02 0.2 0.2 04 04
0.4 0.4 04 04 0.4 0.4 04 0.6 0.6 0.6 0.6 0.6
0.6 0.6 0.6 04 0.4 0.4 04 08 0.8 0.8 0.8 08
0.8 0.6 0.6 0.6 0.6 0.6 0.6 08 0.8 0.8 08 08

1.0 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.6 0.8 0.8 0.8
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The structure of a fuzzy expert system is similar to that of the fuzzy logic controller. Its
configuration is shown in Fig. 331 As in the fuzzy logic controller, there can be fuzzification
interface, knowledge base, and inference engine (decision making logic). Instead of the
defuzzification module, there is the linguistic approximation module.

Fuzzification Interface

This moduOH GHDOV XVHUfV UHTXHVW DQG WKXV ZH KDYH W
we want to make the fuzzy expert system receive linguistic terms, this module has to have an
ability to handle such fuzzy information. The fuzzification strategy, if s&sey, is similar to

that of the fuzzy logic controller.

In contradiction to the fuzzy logic controller, it is not needed to consider the discretization or
normalization. But the fuzzy partition and assigning fuzzy linguistic terms to each sub region
are recessary.

7KH H[SHUWTV NQRZOHGJH PD\ EH UHSUHVE\QWHGE 1L QXWV
linguistic terms. Each rule can have its certainty factor which represents the certainty level of
the rule. This certainty factor is used in the aggregation akthéts from each rule.

Inference Engine (Decision Making Logic)

The fuzzy expert systems can use the inference methods of the fuzzy logic controller. The
system does not deal with a machine or process, and thus it is difficult to have a fuzzy set
with monotonic membership function in the consequent part of a rule. Therefore especially,
Mamdani method and Larsen method are often used.

Linguistic Approximation

As we stated before, a fuzzy expert system does not control a machine nor a process, and
thus, ingeneral, the defuzzification is not necessary. Instead of the defuzzification module,
sometimes we need a linguistic approximation module.

This module finds a linguistic term which is closest to the obtained fuzzy set. To do it, we
may use a measuring tedque of distance between fuzzy sets.

Scheduler

This module controls all the processes in the fuzzy expert system. It determines the rules to
be executed and sequence of their executions. It may also provide an explanation function for
the result. For exmple, it can show the reason how the result was obtained.
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Knowledge
base

A
I
User L !

Input |Fuzzification Linguistic | Output
interface [¢ | Schedulerf 1=-="""" ?| approximation

|
|
1
A 4

Inference
engine

Figure 3.13:Configuration of fuzzy expert system

3.3. FUZZY MODELLING

Modelling, in a general sense, refers to the establishment of a description of a system (a plant,
a process, etc.) in mainatical terms, which characterizes the irputiput behaviour of the
underlying system.

To describe a physical system, such as a circuit or a microprocessor, we have to use a
mathematical formula or equation that can represent the system both qualitarel
guantitatively. Such a formulation is a mathematical representation, cafteath@matical

model| of the physical system.

Most physical systems, particularly those complex ones, are extremely difficult to model by
an accurate and precise mathematicainula or equation due to the complexity of the
system structure, nonlinearity, uncertainty, randomness, etc. Therefore, approximate
modelling is often necessary and practical in real world applications.

Intuitively, approximate modelling is always pdssi However, the key questions are what
NLQG RI DSSUR[LPDWLRQ LV JRRG ZKHUH WKH VHQVH R
course, and how to formulate such a good approximation in modelling a system such that it is
mathematically rigorous and caroduce satisfactory results in both theory and applications.

From the detailed studies in the last two chapters, it is clear that interval mathematics and
fuzzy logic together can provide a promising alternative to mathematical modelling for many

physicalsystems that are too vague or too complicated to be described by simple and crisp
mathematical formulas or equations. When interval mathematics and fuzzy logic are

employed, the interval of confidence and the fuzzy membership functions are used as
approxination measures, leading to thecledfuzzy systems modelling

Following the traditional classification in the field of control systems, a system that describes
the inputoutput behaviour in a way similar to a mathematical mapping without involving a
differential operator or equation is calledtatic systemin contrast, a system described by a
differential operator or equation is calledynamic systemin this chapter, static fuzzy
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systems modeling is first discussed, including its stability aisalgnd the dynamic fuzzy
systems modeling will then follow, along with its stability and controllability analyses.

Basic Concepts of Systems Modelling
The fundamental concept of systems modelling can be illustrated as follows:

Suppose that we have an ulkz Q VA\VWHP B3EODFN ERJ[’ IRU ZKLFK R
X, %,..., %, and outputsy,, ¥,,..., Y, can be measured (or observed) and so these data are

available. Here, both inputs and outputs can be either didoreteseries b continuous
signals. We want to find a mathematical description to qualitatively and quantitatively

characterize this unknown system, in the sense that by inpuking,...,X, into the

mathematical description we can always obtain theesponding outputsy,, Y,,..., Y, -

Establishing such a mathematical description is cattethematical modellingor the
unknown system (Fig. 3.14). As usual, the mathematical description can be a mathematical
formula, such as a mapping or a ftiogal that relates the inputs to the outputs in the form

B fL(%0 X000 %),
ZED (3.3.1)
Vo 0% X000 %),
or a set of differential equations (assuming proper conditions) in itime fo
Yy B0 X% ),
: (3.3.2)

®

a,

o

Vo G %0 % %)
or a logical linguistic statement, which can be quantified mathematically, in the form

IF (input X;) AND ... AND (inputX ) THEN (outputy;) AND ... AND (outputy,,). (3.3.3)

X1 > > 1

X3 > > Y,
. Black box .

xn » ym

Figure 3.14: $Q XQNQRZQ V\VWHP DV D 3EODFN E|

Fuzzy system modelling is to quantify the logical linguistic form (3.4.3) by dsirry logic

and the mathematical functional model (3.4.1), or by using fuzzy logic together with the
differential equation model (3.4.2). The result of the former is callsthtic fuzzy system

and the latter, dynamic fuzzy system
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3.4 MODELLING OF STA TIC FUZZY SYSTEMS

SHWXUQ WR WKH 2EODFN ER[" VKRZQ XQX,).L¥and outpt QFH L

Yir Yo, - Ypare assumed to be available the logical linguistic statement (3.3.3) has actually
described the unknown ggsen on the basis of the available data. Yet this is not the ultimate
purpose of mathematical modelling, since if a new ingf FRPHYV LQ ZH GRQYW N

the corresponding output should be. The main purpose of mathematical nipdhbirefore,

is not only to correctly describe the existing inputput relations through the unknown
system but also to enable the established model to approximately describe other possible
hidden inputoutput relations of the system. Thus, a gengspt@ach is to first quantify the
linguistic statement (3.3.3) and then to relay the quantified logical-output relations by

using the mathematical functional (3.3.1), or differential equations (3.3.2).

Recallthat a finite fuzzy logic implication stament can always be described by a set of
general fuzzy IFTHEN rules containing only the fuzzy logic AND operation, in the
following multi-input singleoutput form:

(1) IF (X is X;;) AND ... AND (X, is X,,) THEN (Y, is Y,).

(2) IF (X is X,;) AND ... AND (X, is X,,) THEN (Y, is Y,).

(N) IF (x2is Xn1) AND ... AND (Xn is Xnn) THEN (y1 is Yn).
Here, we should recall that the phrdseis X" is an abbreviation of the complete statement
% belongs to the fuzzy subs#t with a corresponding membership valug (X). ~ :H

should now restrict our discussion clesed intervals for the fuzzy subseXs;, X;,,..., X

n

andY,, Y,,..., Y, ,so that interval arithmetic can be applied.

For simplicity of discussion, we first consider the simplest case werel with only one
fuzzy IFTHEN rule:

R':IF (X is X;) AND ... AND (X, is X,) THEN yis Y.
An example is the following rule with constarts,, a,,...,8, " :

R':IF (X is X,)AND ... AND (X, is X,) THENY & &X .. & X.

When a set of particular inputs are available:

XK e X% X Xowith o (),..Py (X)),

the outputy will assume the value

Y oa ax -« aXig4

0
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with membership value given by the followiggneral rule

R(Y*) o NP 5.8 L RX) . (3.4.2)

Y o aX .

If there are more than one fuza&+*THEN rule:

R :IF (X is X;) AND ... AND (X, is X;,)
THENY, 8, &% ... ax,1 L2,..,N

In this case, with the given set of inputs X’ * X,..,%X X e X namely, the same
inputs applied to all the different rules, one will have

Yoa, &k . X,
Yo & @k o & X, (3.4.3)

0

Yao 8o auX - anX

The corresponding membership values for these outputsvee ag

P(y°) > M’\ £(X) §... 8 ,AX) i 1..N (3.4.4)

¥Y a0 aud -

In a typical modelling approach, the final single outpyt,is usually obtained via the
following weighted average formula:

N
1ROV
y A (3.4.5)
0
1 RO)
ZKHUH 3 " LV WKH RUGLQDU\ DOJHEUDLF PXOWLSOLFDWLR

For the most general situation, we assume that all the coefficients
’}aio, 3,8, 1 1,2,..N " are uncertain and belong to certain intervals:

a, * Ab,...,qn . Ar},i 1,2,..N

where, for example,
A min‘a,,a,,...8,, ,max‘a, ... & o3
A min‘a,a,,...a, max‘a, 8, ,...a
A mMin‘g,, 8.8, ;Max'g, 3, . Aund
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Thus, with the given inputX, * X, X, * X,,...,X* X, the output becomes

Y A ATX .. ATX, (3.4.6)

which yields the fuzzy subset (interval) fprwith the membership functions given by the
general rule as

RiY) > Np(XR) 8.8 AX) i 1..N (3.4.7)

Finally, the outpuy is computed by the weighted average formula
N
AR
YN A N -
Ve : Y, whereE, 7:(Y)
v.ilYi) re : P ()
il : (3.4.8)

This is a convex combination of the outpyts i 1,2,...N

The three formulas (3.4.6) to (3.4.8) are sometin@ked theinputoutput algorithmfor

static fuzzy system modeling under the fuzzy IFTHEN rdRsi 1,2,...N . where the
former has constant coefficients, while the latter has interval coefficients.

Example 3.4.1:Consider an unknown system witlvo inputs, X, X, and one outputy, as
shown in Figure 3.5.1(a). Let inputg be within the rangeX; [0, 20]= [0,20] and X, in

X, [0,10].Suppose thatX; has two associate membership functionrd() and R0
GHVFULELQJ 3VPDOO"  DQG 30ODUJH “ UHVSHFWLYHO\ DQG

Similarly X, has R () and R () as shown in Fig. 3.15 (ify).

X

Black box E—

@
11 1]
] Bt Bey E

Figure 3.15:The unknown system and its two inputs
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Now, suppose that from experiments, the following irqutput relations (fuzzy HHEN
implication rules):

R': IF (X, is small) AND (X, is small) THENy X X,

R?: IF X, is large THENY %xl

R®: IF X, is large THENy :—13)<2

Otherwise,y 0.

Here, we assume thag and x, will not both be large in this example, just for simplicity of
discussion with consistence.

Let xf 13 andxg <be given for instance. It can be found from Figures 3.5.3(¢hxhat

P(X) 2/15, P(¢) 310, AC) L5, AE) A

Then, applying the inpttutput algorithm, we compute the following:
(1) The corresponding outputs:

yf xf >€ 13 4 17
o 1, 13 0
— —, and
V> 2X1 5 Y3

(2) The fuzzy sety .
a, lLa, la, ¥2a, 0a,; 0Oa, A

%

wlh

1
3

- 1 - al
A min @ .0 %max B0, 0,1
& 9

- ! - 18y
A min @,O% “§max _1(@%) 40,1
¢ B

Y A% A% [01]0,20] [0,1][0;10] [0,30]
(3) The fuzzy membership values of the outputs:

RiyD) 2 N EOD S LX)

-2

max min s ()P (% )\\ max@min é . ’%rffé
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0 : oy W' 3- 3%
v2(Y2) ; >1X10 in L O4) max IG@ EC
2
. W 1- 1.
Y,B(yg) . >}X0 Mhnin & L (Xg) max #} z:%
1 3 2

(4) The average value of the final output, corresponding to the input
x 13andx, 4

w

N
TRy 217 2131

14
3

I p(y° e
ill Y,|(y|) 15 10 7
6) 7TKH WKUHH PHPEHUVKLBOICQBYGRYXR RQBIUVMP - IRU W
y 0, 0 wd 5,
s X 1.0dy d20, o
RY) ®20 "7 RY) & 1 S5dy do,
0, 20 30 °
yd 94, 10 yd 30
ZO, 0 yd 1 ¢
3y 3 10
P 2, 1dy d—,
2 (Y) & y o3
a, %’ yd 30, ¢

However, 2(Yy) can also be computed fron (y) and R (y) by the L-cut operations

and similarly, £ (y)from /?1()(10) and £ (y) from Ez(x‘z)), respectively. Here, to find
R (y) from El(xf), for instance, we usel-cut on the membership function curve
L(Y)P (x 10)/1D, and obtainx,; 10D 10, while X, 20 is obtained from Fig.

3.16. Thus, we haveX,, X, @ 20D 10, 20( It follows from the implication rule

R* vy, %)gi that the output interval isY,,, ¥,, @ 3D 5,10( Then, by setting
C

Yo 5D 5 wehave D Y,,/5 lon|[5, 10] (since £(y 5) Oand 2(y 10) 1J).

These membership functions are finally extended to the int¥rwal0, 30]. The resulting
three output membership functions are shown in Fig. 3.16.
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Figure 3.18 The three output membership functions

3.5 MODELLING OF DYNAMICS FUZZY SYSTEMS

A static fuzzy model given by a set of fuzzyTHEN rules in the form

R :IF (X, is X;;) AND ... AND (X, is X;,)

THENY, a8, &% .. ax, i 12..,N (3.5.1)
and the final output is
N ~
LRy,
y -2 i 1,2,..N (3.5.2)

-—

Ri(Y)

il
This fuzzy modeling by its nature sgatic If the inputoutput relations are such that
% X(K),
X, Xk 1),
X, x(k (n 1),
and

y. y(K, i 1,2,...N
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so that

v a, axXR axkl .. akk(nd), il.,N (353

then this new system is considered tadlgramic since it is described by a set of difference
equations rather than a simple imputput mapping. This case special in that all the inputs

X, %,...,% are related (each state is the delay of its previous one) and the output is given at
the last step of the proce¢8.5.3) is a typical discretime dynamic system in the classical
systems thegrif all quantities involved are crisp.

Dynamic Fuzzy Systems without Control

It is interesting to studthe stability of a discreteme dynamic (fuzzy) system described by
(3.6.3) because that when we are doing system modeNi@agyould like that the maulting
model works well in the sense thagjpproximates the unknown system closely (preferably,
optimal in some senselt performs its actions stably, particularly for dynamic processes. In
otherwords, stability is one criterion or one of the few mimgportant issues imlynamic
system modelling as is in common practice of system engineering.

