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Fuzzy control has increased tremendous interest in applications over the past few years and 
also among control equipment. The present book titled “Fuzzy Logic Models and Fuzzy Con-
trol: An Introduction” has been written to meet these inspirations. It consists of total nine chap-
ters: First three chapters are related to fuzzy set theory, fuzzy logic, fuzzy systems and models, 
while next six chapters deal with design and analysis methodology of fuzzy control. However, 
it should be clear that such a universal theory does not exist for conventional control engineer-
ing either, so we have to proceed from a few isolated spots where we already know exactly how 
to design a fuzzy control algorithm to clusters of problems and related design methodologies.

Thus, we have tried to structure this book to make it a text book for control engineering cover-
ing just the relevant part of the theory and focussing on the principles of fuzzy control rather 
than particular applications or tools. Starting with relevant mathematics including fuzzy set 
theory, fuzzy logic and models, we go to design parameters and choices and discuss fuzzy 
control in control engineering terms such as linear, non-linear, adaptive control and stability 
criteria. 

The book explicitly aimed at readers from B. Tech./ M.Tech  engineering students who want 
to study fuzzy control as elective course. It contains the following nine chapters:  Chapter 1 
Fuzzy Set and Fuzzy Numbers; Chapter 2 Fuzzy logic and Fuzzy Systems; Chapter 3 Fuzzy 
System Models; Chapter 4 Fuzzy Control; Chapter 5 Fuzzy Knowledge Base Control (KFBC);  
Chapter 6 Adaptive Fuzzy Control; Chapter 7 Non-linear Fuzzy Control; Chapter-8 Stability of 
Fuzzy Control Systems, and Chaper 9 Fuzzy Control System Model.

D. S. Hooda
Vivek Raich
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Chapter-1 

Fuzzy Sets and Fuzzy Numbers  

1.1 BASIC CONCEPTS AND DEFINITIONS  

Only in 20th century, mathematicians defined the concepts of sets and functions to represent 
problems. In many circumstances the solution using this concept are meaningless. This 
difficulty was overcome by the fuzzy concept. Almost all mathematical, engineering, 
medicine etc. concepts have been redefined using fuzzy set. It essentially prepares the teacher 
�D�V���Z�H�O�O���D�V���V�W�X�G�H�Q�W���L�Q���W�K�H���X�V�H���R�I���I�X�]�]�\���V�H�W�V�����%�D�V�L�F���G�H�I�L�Q�L�W�L�R�Q���R�I���F�U�L�V�S���V�H�W�V���S�U�R�S�H�U�W�L�H�V���R�I���.-cuts, 
representation of fuzzy sets, operations on fuzzy sets. These help in providing a more general 
appreciation of what has been done with fuzzy sets and applied in problems related to various 
areas. It also helps in providing an integrated view of extension principle for fuzzy sets. In 
this chapter we are going to introduce the Basic Definition of Fuzzy set, types of Fuzzy sets 
�D�Q�G���1�R�W�D�W�L�R�Q�����2�S�H�U�D�W�L�R�Q�V���R�Q���)�X�]�]�\���V�H�W�V�����.-Cuts and Properties, Interval valued Fuzzy Set and 
Arithmetic of Fuzzy numbers for more details refer to [Klier and Yuan (1995) and Lee 
(2005)].  

In real world, the complexity generally arises from uncertainty in the form of ambiguity. The 
probability theory has been an old age and effective tool to handle uncertainty, but it can be 
applied only to situations whose characteristics are based on random processes, i.e., processes 
in which the occurrence of events is strictly determined by chance. Uncertainty may arise due 
to partial information about the problem, or due to information which is not fully reliable, or 
due to inherent imprecision in the language with which the problem is defined or due to 
receipt of information from more than one source. Fuzzy set theory is an excellent 
mathematical tool to handle the uncertainty arising due to vagueness. In 1965, Lotfi A. Zadeh 
propounded the fuzzy set theory in his paper. 

A set A can be equivalently represented by its characteristic function i.e. A mapping A�F  from 

the universe of discourse (i.e. region of consideration is a large set) containing A to the set

�^ �`0,1 ; equivalently, x A�•  iff ( )A x�F  = 1. 