Definition 3.5.1: A typical singleinput/'singleoutput (SISO), discretetime dynamic fuzzy
systemis a fuzzy model described by a set of fuzzaTHEN rules of tle form as follows:

R :IF (x(k) is X,;) AND ... AND (x(k (n 1)) is X,,)

THEN Y(K) a, & XK .. axXk(nl), il2..,N
with X(k 1) ¢ Yk 1),k 0,1,2,... where

N
L woy(kTD)

y(k 1) 22— .k 0,12,.
I w
ill

Here, the fuzzy sets consist of interval@(j ) 1,...,n‘with the associate fuzzy

membership functiong\F;j ] 1.0 ' and W i 1,...,N " is a set of weights satisfying

1 N

w to,i 1""’N’|i1W 1 C

In all the rulesR,i 1,2,...N, in this definition Xij share the same fuzzy subs)éli and

the same membership functio:‘i{j foreachj 1,2,..n.
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It may be natd that, similar to formula (3.6.1), the WeighfwI i 1,...,N ‘usually are
chosen to be equal to?j(yi). Moreover, for simplicity of notation and discussion in the
following, we will always letc, 1 forall k 0,1,2,..and&, 0, i 1,2,..N forall
1,...N, although this is not necessary in general.

Next, we define some standard concepts and stability results in classical systems theory.

Definition 3.5.2: A multi-input/multroutput (MIMO), nonlinear, discretéime, dynamic
system of the form

xk ) f(xK), XK* R, k 0,1,2,..

is said to beasymptotically stablabout an equilibrium poink,, or X, is anasymptotically
stable equilibrium poindf the systemif

X, F(x)
and, starting from any(0) * R",all x(k) are bounded and
X(k) 0 x (ko f)

In this definition, the convergencé(k) 0 X (ko f ) is usually measuredyithe |,-norm
WKH 3BOHQJWK”™ RI D YHFWRU QDPHO\

II(im”x(k) x[, O, WhereH><1...>gn @2 JX ... X isthe length vector.

The following stability criterion is well known in classical systems theory.

Theorem 3.5.1:Supposéhat the multinput/multi-output (MIMO), nonlinear, discretéme,
dynamic system of the form

x(k 1) f(XK), XK+ B, k 0,1,2,..

has an equilibrium poink,, or X, is and that there exist a scalar valued funcitix(k))
satisfying

(i) V() O

(i) V(x(K) O for all x(k} O;

(i)  V(x(K) of as|xH,of ;and

(iv) V(x(k 1)) V(XRK) O forall XRzO, and all k 0,1,2,..
Then this system is asymptotically stable about the equilibrium point 0.

In theorem 3.1, the functiorV (x(k)), if it exists, is called &yapunov function
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Note that this theorem particularly applies to all linear fimariant statespace systems of
the form

x(k ) AxK, XK R, k 0,1,2,.. (35.4)

For this linear timenvariant system, however, there is a vesiynple criterion for the
determination of its asymptotic stability.

Theorem 3.5.2:Let @] 1,2,..mbe Eigen values, counting multiple ones, of the

constant matrixA in the linear timdnvariant system (3.4). Then the system is
asymptoticdl stable about the equilibrium point O if and only if

‘q 1 foralj 1,2,..m

Now, return to the singlmput/singleoutput, linear, discretéme dynamic fuzzy system
described in Definition 3.1. To apply the classical stability theorerb.B.or3.5.2 to it, we
first reformulate it in the statgpace setting as discussed below:

Letc, Lk 0,12,.,and, O0i 1,.N inthe system (for simplicity, as mentioned
above). Define

x(k) XK (k1) Xk 2)..Xk (n1)@,
& d; o G

1 0 .. 0 oﬁj

A 0 1 .. 0 O
«

O((

0 0 .. 1 o«

Although this (canonical formulation has some redundancy (only the first equation is
essential), yet it is convenient to use for stability analysis. The system can be rewritten as

z

W A X(K)

xk 1) 2— Kk 012, (3.5.5)
I w

ill I
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Corollary 3.5.1: In the dynamic fuzzy system E35), |t

x(k 1) : W

A,

and assume thatty “are constants independent kof Then, the system is asymptotically
stable if and only if all Eigen values Af Qfor alli 1,2,...n satisfy

| @ L foralj 1,2,.n

Next, we state a theorem whether proof related to fuzzy system (3.5.5).

Theorem 3.5.3: The discretdime dynamic fuzzy system (3.5.5) is asymptotically stable
about the equilibrium point O if there exists a common positive definite nkastich that

A'PA P 0, foralli 1,2,..N

Dynamic Fuzzy Systems with Control

Let us consider, again, the typical singiput/singleoutput (SISO) linear discretane
dynamic fuzzy system discussed and defined in the last subsection and taking consideration.

Definition 3.5.3: An SISO, discretetime, dynamic fuzzy control systers a fuzzy control
model described by a set of fuzzyTHEN rules of the form

R :(IF (x(K) is X,;) AND ... AND (x(k (n 1)) is X,,)) AND (IF (u(k) is U,;) AND
. AND ((k (m 1)isU,.)

(K a &xXk .. axk(nl)
by UK ... hxk (mD), i12.,N

THEN

with m dn and
X(k 1) ¢gwuk 1), k 0,1,2,...where

N
L wy(k 1)
y(k ) “2A—u— k 01,2,.
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In this system the fuzzy sets consist of intervéhfsj D 1,...,n\ and ’Uj t 1,...,m\,
and their associate fuzzy membership functid\‘@l ] 1.0 \and APXJ_ ] L,...m \,
respectively, and ’\N, 01N is a set of weights satisfying

w t0,i 1..N, I wic

Here, we note again that for each rd:i 1,2,..N, all the X; share the same fuzzy
subset X ; and the same membership functioﬂzj foreachj 1,2,..n Also, the weights

are usually quantified by the output membership functions in the same way &lh Bor
simplicity of notation and discussion, ewassume C, 1l for all k 0,1,2,...and

a, h, Oforalli 1,2,..N jnthis model.

It is clear that Definitions 8.1 and 3.3 have no essential difference if the control inputs
{u(k)} in Definition 35.3 are independent of the stategkj}. In engineering control
systems, however, most of the time we would like to have negativefestalteack controllers
of the form:

utk)  Kyx(K K,Xk 1) .. KXk (n1),
uk ) K,xk 1) .. K, x(k (n 1),

uk m  KpXk W K Xk (nl),
where K; are constancontrol gains to be determined.

To facilitate our discussion, let us consider a simple example. Suppose that a fuzzy control
system is given by

Ry:  IFx(K) is Xs AND u(k) is Us

THEN xi(k + 1) = ax(k) + bwu(k).

RZ:  IF x(k) is X2 AND u(k) is Uy

THEN x(k + 1) = ax(k) + bu(k)

Assume also that a stdieedback fuzzy controller is designed to be one described by

Re: IF x(k) is Xe AND x(k +1) is X

THEN w(k) = -Kix(k) xKix(k £1)

RZ: IF x(k) is X2 AND x(k +1) is X,

THEN w(k) = -Kax(k) £Kax(k £1)
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7KHQ ZH FDQ FRPELQH DOO SRVVLELOLWLH¥YKZKKUH LW
andu(k) isU,” WKHUH DUH WZR SRVVLELOLW LKK/ 1)RHUL W K H US $1H/
U " RUWBLV7KH VDPH LMkW&XfandB(W) .sU,. ~ 7KXV ZH KDYH
R1:  (IF x(k) is X1) AND (IF u(k) is UL AND u(k £1) is U)
THEN xu1(k + 1) : = aix(k) + biui(k)
= (a hiK11) x(k) £biKax(k +1)
R2:  (IF x(k) is X1) AND (IF u(k) is U AND u(k £1) is W)
THEN Xp2(k+1): = ax(k) + bua(k)
= (a hiK21) x(k) tbiKox(k +1)
R?:  (IF x(k) is X2) AND (IF u(k) is 5, AND u(k #1) is W)
THEN %1 (k + 1) : = aX(K) + boua(K)
= (& +Ki1) x(k) tboKix(k +1)
R?2:  (IF x(k) is X2) AND (IF u(k) is 5, AND u(k #1) is W)
THEN Xk + 1) : = ax(k) + bu(k)
= (& HKz1) x(K) thoKox(k +1)

On using all state feedback inputs, the fuzzy system, described by Definiti®me®lGces to

a new closedoop dynamic fuzzy system, given by the rulés, R,, R, and R,,,
containing no more control variableg(k). Thus, the stability conditions obtained in
Theorem 3.3 can le applied, namely, the designer can choose the feedback control gains
K., K., K yand K, to ensure the asymptotic stability of the overall controlled system.

Example 3.53: Consider a fuzzy control system describedHsyfollowing rule base:
Ry IFx(K) is Xs AND x(k -1) is X
THEN x(k + 1) = 2.178x(k)+0.588x(k £1) + 0.603u(K)
RZ: IF x(k) is Xo AND x(k #1) is X
THEN x(k + 1) = 2.256x(K)+0.361x(k-1) + 1.120(K)
Let the fuzzy statéeedback controller be described by

Re:  IF x(k) is Xe AND x(k +1) is X
THEN w(k) = r(k) +Kux(k) +Kix(k *1)
RZ: IF x(k) is X2 AND x(k +1) is X,
THEN w(k) = r(k) +Kax(k) #Kax(k +1)
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where, t(x) " is a reference signal (sgoints).

Since the control inputu(k) does not appear in the condition parts, we consider its

membership values to be identically equal to 1 therein. €kelting closedoop dynamic
fuzzy system is then obtained as follows:

RY:  IF x(k) is X1 AND x(k 1) is X;
THEN x11 (k + 1) = (2.17810.603Ky1) X(K)

+ (-0.588 +0.603 Ki2) x(k +1) + 0.603 r(k)
R¥2: IF x(k) is Xs AND x(k 1) is X,
THEN Xx12 (k + 1) = (2.17810.603 K1) x(k)

+ (-0.588 +603 Kz) x(k 1) + 0.603 r(k)
R#: IF x(k) is X2 AND x(k 1) is X1
THEN X1 (k + 1) = (2.256+1.120 K1) x(K)

+ (-0.361 £1.120 Kip) x(k +1) +1.120 r(k)
R?2:  IF x(k) is X2 AND x(k *1) is Xz
THEN X2 (k + 1) = (2.256+1.120 K1) x(K)

+ (-0.361 £1.120 Kop) x(k +1) +1.120 r(k)

The overall state output(k 1) is computed by

x(k 1) wix,(k 1) wx,(k 1) wx(k1) wx(kl)
W W, Wow

for some weights satisfyinge t0,i 1,...N, : iN1V\( 0

Then, the weights can be determined by using these membership functions on the same line.
For simplicity we assume that the reference sigidl= 0 for allk = 0,1,2,..., and that the

controller in bothR: and R? are as given below:

(k) w(k KXR, k 0,12,..
Then, the closetbop fuzzy system reduces to the following simple one:
R':  IF x(k) is Xy AND x(k #1) is X;
THEN x(k + 1) = (2.178+0.603K) x(k) +0.588 x(k +1)
R2:  IF x(k) is X AND x(k *1) is X,
THEN x(k + 1) = (2.256+1.120K) x(k) £0.361 x(k £1)

Finally, by applying the above stability theorems, we can verify that this system is stable.
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EXERCISE- 3

1. Determine crispD cut relation for O 0.2;for j 1,2,...,1Cfor the following
fuzzy relation matrixR:

0.3 0.8 0.7 03
1 07 06 02
01 07 1 0.8
05 06 02 0%
2. By using centroid method of defuzzification convert fuzzy vatue precise value
Z’ for the following graph.

1% 3

1

0 2 5 6 7 8 9 10 1 12

3. Find the defuzzified value by weighted average method shown in figure.

[1FY

0.6

0.3

»
>

2 4 6 8

4. Find the defuzzified values using (a) center of sums methods and (b) center of largest
area for the figure shown.

[Ty

0.5

0.3

\ )
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5. Inreference to car speeds we thvW KH OLQJXLVWLF YDULDEOHYV pul

speed:
0O 01 02 03 04 05 06 0.7 08 09 -1
Fast - — — — — — — — — — —l%
0O 10 20 30 40 50 60 70 80 90 '
1 09 08 07 06 05 04 03 02 01 -C
Slow = — —

0 10 20 30 40 50 60 70 80 90 10

Using these variables, compute the membership function for the following linguistic
terms:

(a) Very fast (b) Very, very fas

(c) Highly fast € minus very, very fast)

(d) Plus very fast

(e) Fairly fast  fast @

(f) Not very slow and not very fast
(9) Slow or not very slow

6. Consider an unknown SISO system shown in Figure

x ¥y
—— > SISOSystem |[——>

Suppose that this systesdescribed by the following two rules:

R: IFxis smalTHEN y ax bx,
R: IFxis largeTHEN 'y ax bx.

where the small and large membership functions are given by Figures, respectively.

1 1
Ms H

0 5 10 0 5 10

Now, a set of experimental data on the system ipptput relations available:
x 00 1.0 20 3.0 40 50 6.0 7.0 80 90 1
y 04 08 15 21 28 34 40 47 55 64

Use the leassquares approach to determine the unknown constant coefficients

a,a,, andh,.
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7. Consider a fuzzy system of the form X Y,

b /

|rt|1|lllll-’

-1 0 1 2

where the fazy inputsx andy have membership functions as shown in Figures,
respectively. Find the intervdland membership function?for the fuzzy output.

8. Consider the discretitme SISO linear dynamic fuzzy system described by the rules

R: IF x(k 1) is smallTHEN x(k 1) XK % X k 1)

R2: IF x(k 1) is largeTHEN x(k 1) x(k)% Wk 1)

where the small and large membership functions for inputs are the same as those
given in Exercise Q.6 above, and the weights for the output average are all equal to 1.
Suppose that the system ialtconditions arex( 1) x(0) 1.0.Let the weights in

the output average be all identically equal to 1. Is this system asymptotically stable?
Why? (or why not?)
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Chapter-4

Fuzzy Control

41 INTRODUCTION

The "fuzzy wave'reached Europe afteuccess stories in Japanagkite goods and home
electronics, popular but also industrial interest in fuzaytrol. It was not being recognized as a
serious discipline, but had bedramatically increasing since 1990. There are still, however, two
predominantextreme positions witlespect to the benefits of fuzzy control. On one hand,
many prgonents of this technology claim that fuzzy control will revolutionize control
engineering which promises major breakthrough and will be able to solve caengieeering
problems with very ittle effort. On the other hand, many repreéagwes of the control
engineering community still proclaim the philosophy tleaterything that can be done in fuzzy
control can be done conventionallywsll and announce a breakdown of thezzy hype" in

the near future.

The insight that neither of the two positions accounts for the real poteftiedzy control is
only gradually increasing. In this preface, we will try axglain that many of the expectations
triggered mainly by popular press articlase exaggerated, but the fuzzy control has its
advantages in many respects, and that it is here to stay: in most cases asomarntoadd
conventional technology, in some cases as an enabling technology. The main reasavillwhy it
become an integral partf control engineering is that fuzzy control isigeful technology from

an industrial, business oriented point of view, whidésone we are taking here.

When confronted with a control problem for a complicated physical process, a control
engineer germrally follows a relatively systematic design procedure. A simple example of a
FROQWURO SUREOHP LV DQ DXWRPRELOH B(FUXLVH FRQWU
capability of regulating its own speed at a drspecified sepoint (e.g., 55 mph). One
solution to the automotive cruise control problem involves adding an electronic controller
that can sense the speed of the vehicle via the speedometer and actuate the throttle position so
as to regulate the vehicle speed as close as possible to thesgaedied value (the design
objective). Such speed regulation must be accurate even if there are road grade changes, head
winds, or variations in the number of passengers or amount of cargo in the automobile. After
gaining an intuitive understanding ofethplants dynamics and establishing the design
objectives, the control engineer typically solves the cruise control problem by doing the
following:
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1. Developing a model of the automobile dynamics (which may model vehicle and power
train dynamics, tire ahsuspension dynamics, the effect of road grade variations, etc.).

2. Using the mathematical model, or a simplified version of it, to design a controller (e.g.,
via a linear model, develop a linear controller with techniques from classical control).

3. Using the mathematical model of the closedp system and mathematical or
simulatiorrbased analysis to study its performance (possibly leading to redesign).

4. Implementing the controller via, for example, a microprocessor, and evaluating the
performancef the closedoop system (again, possibly leading to redesign).

This procedure is concluded when the engineer has demonstrated that the control objectives
KDYH EHHQ PHW DQG WKH FRQWUROOHU WKH 3SURGX!
distribution.

In the present chapter we first provide an overview of the standard approach to constructing a
control system and identify a wide variety of relevant conventional control ideas and
techniques in Section 4.2. We assume that the reader has at least soliaeityamith
conventional control. Our focus in this chapter is not only on introducing a variety of
approaches to fuzzy control but also on comparing these to conventional control approaches
to determine when fuzzy control offers advantages over conwahtinethods. Hence, to
understand this chapter reader need to understand several ideas from conventional control e.g.
classical control, statepace based design, the linear quadratic regulator, stability analysis,
feedback linearization, adaptive contretc. In section 3, we explain the benefits of fuzzy
control from two technology perspectives.

The reader not familiar with conventional control to this extent will still find the chapter quite
useful. In fact, we expect to what the appetite of such reaethat they become interested

LQ OHDUQLQJ PRUH DERXW FRQYHQWLRQDO FRQWURO ¢
fuzzy control where we explain the design methodology for fuzzy controllers, relate this to

the conventional control design methodploand highlight the importance of analysis and
verification of the behavior of closddop fuzzy control systems. At the end of this chapter

we will provide a list of books that can serve to teach such readers about these areas.

Further, we show how tifezzy control designed methodology can be used to construct fuzzy
controllers for challenging reet RUOG DSSOLFDWLRQV $V RSSRVHG W
approaches (e.g., proportiofiategratderivative (PID), leadag, and state feedback control)

where the focus is on modeling and the use of this model to construct a controller that is
described by differential equations, in fuzzy control we focus on gaining an intuitive
understanding of how to best control the process, then we load this informagictlydnto

the fuzzy controller.

JRU DQ H[DPSOH LQ WKH FUXLVH FRQWURO ZH PD\ JDWKH
VSHHG IURP D KXPDQ GULYHU 2QH VLPSOH UXOH WKDW D
lower than the sgboint, then presG RZQ IXUWKHU RQ WKH DFFHOHUDWR
depend on the rate of the speed error increase or decrease, or may provide ways to adapt the
rules when there are significant plant parameter variations (e.g., if there is a significant
increase in t mass of the vehicle, tune the rules to press harder on the accelerator pedal).
For more challenging applications, control engineers typically have to gain a very good
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understanding of the plant to specify complex rules that dictate how the controlldd sho
react to the plant outputs and reference inputs.

Basically, while differential equations are the language of conventional control, heuristics and
SUXOHV" DERXW KRZ WR FRQWURO WKH SODQW DUH WKH C
differertial equations are not needed in the fuzzy control methodology. Indeed, one of the
PDLQ IRFXVHV RI WKLV &KDSWHU ZLOO EH RQ KRZ 3FRQYI
really is and how many ideas from conventional control can be quite useful inallgsisiof

the new class of control systems.

4.2 CONVENTIONAL CONTROL SYSTEM DESIGN

$ EDVLF FRQWURO V\VWHP LV VKRZQ LQ )LJXUH 7TKH S
controlled. Its inputs are(t), its outputs arg(t), and the reference inputig). In the cruise

control problem,u(t) is the throttle inputy(t) is the speed of the vehicle, and) is the

desired speed that is specified by the driver. The plant is the vehicle itself. The controller is
the computer in the vehicle that actuatesthrottle based on the speed of the vehicle and the
desired speed that was specified. In this section we provide an overview of the steps taken to
design the controller shown in Figure 4.1. Basically, these are modeling, controller design,
and performace evaluation.

[« T A

Figure 4.1 Control systems.

4.2.1 Mathematical Modeling

When a control engineer is given a control problem, often one of the first tasks that she or he
undertakes is the development of a mathematical model of the process to be controlled, in
order to gain a clear understanding of the problem. Basically, therenty a few ways to
DFWXDOO\ JHQHUDWH WKH PRGHO :H FDQ XVH ILRR/W SUL
ma WR ZULWH GRZQ D PRGHO $QRWKHU ZD\ LV WR SHUIRL
real plant data to produce a model of the syst®ametimes a combined approach is used
where we use physics to write down a general differential equation that we believe represents
the plant behavior, and then we perform experiments on the plant to determine certain model
parameters or functions.

OofteQ PRUH WKDQ RQH PDWKHPDWLFDO PRGHO LV SURG>
developed to be as accurate as possible so that it can be used in simulation based evaluations
of control systems. It must be understood, however, that theexésa perfecimathematical

model for the plant. The mathematical model isahstractionand hence cannot perfectly
represent all possible dynamics of any physical process (e.g., certain noise characteristics or
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failure conditions). This is not to say that we cannoR@@ XFH PRGHOV WKDW Dl
HQRXJK” WR FORVHO\ UHSUHVHQW WKH EHKDYLRU RI D SK

Usually, control engineers keep in mind that for control design they only need to use a model
that is accurate enough to be able to design a controllewihatork. Then, they often also

need a very accurate model to test the controller in simulation (e.g., the truth model) before it

is tested in an experimental setting. Hence, loR&d GHU 3GHVLJQ PRGHOV™ D
developed that may satisfy certais@asptions (e.g., linearity or the inclusion of only certain

forms of nonlinearities) yet still capture the essential plant behavior. Indeed, it is quite an art
(and science) to produce good lawder models that satisfy these constraints. We emphasize
thatthe reason we often need simpler models is that the synthesis techniques for controllers
often require that the model of the plant satisfy certain assumptions (e.g., linearity) or these
methods generally cannot be used.

Linear models such as the one inuBtion (4.1) have been used extensively in the past and
the control theory for linear systems is quite mature

x U Ax +Bu (4.1)
y=Cx+Du

In this caseu is the m-dimensional inputx is the n-dimensional statex(U GLITHUHQWLE
with respect to t);y is the p dimensional output; and, B, C, and D are matrices of
appropriate dimension. Such models, or transfer functia(® € C(sl i A) B + D wheres

is the Laplace variable), are appropriate for use with frequency domain design techniques, the
rootlocus method, statepace methods, and so on. Sometimes it is assumed that the
parameters of the linear model are constant but unknown, or can be peftorbeitheir
QRPLQDO YDOXHV WKHQ WHFKQLTXHV IRU S UREXVW FRQW

Much of the current focus in control is on the development of controllers using nonlinear
models of the plant of the form

x U f(x, u) (4.2)

y=9(X, u)

where the variables are defined as for the linear modef andg are nonlinear functions of
their arguments. One form of the nonlinear model that has received significant attention is

x U f(x) + g(x)u (4.3)

since it is possible to exploit the structure of this model to construct nonlinear controllers
(e.g., in feedback linearization or nonlinear adaptive control). Of particular interest with both
of nonlinear models is the case whérand g are not completgl known and subsequent
research focuses on robust control of nonlinear systems.

Discrete time versions of the above models are also used, and stochastic effects are often
taken into account via the addition of a random input or other stochastic effed¢s.dgntain
assumptions we can linearize the nonlinear model in Equation (4.2) to obtain a linear one. In
this case we sometimes think of the nonlinear model as the truth model, and the linear models
are generated from it as control design models.
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There ae certain properties of the plant that the control engineer often seeks to identify early

in the design process. For instance, the stability of the plant may be analyzed (e.g., to see if
certain variables remain bounded). The effects of certain nonliesagite also studied. The
HQJLQHHU PD\ ZDQW WR GHWHUPLQH LI WKH SODQW LV
FRQWURO LQSXWV ZLOO EH DEOH WR SURSHUO\ DIIHFW W
if the chosen sensors will allow the conleolto observe the critical plant behavior so that it

FDQ EH FRPSHQVDWHG IRU RU LI LW LV 3QRQ PLQLPXP SK

The above mentioned properties will have a fundamental impact on our ability to design
effective controllers for the system. In addition, thegieeer will try to make a general
assessment of how the plant behaves under various conditions, how the plant dynamics may
FKDQJH RYHU WLPH DQG ZKDW UDQGRP HIIHFWV DUH SU
behavior gives the control engineer adamental understanding of the plant dynamics. This

will be very valuable when it comes time to synthesize a controller.

4.2.3 Performance Objectives and Design Constraints

Controller design entails constructing a controller to meet the specificaffies the first

issue to address is whether to use epmnclosedoop control. If we can achieve our
objectives with opetioop control, why turn to feedback control? Often, we need to pay for a
sensor for the feedback information and there needs tcstiication for this cost. Moreover,
feedback can destabilize the system. Since -tgp@m controller may provide adequate
performance, so we do not develop a feedback controller just because we used to developing
feedback controllers.

Assuming we use feedbk control, the close® RRS VSHFLILFDWLRQV RU
REMHFWLYHV" FDQ LQYROYH WKH IROORZLQJ IDFWRUV

Disturbance rejection propertiés.g., for the cruise control problem, that the control system
will be able to dampen out the effects of windsaad grade variations). Basically, the need

for disturbance rejection creates the need for feedback control ovetompenontrol; for

many systems it is simply impossible to achieve the specifications without feedback (e.g., for
the cruise control probfe, if we have no measurement of vehicle velocity, how well could
ZH UHJXODWH WKH YHO®RRW\ WR WKH GULYHUTTV VHW

T Insensitivity to plant parameter variatiofesg., for the cruise control problem, that
the control system will be able to compendatechanges in the total mass of the
vehicle that may result from varying the numbers of passengers or the amount of
cargo).

T Stability (e.g., in the cruise control problem, to guarantee that on a level road the
actual speed will converge to the desisetpoint).

T Risetime (e.g., in the cruise control problem, a measure of how long it takes for the
actual speed to get close to the desired speed when there is a step change-in the set
point speed).

¥ Overshoofe.g., in the cruise control problem, whtihere is a step change in the set
point, how much the speed will increase above thpcet).
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T Settling time(e.g., in the cruise control problem, how much time it takes for the
speed to reach to within 1% of the-peint).

T Steadystate errofeg., in the cruise control problem, if we have a level road, can the
error between the sebint and actual speed actually go to zero; or if there is a long
positive road grade, can the cruise controller eventually achieve theisgt

T While these factors are used to characterizetélobnical conditionghat indicate
whether or not a control system is performing properly, there are other issues that

must be considered that are often of equal or greater importance. These include the

following:

¥ Cost How much money will it take to implement the controller, or how much time
will it take to develop the controller?

¥ Computational complexity: How much processor power and memory will it take to
implement the controller?

¥ Manufacturability : Does our controller have any extraordinary requirements with
regard to manufacturing the hardware that is to implement it?

¥ Reliabilty: :LOO WKH FRQWUROOHU DOZD\V SHUIRUP SUF

EHWZHHQ IDLOXUHV"

¥ Maintainability : Will it be easy to perform maintenance and routine adjustments to
the controller?

T Adaptability : Can the same design be adapted to other similar applications so that
the cost of later designs can be reduced? In other words, will it be easy to modify the
cruise contller to fit on different vehicles so that the development can be done just
once?

¥ Understandability: Will the right people be able to understand the approach to
control? For example, will the people that implement it or test it be able to fully
understad it?

1 Politics: Is your boss biased against your approach? Can you sell your approach to

your colleagues? Is your approach too novel and does it thereby departs too much

from standard company practice?

Remarks: Most often not only must a particular approach to control satisfy the basic

technical conditions for meeting the performance objectives, but the above issues must also

be taken into consideratioh and these can often force the control engineer to make som
very practical decisions that can significantly affect how, for example, the ultimate cruise

controller is designed. It is important then that the engineer has these issues in mind early in

the design process.
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4.2.4 Controller Design

Conventional cotmol has provided numerous methods for constructing controllers for
dynamic systems. Some of these are listed below, and we provide a list of references at the
end of this chapter for the reader who is interested in learning more about any one of these
topics.

T Proportionalintegralderivative (PID) control:Over 90% of the controllers in
operation today are PID controllers (or at least some form of PID controller like a P
or PI controller). This approach is often viewed as simple, reliable, and easy to
understand. Often, like fuzzy controllers, heuristics are used to tune PID controllers
(e.g., the ZeigleNichols tuning rules).

T Classical controlLeadlag compensation, Bode and Nyquist methods,-llamits
design, and so on.

Statespace method$tae feedback, observers, and so on.

Optimal control: /LQHDU TXDGUDWLF UHJXODWRU XVH RI 3R
or dynamic programming, and so on.

¥ Robust controlH2 or H’ methods, quantitative feedback theory, loop shaping, and
SO on.

¥ Nonlinear methods:Feedback linearization, Lyapunov redesign, sliding mode
control, back stepping, and so on.

T Adaptive control:Model reference adaptive control, stlhing regulators, nonlinear
adaptive control, and so on.

1 Stochastic control:Minimum variance control, linear quadratic gaussian (LQG)
control, stochastic adaptive control, and so on.

T Discrete event system®etri nets, supervisory control, infinitesimal perturbation
analysis, and so on.

Basically, these conventional approaches tairob system design offer a variety of ways to
utilize information from mathematical models on how to do good control. Sometimes they do
not take into account certain heuristic information early in the design process, but use
heuristics when the controllés implemented to tune it (tuning is invariably needed since the
model used for the controller development is not perfectly accurate). Unfortunately, when
using some approaches to conventional control, some engineers become somewhat removed
from the contol problem (e.g., when they do not fully understand the plant and just take the
mathematical model as given), and sometimes this leads to the development of unrealistic
control laws. Sometimes in conventional control, useful heuristics are ignored bd#tause

do not fit into the proper mathematical framework, and this can cause problems.
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4.2.5 Performance Evaluation

The next step in the design process is to perform analysis and performance evaluation.
Basically, we need performance evaluation to ttest the control system that we design does

in fact meet the close® RRS VSHFLILFDWLRQV H J IRU SFRPPLVVI
This can be particularly important in safefytical applications such as a nuclear power plant
control or in aircrafcontrol. However, in some consumer applications such as the control of

a washing machine or an electric shaver, it may not be as important in the sense that failures
will not imply the loss of life (just the possible embarrassment of the company and cost o
warranty expenses), so some of the rigorous evaluation methods can sometimes be ignored.
Basically, there are three general ways to verify that a control system is operating properly:

(1) Mathematical analysis based on the use of formal models.
(2) simubtionbased analysis that most often uses formal models.
(3) Experimental investigations on the real system.