�,�Q���³�I�X�]�]�\�´�� �F�D�V�H���³�E�H�O�R�Q�J�L�Q�J���W�R�´���U�H�O�D�W�L�R�Q��( )A x�F �E�H�W�Z�H�H�Q���[���D�Q�G���$���L�V���Q�R���O�R�Q�J�H�U���³�����R�U�����´���%�X�W���L�W��

�K�D�V���D���G�H�J�U�H�H���R�I���³�E�H�O�R�Q�J�L�Q�J���W�R�´���L���H�����P�H�P�E�H�U�V�K�L�S���G�H�J�U�H�H���V�X�F�K���D�V���������� Therefore, the range has 
to extend from set {0, 1} to interval [0, 1]. 
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1.1.1 Crisp Set 

The study of sets and their use in the foundation of mathematics was just begun before the 
turn of the century by Cantor (1845-1918), Russel, Frege and others. The theory of sets 
developed by Cantor has not only influenced and enriched almost every branch of 
mathematics but also has helped to clarify the relation between mathematics and philosophy. 
The basic idea of a set is the origin point in the study of modern algebra. 

Well-defined and distinct collection of objects is called Set. 

�7�K�H���Z�R�U�G�V���D�J�J�U�H�J�D�W�H�����F�O�D�V�V���R�U���F�R�O�O�H�F�W�L�R�Q���D�U�H���D�O�V�R���X�V�H�G���L�Q���S�O�D�F�H���R�I���W�K�H���Z�R�U�G���³�V�H�W�´�����%�X�W���W�K�H���X�V�H��
�R�I�� �W�K�H�� �Z�R�U�G�� �V�H�W�� �L�V�� �F�R�P�P�R�Q���� �,�Q�� �J�H�Q�H�U�D�O�� �F�D�S�L�W�D�O�� �O�H�W�W�H�U�V�� �O�L�N�H�� �$���� �%���� �&���� �'�«�«���H�W�F are used to 
�G�H�Q�R�W�H���W�K�H���V�H�W�V���D�Q�G���O�R�Z�H�U���O�H�W�W�H�U�V���D�����E�����F�����G�«�«�«�W�R���G�H�Q�R�W�H���W�K�H���R�E�M�H�F�W�V���R�U���H�O�H�P�H�Q�W�V���E�H�O�R�Q�J�L�Q�J��
to these sets. We express the relation between an object and a set to which it belongs by 
writing, a �•  A. There are three basic methods by which sets can be represented. 

(i) List method-  �^ �`1 2 3, , ,...., nA a a a a� . 

(ii) Set builder form (Rule method)-  

 �$��� ���^�[���_���3���[���`�����Z�K�H�U�H���3���[�����P�H�D�Q�V���³�[���K�D�V���W�K�H���S�U�R�S�H�U�W�\���3�´ 

(iii) A characteristic function ( )A x�F  that declares which elements of X  are members of 

the set and which are not and that is represented as follows: 

 
1, when

( )
0, when ,A

x A
x

x A
�F

�•�­
� �®

�•�¯
 

which is formally expressed by ( ) : [0,1]A x X�F �o . 

1.1.2 Operations on Crisp Set. 
Union �± If A and B are two non-empty sets then A �‰ B defined as 

 A �‰ B = {x �•  X | x �•  A or x �•  B}.  

 For a family of sets {Ai | i�•N}, this is defined as 

 �‰Ai = {x | x �•  A i for some i �•N}.  

Intersection - If A and B are two non-empty sets then A �ˆ  B defined as 

A �ˆ  B = {x �•  X | x�•  A and x �•  B}.  

 For a family of sets {Ai | i�•N} is defined as 

 �ˆ  Ai = {x | x�•A i for all i �•N}.  

Complement of A- It is denoted by Ac and defined as 

 Ac = {x �•  X | x �•  A}.  