Next, we discuss these ways one by one

(1) Mathematical Analysis

In mathematical analysis we may seek to prove that the system is stable, ihat it
controllable, or that other closéabp specifications such as disturbance rejectionstiise,
overshoot, settling time, and steady state errors have been met. Clearly, however, there are
several limitations to mathematical analysis. First, it alwaji®s on the accuracy of the
mathematical model, which is never a perfect representation of the plant, so the conclusions
that are reached from the analysis are in a sense only as accurate as the model that they were
developed from and second, there isegd for the development of analysis techniques for
even more sophisticated nonlinear systems since existing theory is somewhat lacking for the
analysis of complex nonlinear (e.g., fuzzy) control systems, particularly when there are
significant nonlinearies, a large number of inputs and outputs, and stochastic effects. These
limitations do not make mathematical analysis useless for all applications, however. Often it
can be viewed as one more method to enhance our confidence that thdodpsegktem

will behave properly, and sometimes it helps to uncover fundamental problems with a control
design.

(2) Simulation-Based Analysis

In simulationbased analysis we seek to develop a simulation model of the physical system.
This can entail using physics to deyga mathematical model and perhaps real data can be
used to specify some of the parameters of the model (e.g., via system identification or direct
parameter measurement). The simulation model can often be made quite accurate, and we can
even include theeffects of implementation considerations such as finite word length
UHVWULFWLRQV $V GLVFXVVHG DERYH RIWHQ WKH VLPX
FRPSOH[ WKDQ WKH PRGHO WKDW LV XVHG IRU FRQWURO
satisly certain assumptions for the control design methodology to apply (e.g., linearity or
linearity in the controls). Often, simulations are developed on digital computers, but there are
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occasions where an analog computer is still quite useful (particulantgdbtime simulation
of complex systems or in certain laboratory settings).

Regardless of the approach used to develop the simulation, there are always limitations on
what can be achieved in simulatibased analysis. First, as with the mathematicdlysisa

the model that is developed will never be perfectly accurate. Also, some properties simply
cannot be fully verified via simulation studies. For instance, it is impossible to verify the
asymptotic stability of an ordinary differential equation viadations since a simulation can

only run for a finite amount of time and only a finite number of initial conditions can be
tested for these finite length trajectories. Basically, however, simulaéised studies can
enhance our confidence that propertéthe closedoop system hold, and can offer valuable
insights into how to redesign the control system before you spend time implementing the
control system.

(3) Experimental Investigations

To conduct an experimental investigation of the performance obrdrol system, you
implement the control system for the plant and test it under various conditions. Clearly,
implementation can require significant resources (e.g., time, hardware), and for some plants
you would not even consider doing an implementatiotil extensive mathematical and
simulatiorrbased investigations have been erformed.

However, the experimental evaluation does shed some light on some other issues involved in
control system design such as cost of implementation, reliability, and perhapainability.

The limitations of experimental evaluations are, first, problems with the repeatability of
experiments, and second, variations in physical components, which make the verification
only approximate for other plants that, are manufacturedhat eimes. On the other hand,
experimental studies can go a long way toward enhancing our confidence that the system will
actually work since if you can get the control system to operate, we will see one real example
of how it can perform.

4.3 FUZZY CONTROL FROM AN INDUSTRIAL PERSPECTIVE

In order to be able to explain what, the benefits of fuzzy contralvaréirst will reconsider it from
two different technological perspectives.

4.3.1 Fuzzy Control: Realtime Expert Systems or Nonlinear Control
Systems?

Out of the many possible ways of looking at fuzzy control, we consider tbiftg two as most
appropriate. A fuzzy control system is a fiale expertsystem, implementing a part of a
human operator's or process engineergegise which does notrd itself to being easily
expressed in PHparameter®r differential equations but rather in situation/action rules. This
view is intraduced in the next sections of this chapter. However, fuzzy control differsviesm
stream expert system technologyseveral aspects. One main featuréuay control systems

is their existence at two distinct levels: first, there areh rules and qualitative, fuzzy
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variables and values suchifgressure is highndslightly increasingrhenenergy supply is
medium negative.

These fuzzy values such as "slightly increasing” and fuzzy operators sueimcisare
compiled into very elementary numerical objects and algorithfosiction tables,
interpolation, comparatorsic. The existence of this compildelvel is the basis for fast, real

time implementations, as well as for embeddinzzy control into the essentially numerical
environment of conventional control. In artificial intelligence, the field of qualitative physics
follows a similar aproach, using quitive variables and scalled "qualitative differential
equaions," too. A main technical difference is their usage of crisp intec@igsponding

to rectangular fuzzy membership functions for represerfiradjtative values.

The major difference between fuzzy control and qualitgilvgsics, however, can be found in
their relationship to classical engineering discipline a: while the "Qualitative Physics Manifesto"”
aims at replacing differenti@quationbased techniques andhdng the whole problem with
artificial intelligence methods, fuzzy control has right from the beginning been considered an
extension to existing technology, seeking hybrid solutions by enhancitigpl engineering
where it is needed and where it makesse

In fact, mostof the inventors of fuzzy control have a strong control engineering or systems
theory background=rom their perspective, fuzzy control can be seen as a heuristic, and modular
way for defining nonlinear, tableased control systems. Rasider the ruleabove: it is
nothing but an informal "nonlinear P&,ement." A collection of suctules can be used and, in
fact, results in the definitionf@a nonlinear transitiofunction, without the need for defining
each entry of the table individha and without necessarily knowing the closed form
representation of that function.

One way to combine fuzzy and Rdntrol then is to use a linear PID systeand the set
point, where it does its job, and to "delinearize" the systeathiar areas by describing the
desired behavior or control strategy with fuzmles.A representation theorem due to Kosko
[120] state that any ctinuous nonlinear function can be approximated as exactly as needed
with a finite set of fuzzy variables, Maes, and rules. This theorem describes the
representational power of fuzzy control in principle, but it does not answeguistions, how
many rules are needed and how they can be found, which &@eur§e essential to reabrld
problems and solutiongn many cases, relativegmall and simple systems will do, and that is
why already several hundreds e#l, industrial applications of fuzzy control exist. What exactly
are the benefitsf using fuzzy control?

4.3.2 The Benefits of Fuzzy Control

Considering the existing applications of fuzzy control, which range from se3ll,
micro-controller based systems in home appliances to-ggke processontrol systems,
the advantages of using fuzzy control usually fall into orteéefollowing fourcategories:

(1) To implement expert knowledge for a higher degree of automation

In many cases of industrial process control, e.g., in chemical industriesgitbe deautomation

is quite low. There is a variety of basic, conventional combabs, but ahuman operator is
needed during the starting or closing phase, for parametrizing the controllers, or for switching
between different control matks. The knowledge of this operator is usually based on
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experience and does nHend itself to being expressaddifferential equations. It is often rather

of the type "if the situation is such and such, | should do the following." In this fassy,

control offers a method for representing and implementing the expert's knowledge. As an
example, consider digestenanagement in paper industrigs. Portuguese company has
implemented a fuzzy based digester managesyatem on top of its process control software.
Some twentyfive rules are used faxpressing the core of the operator's control strategy.

The mainadvantage of thhigher degree of automation that has been achieved this way is the
resultingconsistent control strategy around the clock, yielding a substantial red(ugpido

60%) of the variation of product quality. Kurt her more, subsequetimiaptions of the
software system led to a significant reduction of energybasd material consumption. All in

all, a return on the investment needed tbe fuzzy control software package ant) the
knowledge base of the actual consgstem was achiedeafter only a few months.

(2) Robust nonlinear control

Consider the following problem: a robot arm with several links has to robjeets with
different masses along a predefined path. Since there are good and exact models of this system
available, it is notoo big a problem to realizeRiD-controller that works pretty well for known
masses within a narrow ranggubstantial parameter changes, however, or major external
disturbances, leatb a sharp decrease in performance. In the presence of such distgrban
PID-systems usually are faced with a traffebetween fast reactions with significamtershoot

or smooth but slow reactions, or they even run into problestaliilizing the system at all.

In this case, fuzzy control offers ways in implemsiniple but robust solutions that cover a
wide range of system parameters #mat can cope with major disturbances. Its particular case

is called fuzzy gliding mode controller and its implementation is discussed in chapter 5. It
exhibits similarperformance foa given mass only slight variations, but that outperfaims
PID-solution as soon as major variations are imposed.

There are two other advantages which can be achieved by using fuzzy or rather hybrid
solutions which do not relatg the performance of #écontrolsystem but rather to other
aspects | hat are nevertheless important frorbusiness standpoint.

(3) Reduction of development and maintenance time

In some cases, two different groups of experts are involved in the development of a control
system. Field experts know the application problem and how to depjgropriate control
strategies. Often, however, they are not electronics expidsknow the ks and bytes of
numerical algorithms and micamntroller inplementations. The actual system realization then

is carried out by electronics and systems programming engineers, who on the other hand arc
not familiar with the application problem. This oftaesults in communication problems
between these two groups of people, and hence in delays and extendsohdenttimes. Fuzzy
control, which vas pointed out abovdives™ at twolevels of abstraction, offers languages at
both levels of expertise: thgymbolic level is appropriate for describing the application
engineer?' strategies, whilke compiled level is well understood by the electronic engineers.
Since there is welldefined, formal translation between those levels, a fuzzy based approach can
help reducing communication problems.
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As an example, consider iedpeed control in automotive electronics, whemghisticated control
strategies have to be implemented and run in-tintieal situations on simple -Bit micro-
controllers. Besides majeariations in system parameters due to mass series production and to
aging problems, which require extensive system tuning, communication problems between engine
and micra@ontroller specialists lead to very long development times.

We recently had thehance to drive an experimental car with two idfgeed controllers, a
convetional PID-system, and a fuzzy control system. The major control goal wiksefn a
constant idlespeed of 8130 rpm. Independently of disturbances impbsgedifferent road
conditions or additional power consumers such as poweilrgjegnd air conditioning. Practically
no differences could be observed concertiregsystem's behavior, but while almost two man
years went into the develmgnt of the conventional solution, developitme for the fuzzy
solution wasaround six months only.

(4) Marketing and patents

In Japan, "fuzzy" has become one of the most popular words. In particudker realm of

home appliances, the label "fuzegntrolled" raises positive associations in theseenf
modern, high quality, or user friendly. As a maitérfact, the use of fuzzy control has
contributed heavily to the functionalitygf quite a few home appliances. The "¢oech

button'® washing machine, faexample, constitutes a major advance witbpect to the large
control panelsof the older washing machines. In this machine, an additional infrared sensor is
used to assess the quality and the quantity of dirt in the laundry, and a fuzzy evaluation procedure
for these sensor dagadsubsequent fuzzy rule basieference is used to determine the details

of the washing program. In 1990apanese manufacturers reported sales of fuzzy controlled
home appliances ithe range of several billion US dollars.

This and other successful applicas of fuzzy control, however, have léd a state where
merely using fuzzy contrelwhether or not it really makessnsdrom a technological point of
view has become a marketing argumdiiterefore, the majority of newly introduced home
appliances aréabeled fuzzyor "neurefuzzy." We do not believe that the mere use of fuzzy
control, indepedently of its actual merits, will play a role as a marketing argument for industrial
applications. In a few cases, we expect fuzzy control to be used in indagliaations even
when it is not actually needed, just to enable companieenmonstrate their technological
competence in fuzzy control.

There is yet another mason, however, for using fuzzy control even if indb@sprove system
performance or rede development costs. In some busireess, the patent situation is such
that it is hard to come up with new solutiarssng conventional technology without violating or
at least interfering with eompetitor's patent. Even if the patent turns out tariienable, this
usually leads to significant delays in introducing new products. In some cases,fusiyg
control for a qualitatively equivalent solution will and actually doeshelp io bypass
existing patents.

So far, we have listed several successies of fuzzy control, highlightinghe benefits. It
should be clear that in most cases, these are no pure fuzzgrsohut rather hybrid solutions,
using fuzzy control to augment conventionethnology. We should, however, address the
guestion: whee are the limits?
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4.3.3 The Limits of Fuzzy Control

In some articles in the popular press, examples such as those above are overly generalized to
statements about much logic, as a really fabulous technique. Some of these statements are
definitely misleadig, for some others we simply neeanach broader basis for induction in

terms of many more applications in order to verify or deny such general statements. So let us
reconsider the examples above and their erroneous generalizations as discussed below:

() Fuzzy control leads to a higher degree of automation for complex)] -structured
processes

This is true in many cases, but only if there is relevant knowledge about the procéss and
control available that can be well expressed in terms of flogig. There are processes for
which that kind of knowledge simply is not at@llinot to the necessary extent available.

(i) Fuzzy controllers are more robust than conventional controllers

Again, there are many applications, where the use of fuzzy ceptigd or in combination with,

say, FIDcontrol - resulted in simple yet highly robust contsyistems. There are other cases,
too. We know of two attempts to control air conditioning system? With fuzzy logic, with only
minor differences in structurand knevledge base: one turned out to be highly robust even in
the presence ahajor disturbances, the other one was unstable. It is not yet fully understood
for which kinds of control engineering problems fuzzy control really leadsnproved
robustness and didity, and which are the relevant design choidhat affect these
properties.

It is not true, however, as opponents of fuzzy control often argue, that there are no
stability criteria available for fuzzy control systems. Such criteria diseussed in
seweral different places in this hook. We also have to realize that in this respect, fuzzy
control competes with nonlinear conventional control, whsebility issues are not as
easy to handle as for simple linear systems.

(i) Fuzzy control reduces developmentime

Again, yes in many cases it does, and the example above in automotitrerétecis a

real one. It cannot he expected, however, as claimed in a numlparbbtations, that

using fuzzy control will help to solve really complex problewithin a coupe of weeks.

The reduction of development time for results from taet that there is often
knowledge about a process or about control strategies available which ran he naturally
expressed in fuzzy control but which is hard @éoncode in differential equians or
conventional control algorithms. This knadge remains to be acquired, encoded, tested,
arid debugged, and for all but th@mplest problems, a strong control engineering
background will be needed tealize good solutions.

In many ongoing projds in European industries, using fuzzy insteadcohventional

control will actually increase development time, just becauseafiptication engineers
working on those projects are not yet familiar with the rieshnology. The shortage of
well-trained persnnel in fuzzy control is one of themajor bottlenecks that prevent a
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broader exploitation ofthis new technologyat this time. Fuzzy control is only
beginning to be integrated into the acadenuarricula, and it will take several years
until a sufficientnumber of engineerfamiliar with Uv/r/y control will he available from

tin: universities. Suite in dust iyannot wait for this to happenin particular because
the situation in Japais completely different an increasing number of special seminars
and inhousetraining programs have been started.