(i) (Ac)c =A (ii) �Ic = X (iii) X c = �I 
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1.1.3  Properties of operations on Crisp Set 

Basic properties of union, intersection and complements are summarizing in the table-1.1, if 
A, B, C �•  P(X) 

Table-1.1 Properties of operations on Crisp set 

1. Involution (Ac)c =A 
2. Commutative property A�‰B = B�‰A; A�ˆ B = B�ˆ A 
3. Associative, property (A�‰B) �‰C= A�‰( B�‰C) 
  (A�ˆ B) �ˆ C = A�ˆ (B�ˆ C) 
4. Distributive, property A�‰(B �ˆ C) = (A�‰B) �ˆ  ( A�‰C) 
  A�ˆ (B �‰C) = (A�ˆ B) �‰ (A�ˆ C) 
5. Idempotent, property A�‰A = A , A �ˆ  A = A 
6. Absorption, property A�‰(A �ˆ B) = A, A�ˆ  (A�‰B) = A 
7. Absorption by, X and �I A�‰X = X, A�ˆ �I = �I 
8. Identity  A�‰�I = A, A�ˆ x = A 
9. Law of contradiction A �ˆ Ac = �I 

10. Law of excluded  A �‰ Ac = X 
11. De-�0�R�U�J�D�Q�¶�V���O�D�Z (A �ˆ B)c = Ac�‰Bc, (A �‰B)c = Ac�ˆ Bc 
 
1.1.4  Convex Set 

Definition. The term convex is applicable to a set A in n�ƒ (n �± dimensional Euclidian vector 
space) if the followings are satisfied. 

 

 

 

Figure 1.1: Convex sets 1 2 3, ,A A A  and non-convex sets 4 5 6, ,A A A  in 2�ƒ  



1.4 | Fuzzy Logic Models and Fuzzy Control: An Introduction 

(i) Two arbitrary points s  and r  are defined in A  

�^ �` �^ �`: : .i n i nr r i N s s i N� �• � �•  ( N  is a set of positive integers) 

(ii)  For arbitrary real number �O between 0  and 1, point t  is involved in A , where t  

is �^ �`(1 ) : .i i nt r s i N� O � O� �� �� �•   

�,�Q�� �R�W�K�H�U�� �Z�R�U�G�V���� �L�I�� �H�Y�H�U�\�� �S�R�L�Q�W�� �R�Q�� �W�K�H�� �O�L�Q�H�� �F�R�Q�Q�H�F�W�L�Q�J�� �W�Z�R�� �S�R�L�Q�W�¶�V��s and r in A is also in A. 
(Fig.1.1) shows some examples of convex and non-convex sets. 

1.1.5  Sets as Points in Hypercubes 

There is an interesting geometric analog for illustrating the idea of set membership (Kosko, 
1992). Heretofore we have described a fuzzy set A  defined on a universe X. For a universe 
with only one element, the membership function is defined on the unit interval [0, 1]; for a 
two-element universe, the membership function is defined on the unit square; and for a three-
element universe, the membership function is defined on the unit cube. All of these situations 
are shown in Fig. 1.2. For a universe of n elements we define the membership on the unit 

hypercube, �> �@0, 1 .
nnI �  

The endpoints on the unit interval in Fig. 1.2(a), and the vertices of the unit square and the 
unit cube in Figs. 1.2(b) and 1.2(c), respectively, represent the possible crisp subsets, or 
collections, of the elements of the universe in each figure. This collection of possible crisp 
(non-fuzzy) subsets of elements in a universe constitutes the power set of the universe. For 

example, in Fig. 1.2(c) the universe comprises three elements, �^ �`1 2 3, , .X x x x�  The point (0, 

0, 1) represents the crisp subset in 3-space, where 1x  and 2x  have no membership and 

element 3x  has full membership, i.e., the subset { 2x } ; the point (1, 1, 0) is the crisp subset 

where 1x  and 2x  have full membership and element 3x  has no membership, i.e., the subset {

1x , 2x } ; and so on for the other six vertices in Fig. 1.2(c). In general, there are 2n subsets in 

the power set of a universe with n elements; geometrically, this universe is represented by a 
hypercube in n-space, where 2n vertices represent the collection of sets constituting the 
power set. Two points in the diagrams bear special note, as illustrated in Fig. 1.2(c). In this 
figure the point (1, 1, 1), where all elements in the universe have full membership, is called 
the whole set, X, and the point (0, 0, 0), where all elements in the universe have no 
membership, is called the null set, �I . 
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Figure 1.2: Sets as points 