(iv) Products using fuzzy control sell better

It is true for home appliances in Japan, however, we do not expecdhilsgphenomenon
will carry over to Europe. Marketing arguments will have to focususarfriendliness,
additional functionality, and environmental aspects such axggnsavings or say,
reduction of fresh water consumption of washing machigewe fuzzy logic can in many
cases ontribute to these points, we expect thechnology to become positively
associated with these advantages, but mdedgling a product "fuzzgontrolled* will

not become a major sales argumeémtsome cases, in particular in home electronics and
video equipment, the usef fuzzy control is not being mentioned at all.

A fuzzy autefocus system, foexample, does not seem to be a quality label Therefore;
most suppliers of suckystems use the term digital or intelligent afous, even if it is
implementedin fuzzy logic. In the realm of industrial process control and related fields,
marketingstrategies differ from those in mass markets such as home appliancesit\Wghile
important to companies to demonstrate their technological competefigezyncontrol, the
actual decisions for using fuzzy control or any other technique will be made in terms of its
contribution to a higher degree of automation, beiteduct quality, costeduction, or other
businesgelevant aspects.

4.3.4 On When to Use Fuzzy Control

Having gone through a few examples where fuzzy control is being successety we
immediately cautioned about unjustified, too high expectationswBah, then, shoultlzzy
control be considered?

A satisfactory answer to this question cannot yet be formulated. Whabwié like to have at

our disposal is a systematic decision procedure for analyzing a given problem and inferring
whether and if so which variant of fuzzgontrol should be used based on problem
characteristics. At this time, the stétial basis in terms of number of successful applications is

not yet broad enough to generate useful generalizations. This should not be a surprise because
the industrial ad commercial use of fuzzy control did not really start until the late 1980s,
compared to the immense number of existing conventional contréénsyswith an
accumulated experience of many decades. At tins point, we can only formulate a few
guidelines on \wether to use fuzzy control or not.

First, it is clear that if there exists already a successful fuzzy control lsadetipn to a
problem similar to the one at hand, you are on the safe sitlernts of business advantages,
however, these are the lesteresting cases sinsemebody else might, already commercially
exploit that solution.
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Next, if we have a good PiBolution, where system performance, dewalept and
maintenance costs as well as marketing policy are really satisfatickyo it.

Finally, if we are not satisfied with our existing solution with respecry one of these;
criteria, or if you have to deal with a problem that counlot be solved so far, it is
important to analyze the reason why. If therekim®wledge available abothe system or
process that could be used to imprgeair solution but that is hard to encode in terms of
conventional control suchs differential equations and RPfarameters and give fuzzy control a

try.

In many cases, this knowledge is of a more heigriand qualitative nature and is easily
expressible in terms of fuzzy-ien rules. We know of many cases of exatttiy kind.

Just to name one there is no exact and complete mathematical undtegspéride processes
going on in cooling systems inwer generation deviceblence, algorithmic solutions to infer
diagnoses such as system leakage fsensor data exist only to a very limited extent, and the
expertise of system epators and engineers is always needed to monitor such cooling systems
both the evaluation of data such as pressure and change of pressure and theticorobina
symptoms to propesituation identification however can be naturaipressed in fuzzy terms
such as "normal pressure, but quickly increasiagtcorresponding ithen rules. In this
particular case, it took only a matter of months to design and implement a fuzzy logic
based monitoring system faocooling system leakage that outperforms the existing
classical solutions. It ismportant to note, howear, that the fuzzy operators and
membership funttons being used in this system differ from the very simple minfmax
inferenceand triangular membership functions that are predominant in most of the ele
mentary control applications. We will come back tottissue later on.

4.3.5 The Market Place

So far, public interest in fuzzy control has been raised mainljioyimmensenumber of
fuzzy-controlled Japanese home appliances and the correspondimgper of sales,
ranging far above one billiodS dollars. We expect fuzzy ctnol to penetrate into
European and U&merican white good markets in 199&.esumably to a lower degree
than that which can be observed in JapanotAar main area of current commercial
activities in fuzzy control is automiee electronics. Here again, mainly Japanese
suppliers have already brought fuzzy controlled -gkid modules and engine
management systems into the stagesefies production. We expect this trend to
continue, and major European aAtherican car manufaaters have significant ongoing
activities in fuzzy controlthough we do not know of any product originating from
Europe or the US thdttas already reached the market place.

Focusing on such spectacular products as -toomehbutton washing mehines,"
however, it is often overlooked that, the first real applications, of fuzagtrol were
realized in the realm of industrial process control, such as ceki@nbperation. An
increasing number of applications are being reported in dés, and several majo
suppliers of process control hardware and software rem@ offering fuzzy control
capabilities, for example, in programmable logic ttotlers or higher level process
control systems. In the long run, we see thajor application potential in this area,
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while in terms of market share amdmmercial benefits, home appliances, automotive
electronics, and other miczontroller based applications will dominate the fuzzy control
business for th@ext couple of years. As the technology matures, however, resde an
increagng number of applications in complex systems engineering, the focus of fuzzy
control moving from elementary control problems to higher levels in the systrarchy

such as supervisory control, monitoring and diagnosis, and logiptialslems. It is
important to note that also one of the major future industtEdecommunications, has
started investigating fuzzy control for communicatispstems, and that several pilot
projects have been started concerning, foamegle, routing and ovkrad handling
problems.

An increasing number of market growth studies are trying to estimatdoaechst the
economic relevance of fuzzy control. While these studies are wbil#hto carry out, it is

very hard to delineate exactly the contribution afZyicontrol to the monetary value of a
product. Consider the example of a washimachine, where a major part of the electronic
control is realized in fuzzy logidt is certainly not correct to take the price of the whole
washing machine, but alsowould be misleading to consider just thesually standard
microcontroller or the number of lines of code realizing the fuzzy part of the system. Our
assessment of the contemporary and future market relevance of funy isothe following:

we estinate that about 105% of all electric and electronic engineering applications will benefit
from the use of fuzzy control, being rougkelyenly split into fuzzy control as an enhancing and
as an enabling technology. Considering the huge market volumésofrda, and also its
expected furthegrowth, it becomes evident that fuzzy control is a major technology from a
business point of view. In addition to that, there is a still small but increasimiper of
applications of fuzzy logic in other, purely imfoation technologyoriented fields such as
databases, expert systems in the financial sector, aimd so

We should not, however, commit the same error as was done with calasaitificial
intelligence systems, whereafter some initial success in wlatiarrow application areas it
was believed that artificial intelligence could bged as a universal staatbne technology

to solve just about every probleiminformation processing. We expect that for a long time
the main applicatiopotential of fuzg logic will stay within the realm of fuzzy control, in an
increaingly broader sense of "control." This is not to say that the relevance oflaggaywill

not expand to other areas, where there are already a few spots such as data compression, but this
is still mainly researcloriented work, whereas fuzzpntrol has already gained a significant
role in daily industrial practice and itsll potential in this area is by no means yet exploited
or even known.

So far, we have discussed the relevance of fuzzy control applicatiobsisiaess. There is yet
another business area in fuzzy control, relating tadblenology itself as a product, in terms

of special hardware and software. 8o, the majority of allexisting applications is purely
softwarebased. Althouglthere are a large number of special fuzzy logic processors available
and offered bysemiconductor firms or small specialized companies, yet we expect that this
situaion will not change within theext years.

Using special hardware in the sefgeneralpurpose fuzzy logic processors or coprocessors is
and will only be jusfied in the following situations; the application is extremely tionigical,

and the extra costs for an additional fuzzso@essor can be recovered either from gheer
number of items (such as in automotive electronics) or from the fact that the system as a whole
is large and expensive enough that the costs for a spenigissor are negligible (this might be
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the case whensing a fuzzy processor f@ay, a pattern recognition task in a complex plant
automation system). Thdoee, most suppliers of microontrollers, PLCs, and other control
equipmentfocus on developing specialized fuzzy control software for standardede@dncn
integrating these packages into the existing development environments.

Besides major electric/electronic and industrial automation compani@s;raasing humber

of small and specialized software companies is offering fapzyrol development tool kits

for a broad range of standard processors. @jvice in general is to use as long as possible
pure software solutions, evenhiigher programming languages such as C. The reason for this is
that softwareoffers a much higheregree of flexibility and, in most cases, the solutions are
hybrid, i.e., there is always dffior a standard processor to implement"tien-fuzzy" parts of

the system. Experience so far has shown also thatlé¢ineentary fuzzy operations such as
function &ble lookup and interpolatiorcomparators, and basic arithmetic functions are simple
enough that fuzzy cdrol algorithms can be optimized to run even very lieniéical
applicationswithout specialized hardware. It may be the case that the role afidraravill
become more important in the future, when more complex operators wilebded, to
adequately express and implement the expertise for controlg&gat&€his might trigger the
development of more sophisticated fuzzy processndsalso semiand full-custom integrated
hardware designs. The point is, lewer, that it is not yet obvious which operators will be
needed and that existingpecial hardware does not support any but the simplest fuzzy
algorithms.

4.3.6 What Needs to Be Done?

Reconsider the example of the cooling system monitoring problem disalssesl During the
system design and knowledge acquisition phase, it tuonetthat the human expert's usage of,
for example, the ANEpbperation wherrombining symptoms could not bdemuately expressed
with the usual fuzzylogic interpretation of AND as a minimum operation. Also the fuzzy
membershigfunctions representing values such as "normal pressure” turned out to be more
sophisticated than the simple triangular functions predanhi in elementarycontrol
applications.

Several conclusions can be inferred from this example: first of all, it was extremely helpful to
have a software tool available which supports experimepsiém implementation, evaluation,
and tuning, and which fafrs the user ways to combine predefined standard operations with his
or her own speciaiode.There is an increasing number of such software tools available which
thoughnot yet completely matured provide valuable support. They are being steaatibyed

and are being integrated into standard software development packages for automatic control.

Secondly, considering the major pact of existing applications of fuzazgotdhcan be realized
that the "applicatioqproven” part, let us say the "firgéreration" of fuzzy control, exploits only

a very small fragment of fuzzy logibeory. In many cases of more complexstilictured
problems, this first gendian technology is not sufficiently strong to represent and implement the
knowledge needed fgrowerful solutions. It is often possible, though, to improvedblnology
additively by exploiting a larger part of the readily available theory.

The example above and many others make clear that the developmematfira, more
powerful second generati technology still requires basic andpesimental research. This
research will have to focus on the questions of wipaths of the still unused theory will
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eventually gain practical relevance, whdoes the theory itself need extensions, and which are
useful ways of integratinfuzzy control with conventional and also other modern control
algorithms suclas neural network based approaches. We are convinced that only application
driven, experimentalesearch can be sufficiently focused and guided in the dighttions lo
make good progress. It simply does not make any sense to define a new operateAtiduzzy
Version 137" and to discuss its mathematical @rigs without being triggered by thecfa

that none of the existing operators can be used for a particular application.

Thus, we believe that industrial researels opposed to pure universiigsed researctwill play

a major role. Only industrial research labs have direct access-warghlproblems, which is
essential for proceeding in this field. Tlésnot to say that the universities are not needed:
most importantly, fuzzy cdrol has to become an integral part of educational curricula in
electronic anctontrol engineering. Furtherm® academic people can and must contribute to
the longterm, fundamental issues in fuzzy control theory. But the majoripdslazy control
within the next years will be applicati@hiven and will necesarily have to be carried out in
industrial reseah labs.

Also considering first generation technology, therestiliea few bottleneckshindering industry
from a broader exploitation of the application potentidiuakzy control, in the first place, we
need a bettor and more systematic desigd analsis methodology for fuzzy control
applications, supporting the whdife-cycle frominitial decision making all the way through to
deployment andhaintenance, focusing on the following issue: which are the proper design choices
given an analysis of the problem, and how do variations of system paraafétetsthe
system's performance. It should be clear that we cannot expesiversal design and
optimization strategy for fuzzy control which is of amsactical use. Such a ueisal theory
does not exist for conventional contasigineering either. Instead, we have to proceed from the
few isolated spots wherge already know exactly how to design a fuzzy control algorithm to
clusters oproblems and related design methodologies.

Besides the necessary paper and experimental work which is neededatweadhis
methodology, we need a much broader basis of experience in ¢éreuecessful and of
unsuccessful applications. We expect this methodologyddually emerge as experients

being accumulated.

The absence of such a coherent and systematic methodology makes raagihgroblem for
first-generation fuzzy control even more serious: the lackvelf-trained and experienced
"fuzzy control engineers." It means that enginedrs want to or have to get into this new
technology have only limited suppahd guidance and must by and large rely on their own
experience gained througltperimental work.

4.4 FUZZY CONTROL SYSTEM DESIGN

What, then, is the motivation for turning to hyzcontrol? Basically, the difficult task of
modeling and simulating complex reabrld systems for control systems development,
especially when implementation issues are considered, is well documented. Even if a
relatively accurate model of a dynamic gystcan be developed, it is to be often too complex

to use in controller development, especially for many conventional control design procedures
that require restrictive assumptions for the plant (e.g., linearity). It is for this reason that in
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practice comentional controllers are often developed via simple models of the plant behavior
that satisfy the necessary assumptions, and via the@atlining of relatively simple linear or
nonlinear controllers. It is well understood (although sometimes forgottan)heuristics

enter the conventional control design process as long as you are concerned with the actual
implementation of the control system. It must be acknowledged, moreover, that conventional
control engineering approaches that use appropriate hesisttune the design have been
relatively successful. You may ask the following questions:

How much of the success can be attributed to the use of the mathematical model and
conventional control design approach? And how much should be attributed tteviee
heuristic tuning that the control engineer uses upon implementation? And if we exploit the
use of heuristic information throughout the entire design process, can we obtain higher
performance control systems?

Fuzzy control provides a formal methodgjyo for representing, manipulating, and
LPSOHPHQWLQJ D KXPDQYYVY KHXULVWLF NQRZOHGJH DERX
we seek to provide a philosophy of how to approach the design of fuzzy controllers. This will
lead us to provide a motivatiolorf and overview of, the entire book. The fuzzy controller

block diagram is given in Figure 4.2, where we show a fuzzy controller embedded in a
closedloop control system. The plant outputs are denoteg(Byits inputs are denoted by

u(t), and the refemce input to the fuzzy controller is denoted (b

Fuzzy controller

: Inference || &
Reference input g - 8 Inputs Outputs
) 3 mechanism 8 u(f) W)
- cé’ k= Process >
= | |Rule-base a

Fig. 4.2design of fuzzy controllers

The fuzzy controller has four main components:

(1) 7KH -BEDOUMH" KROGV WKH NQRZOHGJH LQ WKH IRUP R
control the system.

(2) The inference mechanism evaluates which control rules are relevant at the current
time and then decides what the input to the plant should be.

(3) The fuzzification interface simply modifies the inputs so that they can be interpreted
and compared to threlles in the ruldbase. And

(4) The defuzzification interface converts the conclusions reached by the inference
mechanism into the inputs to the plant.