The centroids of each of the diagrams in Fig. 1.2 represent single points where the 
membership value for each element in the universe equals. For example, the point in Fig. 
1.2(b) is in the midpoint of the square. This midpoint in each of the three figures is a special 
point �± �L�W�� �L�V�� �W�K�H�� �V�H�W�� �R�I�� �P�D�[�L�P�X�P�� �µ�µ�I�X�]�]�L�Q�H�V�V���¶�¶�� �$�� �P�H�P�E�H�U�V�K�L�S�� �Y�D�O�X�H�� �R�I�� �L�Q�G�L�F�D�W�H�V�� �W�K�D�W�� �W�K�H��
element belongs to the fuzzy set as much as it does not �± that is, it holds equal membership in 
both the fuzzy set and its complement. In a geometric sense, this point is the location in the 
space that is farthest from any of the vertices and yet equidistant from all of them. In fact, all 
points interior to the vertices of the spaces represented in below Figure represent fuzzy sets, 
where the membership value of each variable is a number between 0 and 1. For example, in 
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Fig. 1.2(b), the point represents a fuzzy set where variable 1x  has a 0.25 degree of 

membership in the set and variable 2x  has a 0.75 degree of membership in the set. It is 

obvious by inspection of the diagrams in Figure 1.2 that although the number of subsets in a 
power set is enumerated by 2n vertices, yet the number of fuzzy sets on the universe is 
infinite as represented by the infinite number of points on the interior of each space. 

The concept of a fuzzy set is an extension of the concept of a crisp set. Just as a crisp set on a 
universal set X is defined by its characteristic function while X to {0, 1}, while a fuzzy set on 
a domain X is defined by its membership function from X to [0, 1]. 

Definition1. Let X  be a non-empty set (called the universal set or the universe of discourse 
or simply domain). A fuzzy set �# is a subset of X  and is defined as 

 �� �� �� �� �> �@�^ �`( ) : 0,1 ;i A i A i iA x x x x X� ���P �P �• �� �• , 

where ( )A ix�P represents the degree of membership and is defined as 

�ä�º���:�T�Ü�; 
L �P
�r�á�E�B���T�Ü�Ð�#���=�J�@���P�D�A�N�A���E�O���J�K���=�I�>�E�C�Q�E�P�U
�s�����E�B���T�Ü�Ð�#���=�J�@���P�D�A�N�A���E�O���J�K���=�I�>�E�C�Q�E�P�U

�r�ä�w�á�P�D�A�N�A���E�O���I�=�T�E�I�Q�I���=�I�>�E�C�Q�E�P�U���S�D�A�P�D�A�N�����T�Ü�Ð�#���K�N�����T�Ü�Ð�#����
 

 

Important Remark: Generally to distinguish Crisp set and Fuzzy set A is used in place of A. 
But for the simplicity of typing throughout the text we shall use A in place of Ã to represent 
fuzzy set. 

Definition2. Let X  be a domain. The set of all fuzzy sets on X denoted by FS (x) is called 
Fuzzy power set of X.  

1.1.6 Representation of a Fuzzy Set 

A fuzzy set can be represented by the following ways  

(A) Fuzzy set A on X can be represented by, set of ordered pair as follow. 

 �$��� ���^���[������Ã (x)) : x �•  X}  

(B) In case if the domain is finite fuzzy set A = �¦  ��A (xi) / xi. 

For example if A (a) = 0, A (b) = 0.7, A (c) = 0.4 and A (d) = 1. Then, fuzzy set A can be 
written as A= {(a, 0), {(b, 0.7), (c, 0.4), (d, 1)}  

 or A = 0/a + 0.7/b + 0.4/c + 1/d.  

The symbol �¦  �D�Q�G���W�K�H���V�\�P�E�R�O�������L�Q���W�K�H���D�E�R�Y�H���Q�R�W�D�W�L�R�Q���V�W�D�Q�G���I�R�U���X�Q�L�R�Q���R�I���D�O�O����A (x) / x 

(C) In case the domain is continuous A= �³ A(X) / x. 