Basically, we will view the fuzzy controller as an artificial decision maker that operates in a
closedloop system in real time. It gathers plant output géa compares it to the reference
inputr(t), and then decides what the plant inp{l} should be to ensure that the performance
objectives will be met.
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To design the fuzzy controller, the contraigineer must gather information on how the
artificial decision maker should act in the closedp system. Sometimes this information

can come from a human decision maker who performs the control task, while at other times
the control engineer can comeunderstand the plant dynamics and write down a set of rules
about how to control the system without outside help.

7TKHVH 3UXOHV™ EDVLFDOO\ VD\ 3| WKH SODQW RXWSXW L
manner, then the plant input should be sonle@XH =~ $ ZKROH V/HW R WXXTKV3 |
loaded into the rukbase, and an inference strategy is chosen, then the system is ready to be
tested to see if the closémbp specifications are met.

This brief description provides a very hitgvel overviev of how to design a fuzzy control
system. Below we will expand on these basic ideas and provide more details on this
procedure and its relationship to the conventional control design procedure.

4.4.1 Modeling Issues and Performance Objectives

BHRSOH ZRUNLQJ LQ IX]]\ FRQWURO RIWHQ VD\ WKDW 3D
FRQWUROOHU DQG WKLV LV WKH PDLQ DGYDQWDJH RI
understanding of the plant dynamics be obtained without trying to use first femap

physics to develop a mathematical model? And will a proper understanding of how to control
the plant be obtained without simulatibased evaluations that also need a model? We
always know roughly what process we are controlling (e.g., we know ®amhietis a vehicle

or a nuclear reactor), and it is often possible to produce at least an approximate model, so
why not do this?

For a safetycritical application, if we do not use a formal model, then it is not possible to
perform mathematical analysig simulatiorbased evaluations. Is it wise to ignore these
analytical approaches for such applications? Clearly, there will be some applications where
ZH FDQ VLPSO\ 3KDFN" WRJHWKHU D FRQWUROOHU IX]]\
implementation. Insuch a situation there is no need for a formal model of the process;
however, is this type of control problem really so challenging that fuzzy control is even
QHHGHG" &RXOG D FRQYHQWLRQDO DSSURDPK WKHKHP M
work justas well or better, especially considering implementation complexity?

Overall, when we carefully consider the possibility of ignoring the information that is
frequently available in a mathematical model, it is clear that it will often be unwise to do so.
Basically, then, the role of modeling in fuzzy control design is quite similar to its role in
conventional control system design. In fuzzy control there is a more significant emphasis on
the use of heuristics, but in many control approaches (e.g., PIDbkc@ortprocess control)

there is a similar emphasis. Basically, in fuzzy control there is a focus on the use of rules to
represent how to control the plant rather than ordinary differential equations (ODE). This
approach can offer some advantages in thatrépresentation of knowledge in rules seems
more lucid and natural to some people. For others, though, the use of differential equations is
PRUH FOHDU DQG QDWXUDO %DVLFDOO\ WKHUH LV VLPS
conventional control:ODEs are the language of conventional control, and rules are the
language of fuzzy control.
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The performance objectives and design constraints are the same as the ones for conventional
control that we summarized above, since we still want to meet thetgpeseof closedoop
specifications. The fundamental limitations that the plant provides affect our ability to
achieve higkperformance control, and these are still present just as they were for
conventional control (e.g., non minimum phase or unstabl®b¢éh RU VWLOO SUHVHOQ\
for fuzzy control).

4.4.2 Fuzzy Controller Design

Fuzzy control system design essentially amounts to
(1) Choosing the fuzzy controller inputs and outputs,

(2) Choosing the preprocessing that is needed for the contigiets and possibly post
processing that is needed for the outputs, and

(3) Designing each of the four components of the fuzzy controller shown in Figure 4.2.
As we will see in the next chapter, there are standard choices for the fuzzification and
defuzification interfaces. Moreover, most often the designer settles on an inference
mechanism and may use this for many different processes. Hence, the main part of
the fuzzy controller that we focus on for design is the-balse.

The rulebase is construc® VR WKDW LW UHSUHV-HOWR/RB KXPDREG HH [ ¥
information that we load into the rules in the rbkese may come from an actual human
expert who has spent long time learning how best to control the process. In other situations
there is nasuch human expert, and the control engineer will simply study the plant dynamics
(perhaps using modeling and simulation) and write down a set of control rules that makes
sense. As an example, in the cruise control problem discussed above it is claawydimat

who has experience driving a car can practice regulating the speed about a depoet set

and load this information into a rul@se. For instance, one rule that a human driver may use

LV 3,1 WKH VSHHG L\pootRizeH predyg HdwviX WWKHMHR/Q WKH DFFHOH

A rule that would represent even more detailed information about how to regulate the speed
ZRXOG EH 3,1 WKH VSHH @oiht\ AND Rh2 sipdedNskappfoadhdHthe it

very fast, and then release the ’KROHUDWRU SHGDO E\ D VPDOO DPR>
characterizes our knowledge about how to make sure that we do not overshoot our desired
goal (the sepoint speed). Generally speaking, if we load very detailed expertise into the rule
base, we enhancerochances of obtaining better performance.

4.4.3 Performance Evaluation of Fuzzy Control

Each and every idea presented in Section 4.2.5 on performance evaluation for conventional
controllers applies here as well. The basic reason for this is that a fomayller is a
nonlinear controller 2 so many conventional modeling, analysis (via mathematics,
simulation, or experimentation), and design ideas apply directly.

Since fuzzy control is a relatively new technology, it is often quite important to determine
what value it has relative to conventional methods. Unfortunately, few have performed
detailed comparative analyses between conventional and intelligent control that have taken
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into account a wide array of available conventional methods (linear, nonkdeatjve, etc.);
fuzzy control methods (direct, adaptive, supervisory); theoretical, simulation, and
experimental analyses; computational issues; and so on.

Moreover, most work in fuzzy control to date has focused only @aditantageand has not

taken a critical look at what possibiisadvantageshere could be to using it (hence the
reader should be cautioned about this when reading the literature). For example, the following
guestions are cause for concern when you employ a strateggthering heuristic control
knowledge:

T Will the behaviors that are observed by a human expert and used to construct the
fuzzy controller include all situations that can occur due to disturbances, noise, or
plant parameter variations?

¥ Can thehuman expert realistically and reliably foresee problems that could arise
from closedloop system instabilities or limit cycles?

T Will the human expert be able to effectively incorporate stability criteria and
performance objectives (e.g., rme, oveshoot, and tracking specifications) into a
rule-base to ensure that reliable operation can be obtained?

These questions may seem even more troublesome in view of the following:

(1) If the control problem involves a safatyitical environment where thaifure of the
control system to meet performance objectives could lead to loss of human life or an
environmental disaster, or

2 ,I WKH KXPDQ H[SHUWfV NQRZOHGJH LPSOHPHQWHG
inferior to that of the very experienced siadist we would expect to design the
control system (different designers have different levels of expertise)

Clearly, then, for some applications there is a need for a methodology to develop, implement,
and evaluate fuzzy controllers to ensure that theyreliable in meeting their performance
specifications. This is the basic theme and focus of this book.

4.4.4 Application Areas

Fuzzy systems have been used in a wide variety of applications in engineering, science,
business, medicine, psychology, and offields. For instance, in engineering some potential
application areas include the following:

T Aircraft/spacecraftFlight control, engine control, a vionic systems, failure diagnosis,
navigation, and satellite attitude control.

¥ Automated highway sysms: Automatic steering, braking, and throttle control for
vehicles.

Automobiles:Brakes, transmission, suspension, and engine control.
Autonomous vehiclessround and underwater.

Manufacturing system$cheduling and deposition process control.
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Power industryMotor control, power control/distribution, and load estimation.

Process control:Temperature, pressure, and level control, failure diagnosis,
distillation column control, and desalination processes.

T Robotics:Position control andath planning.

This list is only representative of the range of possible applications for the methods of this
book. Others have already been studied, while still others are yet to be identified.

45 CONCLUSIONS

In this chapter we have provided an overviefnthe approaches to conventional and fuzzy
control system design and have showed how they are quite similar in many respects. In this
chapter our focus will be not only on introducing the basics of fuzzy control, but also on
performance evaluation of theesulting closedoop systems. Moreover, we will pay
particular attention to the problem of assessing what advantages fuzzy control methods have
over conventional methods. Generally, this must be done by careful comparative analyses
involving modeling, mdtematical analysis, simulation, implementation, and a full
engineering cogbenefit analysis (which involves issues of cost, reliability, maintainability,
flexibility, lead-time to production, etc.).

Some of our comparisons will involve many of these disiens while others will necessarily

be more cursory. Although it is not covered in this book, we would expect the reader to have
as prerequisite knowledge of the basic ideas in conventional control (at least, those typically
covered in a first course ommtrol). After completion of this chapter, the reader should then
understand the following:

¥ 7KH GLVWLQFWLRQ EHWZHHQ D S\ WUXWK PRGHO" DQG
The basic definitions of performance objectives (e.g., stability and overshoot).

The generaprocedure used for the design of conventional and fuzzy control systems,
which often involves modeling, analysis, and performance evaluation.

¥ The importance of using modeling information in the design of fuzzy controllers and
when such information care ignored.

T The idea that mathematical analysis provides proofs about the properties of the
mathematical model and not the physical control system.

¥ The importance, roles, and limitations of mathematical analysis, simulzsed
analysis, and expemiental evaluations of performance for conventional and fuzzy
control systems.

The basic components of the fuzzy controller and fuzzy control system.

The need to incorporate more sophisticated reasoning strategies in controllers and the
subsequenmotivation for adaptive and supervisory fuzzy control.
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Essentially, this is a checklist for the major topics of this chapter. The reader should be sure to
understand each of the above concepts before proceeding to later chapters, where the
techniques ofuzzy control are introduced. We find that if we have a solid-tegkl view of

the design process and philosophical issues involved, we will be more effective in developing
control systems.

The more that we understand about conventional control, the wereill be able to
appreciate some of the finer details of the operation of fuzzy control systems. We realize that
all readers may not be familiar with all areas of control, so next we provide a list of books
from which the major topics can be learnedefhare many good texts on classical control
[10, 20, 11, 7, 6, 2]. Statgpace methods and optimal and multivariable control can be
studied in several of these texts and also in [12, 1, 4, 25]. Robust control is treated in [8, 9,
30]. Nonlinear control ixovered in [17, 5, 28, 29, 16]; stability analysis in [27, 26]; and
adaptive control in [15, 18, 3, 13,]. System identification is treated in [24] (and in the
adaptive control texts), and optimal estimation and stochastic control are covered in [19, 23,
22, 14]. Arelatively complete treatment of the field of control is in [21].

For more recent work in all these areas, see the proceedings of the IEEE Conference on
Decision and Control, the American Control Conference, the European Control Conference,
the hternational Federation on Automatic Control World Congress, and certain conferences
in chemical, aeronautical, and mechanical engineering.

Major journals to keep an eye on include BBEE Transactions on Automatic ContrttEE
Transactions on ControlyStems TechnologyEEE Control Systems Magazingystems and
Control Letters Automatica Control Engineering Practicénternational Journal of Control

and many others. Extensive lists of references for fuzzy and intelligent control are provided at
theend.
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EXERCISE -4

1. '"HVFULEH H[DPSOH RI D FRQWURO SUREOHP RI DQ DX\
Viote).

2. Explain, How the fuzzy control design methodology can be used to construct fuzzy
controllers for challenging reaforld applications?

3. Write basicof Conventional Control System Design.

4. When a control engineer is given a control problem, how he developed a
mathematical model of the process?

5. Explain Performance Objectives and Design Constraintsoiestructing a controller
to meet thespecifications.

6. Write numerous methods used for constructing controllers for dynamic systems.

7. How we conduct an experimental investigation of the performance of a control
system.

8. Write the Benefits of Fuzzy Control.

9. Write theLimits of Fuzzy Control.

10. Write the Application Areas dfuzzy Control.
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10.

11.

12.
13.

14.

15.

16.
17.

18.

19.

20.
21.
22.
23.
24.
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Chapter-5

Fuzzy Knowledge Base Control (FKBC)

5.1 INTRODUCTION

The primary goal of control engineering is to distill and apply knowledge about how to
control a process so that thesulting control system may reliably and safely achieve-high
performance operation. In this chapter we show how fuzzy logic provides a methodology for
representation and implementation of our knowledge about how best to control a process.

After study of his chapter, it is expected that the reader should be able to design and simulate
a fuzzy control system. This will move the reader a long way toward implementation of fuzzy
controllers since we provide pointers on how to overcome certain practical psoblem
encountered in fuzzy control system design and implementation (e.g., coding the fuzzy
controller to operate in retime, even with large rulbases).

,Q 6HFWLRQ ZH EHJLQ ZLWK D 3JHQWOH" WXWRULDO
control problem. We focus on the construction and basic mechanics of operation of a two
input oneoutput fuzzy controller with the most commonly used fuzzy operations. In section
5.3 we explain the difference between fuzzy and human control, building on our
undersanding of the twanput oneoutput fuzzy controller. Sections 5.4 and 5.5 cover the
Fuzzy Rule for a mathematical characterization of general fuzzy system with two inputs and
outputs. Fuzzy quantifications such as membership function and general ftipzifica
inference, and defuzzification strategies Farzzy Control are discussed in section. 3t6
Section 5.7 fusion of fuzzy and PID controller are given Sapervision of conventional
controllers, Correction of conventional controllers, and Coordinatib control loop set
points. In sectiorb.8 Inversion of fuzzy systems has been explained. In sectiomé.9
illustrate some typical steps in the fuzzy control design process and explain how to write a
computer program that will simulate the actions dlizzy controller discussed in Section
5.5.We explain various issues encountered in implementing fuzzy controllers in Section 5.10.
In the end designing some problems as an exercise is given.

5.2 CLASSICAL FUZZY CONTROL IN INVERTED PENDULUM
Basically Invered pendulum is used to control Voltammeter Ammeter. Here, we want to
design and analyze a fuzzy controller for the simplified version of the inverted pendulum
system as shown in figure 5.1. The differential equation describing the system is

-ml? d? Tdt? + (m | g) sin () = W u (t), ..{5.)
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where m is the mass of the pole located at the tip point of the pendulum, | is the length of the
pendulum, Tis the deviation angle from vertical in the clockwise directig, u (t) is the
torque applied to # pole in the counterclockwise direction (u (t) is the control action), m
time, and g is the acceleration due to gravity.
Assuming x = Tand % = d Tdt to be the state variables, the stgpace representation for the
nonlinear system defined by Eq. (5i$ given by

dxa /dt =Xz, dxo/dt = (g/9) sin (%) - (1/ml?) u (t)

0

Fig. 5.1 Inverted pendulum control problem

For very small rotatioif we have sin {), where Tis measured in radians. We get
dxg /dt = %
dxz/ dt = (g/1) %- (1/mP) u (t)
If X1 is measured in degrees axids measured in degrees per second, by choosingdnd
m = 180/ ( S. ¢), the linearized and discrete time stapace equation can be represented as
matrix difference equations,
X1 (k + 1) = x(K) + xa(k)
Xz (k + 1) = %(K) + Xa(K) - u(k)
For this problem we assume the universe of discourse for the two variables to be
-29” {7 ggnd- GSwW” [ GSV GSV GHJUHHV SHU VHFRQG
Step X We construct three membership functions¥pon its universethat is, for the values
positive (P), zero (Z), and negative (N), as shown in following figure:

Universe of discourse

G

1 1
< > X

-2 -1 0 1 2

Fig. 5.2
We then construct three membership functionsxfoon its universe, that is, for the values
positive (P), zero (Z) and negative (N), as shownvelo
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| Universe of discourse R
) n 1

N z P

Fig. 5.3: Inputxz partitioned
Step 2 To partition the control space (output), we will construct five membership functions
” X N ”

for u (k) on its universe, which is DV VKRZQ LQ ILIJXUH EHOF

24 20 -16 -12 -8 4 0 4 8 12 16 20 24

Fig. 5.4: Output, u (k), partitioned inteeven partitions (only five used).
Step 3 We then construct nine rules (even though we may not need this many) in a 3 x 3
FAM table, as shown below, for this system, which would invohand d¥dt in order to
stabilize the inverted pendulum system. Enéries in this table are the control actions, u (k).

Table 51 FAM Table

X2 P Z N
X1

P PB P Z
Z P Z N
N Z N NB

Step 4 Using the rules expressed in above table, we will now conduct a simulation of this
control problem. To start the simulation, wil use the following crisp initial conditions:

x1(0) = I° andx»(0) =-4dps
Then we will conduct four cycles of simulation using the matrix difference equations, above,
for the discrete steps Ok<< 3. Each simulation cycle will result in membershinctions for
the two input variables. The FAM table will produce a membership function for the control
action, u (k). We will defuzzify the membership function for the control action using the
centroid method and then use the recursive difference egaat solve for new values of x
andx.. Each simulation cycle after k = 0 will begin with the previous values ahdx. as
the input conditions to the next cycle of the recursive difference equations. Figures 5.5 and
5.6 given below show the initial conditions farandx,, respectively. From the FAM table
If (x1=P) and (x= 2), then (u=P) min (0.5, 0.2) = 0.2 (P)
If(x1 = P) and (x= N), then (u = 2) min (0.5, 0.8) = 0.5 (2)
If (x2=2) and (% = Z), then (u = 2) min (0.5, 0.2) = 0.2 (2)
If (x1=2) an d(x = N), then(u = N) min (0.5, 0.8) = 0.5 (N)
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b My,

N 7 | S
05 [-----=
< > X,
-2 -1 0 1 2
l“l‘x(()) =0
Fig. 5.5: Initial condition forxi
il
A A X2
_,N\ z P
I
S e 0.8 |
i !
! |
R e 0.2 |
< I/ | | | | | | | ' > X
5 4 3 2 -1 0 1 2 3 4 5 2

Fig. 5.6 Initial condition forxz
Figure 5.7 below shows the union of the truncated fuzzy consequents for the control variable,
u.

\
Hy
N 7z P
RN VA LU
_________ 0.2/ N o2

| | | |

< > u
-16 -12 -8 -4 l 0 4 8 12 16
uw0)=-2

Fig. 5.7: Union of fuzzy consequents fired by rules
The final form with the defuzzified control value is illustrated inftiitowing figure (5.8):

{uv

-16 -12 8 4 l() 4 8 12 16
u0)=-2

Fig. 5.8: Union of fuzzy consequents and defuzzified value
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We have completed the first cycle of the simulation. Now, we take the valubeof
defuzzified control variable (i.e., u ). Using the system equations, we fithet initial
conditions for next iteration as

X1(1) = x(0) + %(0) = 1-4 =-3 and

X2(1) =x(0) + %(0)-u(0) =1-4-(-2) =-1
From this, we get the initial conditions for the second cycle:fl§ = -3 andx. (1) = -1,
which are shown graphicalig following figures 5.9 and 5.10:

-3 -2 -1 0 1 2 3
Xy = -3

Fig.5.9 Initial condition for second cycle fonx

Fig. 5.10:Initial conditions for second cycle fap
From the FAM table 5.1, we have
if (x1=N) and (% = N), then (u = NB) and min (1, 0.2) = 0.2 (NB)
and
if (x2=N)and (x=2),then (u=N) and min (1, 0.8) =0.8 (N).
The union of the fuzzy consequents and the resulting defuzzified output are shown below.
The defuzzified value is u =9.6.

24 20 -16 -12 | 8 4 0 4 8 12 16 20 24
u(l)=-9.6

Fig. 5.11:Truncated consequents and defuzzified outpuséoopnd cycle.
We now use u =9.6 to find the initial conditions for third cycle iteration.
X1(2) =X1(1) X2(1)=-3-1=-4AND
X2(2) = x(1)x2(1) -u(l) =-3-1-(-9.6) =+ 5.6
Thus, we get initial conditions1(2) = -4 and %(2) = 5.6, which are shown graphically in
following figures:
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-7 6 -5 -4 -3

Fig. 5.13:Initial condition for third cycle fox>
From the FAM table 5.1, if = N) and (% = P), then (u = Z) and min (1, 1) = 1(2).
The resulting consequents and defuzzified control variable, u(z) = 0.0, are shown below
hHy
NB N z P PB

< . . . . . . >u
24 20 -16 -12 8§ 4 0 4 8 12 16 20 24

u2)=0.2

Fig. 5.14:Defuzzified output for third cycle of simulation
For the next iteration
X1(3) =x(2) + %(2) =-4 + 5.6 = 1.6 and
X2(3) = x(2) + %(2)-u(2)=-4 + 5.6- (0.0) = 1.6
Initial conditions x(3) = 1.6 andkx(3) = 1.6are shown graphically in figures below:

Fig. 5.15:Initial condition for next iteration for x
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Fig. 5.16:Initial condition for next iteration forx

From FAM table 5.1, weet

if (x1=2)and (x=P),then (u=P) and min (0.25, 0.3) = 0.3 (P),

if (x1=2) and (x = Z), then (u = Z) and min (0.25, 0.7) = 0.25 (2),

if (x2 = P) and (x=P), then (u = PB) and min (0.75, 0.3) = 0.3 (PB),

and

if (x1=P) and (x= Z), then (1= P)and min (0.75, 0.7) = 0.7 (P)

These conditions are shown graphically in following figure and the defuzzified value is u =
5.28.

24 20 16 -12 8 4 0 4] 8 12 16 20 24
u(3)=5.28
Fig. 5.17:Defuzzified output for next iteration.

5.3 FUZZY AND HUMAN CONTROL AN INTRODUCTION

A block diagram of a fuzzgontrol system discussed in Chapter 4 is shown in Figure 5.18.
6RPHWLPHYV D IX]]\ FRQWUROOHU LV FDOOHG D 3IX]]\ OR.
OLQJXLVWLF FRQWUROOHU" VLQFH LW XVHV IX]]\ ORJLF L
Thefuzzy controlleris composed of the following four elements:

1. A rule-base(a set of IfThen rules), which contains a fuzzy logic quantification of the
H[SHUWYV OLQJXLVWLF GHVFULSWLRQ RI KRZ WR DFKLH

2. An inference mechanisnfalso FDOOHG DQ 3LQIHUHQFH HQJLQH" F
PRGXOH ZKLFK HPXODWHV WKH H[SHUWSYfV GHFLVLRQ
knowledge about how best to control the plant.

3. A fuzzification interface,which converts controller inputs into infornat that the
inference mechanism can easily use to activate and apply rules.

4. A defuzzification interfacewhich converts the conclusions of the inference mechanism
into actual inputs for the process.
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Fuzzy controller
Inf g
Reference input || § |4 Joierence |1 .5 Inputs Outputs
& [| mechanism|| &
) g 5| w0 )
— | g ﬁ Process >
§ &
& | |Rule-base| | &

Fig. 5.18Fuzzy control

‘H LQWURGXFH HDFK RI WKH FRPSRQHQWYVY RI WKH 3LQYF
human controller for a simple problem of balancing as shown in Figure 5.19 and 5.20

respectively.

21

Fig. 5.19Inverted pendulum Fuzzy control

r u Inverted y
pendulum

Fig. 5.20Inverted pendulum human control

Here,y denotes the angle that the pendulum makes with the vertical (in radlisrtle half

pendulum length (in meters), andLY WKH IRUFH LQSXW WKDW PRYHV W
will user to denote the desired gular position of the pendulum. The goal is to balance the
pendulum in the upright position (i.€.= 0) when it initially starts with some nonzero angle

off the vertical (i.e.y = 0). This is a very simple and academic nonlinear control problem,

and may good techniques already exist for its solution. Indeed, for this standard
configuration, a simple PID controller works well even in implementation.
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Consider a humaim-the-loop whose responsibility is to control the pendulum, as shown in
Figure 5.20. Tie fuzzy controller is to be designed to automate how a human expert who is
successful at this task would control the system. First, the expert tells us (the designers of the
fuzzy controller) what information she or he will use as inputs to the decism&ing
process. Suppose that for the inverted pendulum, the expert (this could be you!) says that she
or he will usee (t) =r (t) xy (t) and b;':’ as the variables on which to base decisions.

Certainly, there are many other choices (e.g., the inte§the errore could also be used) but

this choice makes good intuitive sense. Next, we identify the controlled variable. For the
inverted pendulum, we are allowed to control only the force that moves the cart, so the choice
here is simple.

Once the fuzzgontroller inputs and outputs are chosen, we will determine what the reference
inputs are. For the inverted pendulum, the choice of the reference mjfuis clear. In some
situationsr is some nonzero constant to balance the pendulum in theegi€al position. To

do this, the controller must maintain the cart at a constant acceleration so that the pendulum
will not fall.

After all the inputs and outputs are defined for the fuzzy controller, we can specify the fuzzy
control system. The fuzzy contrgystem for the inverted pendulum, with our choice of
inputs and outputs, is shown in Figure 5.21. Naithin this frameworkwe seek to obtain a
description of how to control the process.

. Fuzzy Invered
controller pendulum
il

Fig. 5.21Fuzzy controller for Inverted pendulum
Suppose thathe human expert shown in Figure 5.20 provides a description of how best to
FRQWURO WKH SODQW LQ VRPH QDWXUDO ODQJXDJH H J
description and load it into the fuzzy controller, as indicated by the arrow in Eiglire

The linguistic description provided by the expert can generally be broken into several parts.

YRU WKH LQYHUWHG SHQG@((DXPFI@EHﬁQHIJERUURUGHG&HZJEﬂHHE/HV
3IRUFH" GHE®.FULEHV

Note that we use quotes to emphasize that certain words or phrases are linguistic descriptions.
Regardless, the choice of the linguistic variable has no impact on the way that the fuzzy
controller operates; it is simply a notation that helps to faciliteeconstruction of the fuzzy
controller via fuzzy logic. Just &s(t) takes on a value of, for examplel @tt=2 Y e (2) =
01,30LQJXLVWLF YDOXHYVY =~ 7KDW LV WKH YDOXHV WKDW O
dynamically. Suppose for theh QG XOXP H[DPSOH WKiDWUHRJWRW QGFK B
WDNH RQ WKH IROORZLQJ YDOXHV 321HJDWILZE¢H (ZBDUJH 1
Positive Small (PS) and Positive Large (PL). For an even shorter description we could use
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integers:-2, -1, 0,1 and 2 to represent Negative Large (NL), Negative Small (NS), Zero (2),
Positive Small (PS) and Positive Large (PL) respectively.

This is a particularly appealing choice for the linguistic values since the descriptions are short
and nicely represent thtte variable we are concerned with has a humeric quality. We shall
find the use of this type of linguistic value quite convenient and hence will give it the special
QDPH SOLQXRHVUWEF'DOXH ~

In the next subsection we shall study how to quantifiwtedge about how to control the
pendulum using linguistic descriptions is controlled.

For the inverted pendulum each of the following statements quantifies a different
configuration of the pendulum (refer back to Figure 5.19):

f 7KH VWDWHPHQW 3HUURU LV 3/ FDQ UHSUHVHQW WK
significant angle to thkeft of the vertical.

t 7TKH VWDWHPHQW 3HUURU LV 16" FDQ UHSUHVHQW W}
slightly to the right of the vertical, b not too close to the vertical to justify
TXDQWLI\LQJ LW DV 3]HUR" DQG QRW WRR IDU DZD\ W|

t 7KH VWDWHPHQW *HUURU LV =(" FDQ UHSUHVHQW WK
near the vertical position

¥ The statementt HU U R Uand\¢hé&hgen-HUURU LV 36" FDQ UHSUHVH
where the pendulum is to the left of the vertical and, s%\;(v:@ r the pendulum is

moving away from the upright position (note that in this case the pendulum is
moving counterclockwise).

f 7KH VWDWHPH Q @d ThdddéR-Bl UWRU6LY 36" FDQ UHSUHVH
where the pendulum is slightly to the right of the vertical and, stliq‘g:@ r, the

pendulum is movindowardthe upright position (note that in this case the pendulum
is also moving counterclockwise).

W LV LPSRUWDQW IRU WKH UHDGHU WR VWXG\ HDFK RI W
linguistics quantifies the dynamics of the pendulum (actually, each partially quantifies the
SHQGXOXPTV VWDWH

Overall, we see #t to quantify the dynamics of the process we need to have a good
understanding of the physics of the underlying process we are trying to control. While for the
pendulum problem, the task of coming to a good understanding of the dynamics is relatively
easy this is not the case for many physical processes. Quantifying the process dynamics with
linguistics is not always easy, and certainly a better understanding of the process dynamics
generally leads to a better linguistic quantification. Often, this willirally lead to a better

fuzzy controllerprovidedthat we can adequately measure the system dynamics so that the
fuzzy controller can make the right decisions at the proper time.
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5.4 RULES
Next, we will use the above linguistic quantification to specify a set of rules thast that
FDSWXUHYV WKH H[SHUWTVY NQRZOHGJH DERXW KRZ WR FRC

(a) (b) (c)

Fig. 5.22Fuzzy rule base for Inverted pendulum

In particular, for the invertedendulum in the three positions shown in Figure 5.22, we have
the following rules:

Rule Statement Description

1 If error is NL and | This rule guantifies the situation in Figure 2.5(a) where
changein-error is NL| pendulum has a large ogitive angle and is movin
Then force is PL. clockwise

2 If error is ZE and | This rule quantifies the situation in Figure 2.5(b) where
changein-error is PS pendulum has nearly a zero angle with the vertica
Then force is NS. linguistic quantification of zero doa®t imply thate(t) = 0

exactly) and is moving counterclockwise

3 If error is PL and | This rule quantifies the situation in Figure 2.5(c) where
changein-error is NS| pendulum is far to the left of the vertical and is moy,
Then force is NS. clockwise

Action is to be taken to start the pendulum moving in the proper direction in each rule:
Rule 1: we should apply a strong positive force (to the right)

Rule 2: we should apply a small negative force (to the left) (a positive force could result in
the endulum overshooting the desired position).