(D) A�  �³�U�H�D�O���Q�X�P�E�H�U�V���F�O�R�V�H���W�R�������´ 
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 �� �� �� ���^ �`12, ( ) : ( ) 1 ( 10)A AA x x x x� P � P
��

� � �� �� .  

As shown in fig. 1.3. 

 

 

Figure 1.3: Real numbers close to 10 

Example 1.1.1 �&�R�Q�V�L�G�H�U���I�X�]�]�\���V�H�W���µ�W�Z�R���R�U���V�R�¶�����,�Q���W�K�L�V���L�Q�V�W�D�Q�F�H�����X�Q�L�Y�H�U�V�D�O���V�H�W��X is the positive 
real numbers. 

 �^ �`, , , , , ,....X a b c d e f�  

Membership function for A � �¶�W�Z�R���R�U���V�R�¶���L�Q���W�K�L�V���X�Q�L�Y�H�U�V�D�O���V�H�W��X is given as follows: 

 ( ) 1, ( ) 1, ( ) 0.5, ( ) 0....A A A Aa b c d�P �P �P �P� � � �   

 

   

Figure 1.4: Graphical representation of crisp set 
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Figure 1.5: Graphical representation of fuzzy set 

Usually, if elements are discrete as the above, it is possible to have membership degree or 
grade as 

 �^ �`( ,1.0), ( ,1.0), ( ,0.5)A a b c�  or 1.0 1.0 0.5.A a b c� �� ��  

Example1.1.2 �/�H�W�¶�V���G�H�I�L�Q�H���D���I�X�]�]�\���V�H�W��A � ���^�U�H�D�O���Q�X�P�E�H�U���Q�H�D�U�����`�����7�K�H���E�R�X�Q�G�D�U�\���I�R�U���V�H�W���³�U�H�D�O��
�Q�X�P�E�H�U�� �Q�H�D�U�� ���´�� �L�V�� �S�U�H�W�W�\�� �D�P�E�L�J�X�R�X�V���� �7�K�H�� �S�R�V�V�L�E�L�O�L�W�\�� �R�I�� �U�H�D�O�� �Q�X�P�E�H�U��x to be a member of 
prescribed set can be defined by the following membership function. 

 2

1
( )

1A x
x

�P � 
��

. 

 

 

Figure 1.6: �0�H�P�E�H�U�V�K�L�S���I�X�Q�F�W�L�R�Q���R�I���I�X�]�]�\���V�H�W���³�U�H�D�O���Q�X�P�E�H�U���Q�H�D�U�����´ 

 

Fig. 1.6 shows this membership function. We can also write the fuzzy set with the function. 
The membership degree of 1 is 0.5, the possibility of 2 is 0.2 and that of 3 is 0.1. 
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1.2 TYPES OF FUZZY SETS  

(i) Interval -Valued Fuzzy Sets. A membership function based on the approach that 
does not assign to each element of the universal set to one real number, but a closed 
interval of real numbers between the identified lower and upper bounds. Fuzzy sets 
defined by membership function of this type are called interval-valued fuzzy sets. 
These sets are defined as follows 

A: X�o  �•  ([0, 1]), 

where P�•  ([ 0, 1 ]) denote the family of all closed intervals of real numbers in [0, 1]. 

(ii)  Fuzzy Sets of Type-2. We can generalize interval-valued fuzzy sets by allotting their 
intervals to be fuzzy. Each internal now becomes an ordinary fuzzy set defined 
within the universal set [0, 1]. The membership grades assigned to elements of the 
universal set by these generalized fuzzy sets are ordinary fuzzy set. These sets are 
known as 'fuzzy set of type-2. The membership function of this type of set having the 
following form 

A: X�o  P ([0 1]) where P ([0 1]) denotes the set of all ordinary fuzzy sets that can be 
defined within the universal set [0, 1]. 

The set P ([0, 1]) is also called a fuzzy power set of [0, 1]. 