Rule 3: we should apply a small negative force (to the left) to assist the movement, but not a
big one since the pendulum is already moving in the proper direction
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(DFK RI WKH WKUHH UXOBVXQVWWHGQDPERYNLQFHD BQLLYV
linguistic variables and values.

The general form of the linguistic rules listed above is

If premiseThen consequent

As we can see from the three rules listed above, the premises (which are sometimes called
SDQWHFHGHQWY" DUH DVVRFLDWHG ZLWK WHaHdsidg pf FRQW
WKH UXOHV 7KH FRQVHTXHQWY VRPHWLPHV FDOOHG 3
controller outputs and are on the rigitaindside of the rules.

5.4.1 Rule-Bases

Using the above approach, we could continue to write down rules for the pendulum problem
for all possible cases. For above mentioned pendulum problem, with two inputs and five
linguistic values there are at mo$t=525 possible rules (all possible combinations of premise

linguistic values for two inputs). A tabular representation of one possible set of rules for the
inverted pendulum is shown in the following Table 5.2:

Table 5.2:Possible set of rules

ML) RWFNK Changein error e
21-1]10|1|2
21212121110

Errore| -1 2|21 |0]|-1
0|2]|1|0]-1]-2
1/1]0]-1]-2|-2

2 10|-1]-2|-2]|-2

Notice that the body of the table lists the linguistioneric consequents of the rules, and the
left column and top row of theble contain the linguistinumeric premise terms. For
example,

If error is PL (2and changein-error is NS {1) Thenforce is NS {1) which is rule 3 above.

Table 5.2 represents abstract knowledge that the expert has about how to control the

pendulumgiven the error and its derivative as inpuithe pattern of rule consequents that
appears in the body of the table:
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The diagonal of zeros and viewing the body of the table as a matrix we see that it has a
certain symmetry to it. This symmetry thamerges when the rules are tabulated is no
accident and is actually a representation of abstract knowledge about how to control the
SHQGXOXP LW DULVHV GXH WR V\PPHWU\ LQ WKH V\VWHP
similar patterns will be foundwhen constructing rukeases for more challenging
applications, and we will show how to exploit this symmetry in implementing fuzzy
controllers. The each entry output force-2= (NL) in above table 5.2 is obtained in the
following manner. All the remainmentry will be obtain in similar manner.

5.5 FUZZY QUANTIFICATION OF KNOWLEDGE

Up to this point we have only quantified, in an abstract way, the knowledge that the human
expert has about how to control the plant. Next, we will show havgeduzzy logic to fully
guantify the meaning of linguistic descriptions so that we may automate, in the fuzzy
controller, the control rules specified by the expert.
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5.5.1 Membership Functions

First, we quantify the meaning of the linguistic valuesQisi SPHPEHUVKLS

IXQFWL

example, this is a plot of a functionversuse (t) that takes on special meaning as shown in
figure 5.23. The function quantifies thecertainty2 thate (t) can be classified linguistically

DV 336 ~ 7R X Q G H Uhatvel bx&@rBerdhkd Fungtdn works, it is best to perform a case
analysis where we show how to interpret it for various valueqtf

-2

_1 0 A “Zero” 1 2
“neglarge €” “negsmall” “possmall” “poslarge”
= T T T T i
_E _z n = e(t), (red)
2 4 4 2
-2 -1 “zero” 1 2
“neglarge ¢” “negsmall” “possmall” “poslarge”
= T T T T »
_z _I Ld z z 4a e(t), (red/sec)
4 8 16 8 4 dt
-2 -1 “zero” 1 2
“neglarge e” “negsmall” “possmall” “poslarge”
- 1 1 1 1 T T -
-30 -20 -10 10 20 30 u(t), N)

Fig. 5.23Membership function for Inverted pendulum

5.5.2 Matching: Determination of Rules to be Used

It is actually the case that for most fuzzy controllers the fuzzification will explain the exact
operations of the fuzzification process and also explain why it can be simplified and under
certain conditions virtually ignored. The fuzzification procesthasact of obtaining a value

of an input variable (e.ge (t)) and finding the numeric values of the membership function(s)
that are defined for that variable. For exampleg {t) = @ andd/ dte (t) = @6, the
fuzzification process amounts to findinthe values of the input membership functions for

these.
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Next, we seek to explain how the inference mechanism in Figure 5.23 operates. The inference
process generally involves two steps:

1. The premises of all the rules are compared to the contigfiets to determine which
UXOHV DSSO\ WR WKH FXUUHQW VLWXDWLRQ 7KLV 3P
certainty that each rule applies and we will more strongly take into account the
recommendations of rules about which we are more certainply spthe current
situation.

2. The conclusions (what control actions to take) are determined using the rules that
have been determined to apply at the current time. The conclusions are characterized
with a fuzzy set (or sets) that represent the ceytdinat the input to the plant should
take on various values.

5.5.3 Premise Quantification via Fuzzy Logic

To perform inference we must first quantify each of the rules with fuzzy logic. To do this we
first quantify the meaning of the premises of the rules that are composed of several terms,
each of which involves a fuzzy controller input. ConsiBiggure 5.24in where we list two

terms from the premise of the rule

If error is ZEand changein-error is PSthen force is NS. Thus, we had quantified the
PHDQLQJ RI WKH OLQJXLVWLF WiA-WRMW RRUUINRBELWED WRB F
functions shown in)LJ X UH 1RZ ZH VHHN WR TXDQWLI\ WKH OL
and changen-HUURU LV 36 ~ +HQFH WKH PDLQ LWHP WR IRFXV
3DQG° RSHUDWLRQ WKDW FRPELQHV WKH PHDQLQJ RI W2
standrd Boolean logic to combine these linguistic terms, since we have quantified them
more precisely with fuzzy sets (i.e., the membership functions), we can use these.

“error is zero and change-in-error is possmall”
quantified with quantified with
N 1
0
“ero” 1 possmall”
Mzero
0.51-7 ”‘possma]l”
I
[
- n | T "l mn ®m d
—— = e(t), (red LA r 4a
4 4 (®), (red) 6 3 4 @ e(t), (red/sec)

Fig. 5.24

5.5.4 Determining Which Rules Are On

Determining the applicability of each@H LV FDOOHG 3PDWFKLQJ ~ :H VD\
timet” LI LWV SUHPLVH PHREsE&(Y, d/0t&t)*QFWLRQ
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Hence, the inference mechanism seeks to determine which rules are on to find out which
rules are relevant to the curresituation. In the next step, the inference mechanism will seek

to combine the recommendations of all the rules to come up with a single conclusion.
Consider, for the inverted pendulum example, how we compute the rules that are on. Suppose
that

e(t)=0
and
d/dte(t) = B i @2 (= 0294)

Figure 5.25 shows the membership functions for the inputs and the values abetedod
d/ dt e(t)are indicated with thick black vertical lines

2 | 04 1 2
“neglarge” “negsmall” | “zero”  “possmall” “poslarge”
- 1 1 T T i
T T T T
- - = = t), (red;
2 4 4 2 o0 (red)
-2 -1 0 1 2
“neglarge” “negsmall” “zero”  “possmall” “poslarge”
1
- T 1 T T T i
= _z LA T 4 o, (redsec)
4 8 16 8 4 dt

Fig. 5.25

5.5.5 Inference Step: Determining Conclusions

Next, weconsider how to determine which conclusions should be reached when the rules that
are on are applied to deciding what the force input to the cart carrying the inverted pendulum
should be. To do this, we will first consider the recommendations of eacimaef@endently.

Then, we will combine all the recommendations from all the rules to determine the force
input to the cart.

We see that (1y(u) is in general a timgarying function that quantifies how certain rule (1)

Ji.e., the force inputi should take orcertain values. It is most certain that the force input
should lie in a region around zero (see Figure 5.26 (b)), and it indicates that it is certain that
the force input should not be too large in either the positive or negative direttisrmakes

seng if we consider the linguistic meaning of the rule. The membership functign)
guantifies the conclusion reached by only rule (1) and only for the ceftandd/dt e(t). It

is important that the reader be able to picture how the shape of thediffyzzy set changes

DV WKH UXOHfV SUHPLVH FHUWDLQW\ FKDQJHYV RYHU WLP
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A 0 A0
“zero” ;—\‘\‘zero”
i E’%;E_::::_\ 0.25
1o 0 _uO® o 1 10 uH.MN)
(a) (b)
Fig. 5.26

5.5.6 Converting Decisions into Actions

Next, we consider the defuzzification operation, which is the final component of the fuzzy
controller shown in Figure 5.18efuzzification operates on the implied fuzzy sets produced

E\ WKH LQIHUHQFH PHFKDQLVP DQG FRPELQHV WKHLU I
FRQWUROOHU RXWSXW SODQW LQSXW 6RPH WKLQN RI
information producedyy the inference process (i.e., the implied fuzzy sets) into numeric
fuzzy controller outputs.

To understand defuzzification, it is best to first draw all the implied fuzzy sets on one axis as
shown in Figure 5.27. We want to find the one output, whichGvd Q R W E\WKDW EHYV
represents the conclusions of the fuzzy controller that are represented with the implied fuzzy
sets. There are actually many approaches to defuzzification.

-1

5.5.7 Graphical Depiction of Fuzzy Decision Making

For monvenience, we summarize the procedure that the fuzzy controller uses to compute its
outputs given its inputs in Figure 5.28. Here, we use the minimum operator to represent the
SDQRG” LQ WKH SUHPLVH DQG WKH LPSOLFDWLRWeDQG &2*
study each step in this diagram to gain a fuller understanding of the operation of the fuzzy
controller. To do this, develop a similar diagram for the case where the product operator is
XVHG WR UHSUHVHQW WKH 3D Q GionLapd \dhsdde gdluesre{iVandD Q G W
d/dt e (t) that will result in four rules being on. Then, repeat the process when-agatage
defuzzification is used with either minimum or product used for the premise. Also, learn how

to picture in your mind howhe parameters of this graphical representation of the fuzzy
controller operations change as the fuzzy controller inputs change.
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A

ZETO ZEero “zero”
__________________ [ 0.25

| mewm _m [ momdg “10 10 u(®).(N)
4 4 8 10 8 dt
Iferroris zero and change-in-erroris zero  Then Force is zero
“negsmall”
““zero’, “possmall” g
/r\ """""""" 0.75
DT B 2P TTmn md gy 20 -10 | u@®.@)
4 10 8 4 dt
If error is zero  and change-in-error is possmall Then force is negsmall

_____________

10 u(f).(N)

ucrisp = 0,81

Fig. 5.28

This completes the description of the operation of a simple fuzzy controller. You will find that
while we will treat the fully general fuzzy controller in the next section, there will be little
that is conceptually different from this simple example. Wepsy show how to handle the

case where there are more inputs and outputs and show a fuller range of choices that you can
make for the various components of the fuzzy controller.

As evidenced by the different values obtained by using the minimum, proaiodt,
defuzzification operations, there are many ways to choose the parameters of the fuzzy
controller that make sensEhis presents a problem since it is almost always difficult to know
how to first design a fuzzy controller. Basically, the choice of kel ¢components for the
fuzzy controller is somewhat ad hoc. What are the best membership functions? How many
linguistic values and rules should there be? Should the minimum or product be used to
UHSUHVHQW WKH 3B ana Whic) sMild-beSusdd ipresdnt the implication?

What defuzzification method should be chosen? These are all questions that must be
addressed if we want to design a fuzzy controller.

5.6. FUSION OF FUZZY AND PID

A typical example is the conventional proportichdkgralderivative (PID) controller
design, where the firsbr seconebrder linear plant transfer function has to be first given. We
will review and discuss these conventional PID controllers in Chapter 6. Here, to design a
fuzzy logic controller, not necessarily BfD-type, for set point tracking, we suppose that the
mathematical formulation of the plant is completely unknown.
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Most of fuzzy control research focuses on set point regulation problem, hence, fuzzy control
is often viewed as a form of nonlinear PID cohtind comparisons of fuzzy control vs. fuzzy
control are frequent in literature.

Conventional PID control is, however, well established and can satisfy the performance
requirements of most set point regulation problems at minimal cost.

Often, performane improvement offered by fuzzy control cannot compensate the increased
complexity in computation and tuning. Consequently, fuzzy PID control is rare in commercial
applications; commercial applications of fuzzy control are largely focused otehigih tak-
oriented control that fall outside the domain of conventional control methods Chiu [8].

i) Supervision of conventional controllers

In this configuration, the high level strategy is used for adjustments of the parameters of the
conventional controloops. A common problem with linear PID controllers used for control

of highly nonlinear processes is that the set of controller parameters produces satisfactory
performance only when the process is within a small operational window. Outside this
window, dfferent PID controller parameters are necessary, and these adjustments may be
done automatically by a higher level controller (Fig. 5.29).

The control system consists of a conventional discrete PID controller of which the
proportional, integral and deritree gains Kp, K, Kq) are changed by a fuzzy supervisor
each sampling time (thus fuzzy controller is regarded a gain scheduler). The inputs of the
supervisor might be error and the change of error Nauta Lemke and Krijgsman [9] Zhao et.
al.[10] the superigor is used to tune the scaling factors of the underlying fuzzy PD controller
depending on overshoot, reaching time and amplitude of oscillation.

Fuzzy Preprocessor
supervisor
AK, AK; AKy
r PID u Control y
controller object s

Fig. 5.29Supervisory control system for advanced PID control

Alternative gain scheduling scheme mayitmplemented through the use of a homogeneous
1st order TS system with the following rule format Jang and Gulley [11]:

IFeisAirAND 'eisAx THENY, =pire+px'e

Each such rule represents a local PD controller (with suitable variable selectionanttrel

laws can be implemented) that are combined together by means of fuzzy logic. Thus it is
possible to specify separate control law for each region of variable space that is determined
by the selection of input MFs. Low transparency measure ofitteatier would be useful.
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i) Correction of conventional controllers

Normally, conventional control systems, which are based on PID controllers, are capable of
controlling the process when the operation is smooth and close to normal conditions.
However, if sudden changes occur or if the process enters abnormal situations, then a
configuration that is capable of bringing the process back to normal operation as fast as
possible may be useful. This idea can be implemented using the parallel connectiay of fuz
and PID controllers (Fig. 5.30). For normal operation, the addition to the output of PID
controller is zero, whereas in abnormal situations fuzzy controller develops nonzero output
that restores the normal state.

Fig. 5.30Parallel connection of fuzzand PID control
iii) Coordination of control loop sgtoints

Fuzzy logic can be applied not only for calculation of control variable (i.e. direct control) but
for modification of control strategy in general, by using a fuzzy supervisor that makes
adjustments of the controller set point (Fig 5.31).

Fig. 5.31Supervisory control system for modifying the control strategy

History of such fuzzy hierarchical control configuration goes back to the first industrial
application of fuzzy control where humaupervisor of the cement kiln was replaced. Such
utilization of fuzzy logic can be very effective because Haylel control strategy is often
formulated using natural language and the translation into the language of fuzzy systems may
be rather straightrward. Setpoint control, on the other hand, is often more effective if
implemented with conventional tools for reasons pointed out earlier. The applications
described in chapter 6 use this type of hierarchical control architecture exclusively.















































