(iii)  L-Fuzzy Sets. When we relax the requirement that the membership grades must be 
represented by numbers in the unit interval [0, 1] and allow them to be represented by 
symbols of an arbitrary set L, i.e., at least partially ordered, we obtain L-fuzzy set 
The membership function of L-fuzzy set have the following form 

A: X�o  L 

(iv) Level-2 Fuzzy Sets. The generalization of ordinary fuzzy sets involves fuzzy sets 
defined within a universal set whose elements are ordinary fuzzy sets. These fuzzy 
sets are known as level-2 fuzzy sets. The membership function of level-2 fuzzy set 
having the following form 

A: �o  C (X) �o  ([0, 1]) where C(X) denotes the fuzzy power set of X (The set of all 
ordinary sets). 

 

Example 1.2.1: �&�R�Q�V�L�G�H�U�� �V�H�W�� �$� �� �³�D�G�X�O�W�´���� �7�K�H�� �P�H�P�E�H�U�V�K�L�S�� �I�X�Q�F�W�L�R�Q�� �R�I�� �W�K�L�V�� �V�H�W�� �P�D�S�V�� �Z�K�R�O�H��
�D�J�H���W�R���³�\�R�X�W�K�´�����³�P�D�Q�K�R�R�G�´���D�Q�G���³�V�H�Q�L�R�U�´�����)�L�J�����������������)�R�U���L�Q�V�W�D�Q�F�H�����I�R�U���D�Q�\���S�H�U�V�R�Q��x, y and z, 

 ( ) "youth", ( ) "manhood", ( ) .A A Ax y z�P �P �P �I� � �  
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Figure 1.7: Fuzzy set of type - 2(a) and level - 2 fuzyz set {(b), (c)}  

 

�7�K�H���Y�D�O�X�H�V���R�I���P�H�P�E�H�U�V�K�L�S���I�R�U���³�\�R�X�W�K�´���D�Q�G���³�P�D�Q�K�R�R�G�´���D�U�H���D�O�V�R���I�X�]�]�\���V�H�W�V�����D�Q�G���W�K�X�V���W�K�H���V�H�W��
�³�D�G�X�O�W�´���L�V���D���W�\�S�H-2 fuzzy set. 

�7�K�H���V�H�W�V���³�\�R�X�W�K�´���D�Q�G���³�P�D�Q�K�R�R�G�´���D�U�H���W�\�S�H-1 fuzzy sets. In the same manner, if the values of 
�P�H�P�E�H�U�V�K�L�S���I�X�Q�F�W�L�R�Q���R�I���³�\�R�X�W�K�´���D�Q�G���³�P�D�Q�K�R�R�G�´���D�U�H���W�\�S�H-�������W�K�H���V�H�W���³�D�G�X�O�W�´���L�V���W�\�S�H-3. 

1.2.1 Support of a Fuzzy Set 

Let A be fuzzy set defined on X, then the support of fuzzy set A is a crisp set. It is denoted by 
Supp (A) and defined as 

 �^ �`( ) : ( ) 0 .ASupp A x X x�P� �• �!  

Example 1.2.2: Consider a universal set X which is defined on the age domain 

 �^ �`5,15,25,35,45,55,65,75,85X �  
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Table 1.2 membership of  �³�L�Q�I�D�Q�W�´�����³�\�R�X�Q�J�´�����³�D�G�X�O�W�´���D�Q�G���³�V�H�Q�L�R�U�´ 

Age Infant Young Adult Senior 
     
5 0 0 0 0 
15 0 0.2 0.1 0 
25 0 1 0.9 0 
35 0 0.8 1 0 
45 0 0.4 1 0.1 
55 0 0.1 1 0.2 
65 0 0 1 0.6 
75 0 0 1 1 
85 0 0 1 1 

 

�:�H���F�D�Q���G�H�I�L�Q�H���I�X�]�]�\���V�H�W�V���V�X�F�K���D�V���³�L�Q�I�D�Q�W�´�����³�\�R�X�Q�J�´�����³�D�G�X�O�W�´���D�Q�G���³�V�H�Q�L�R�U�´���L�Q��X. The 
possibilities of each element of x to be in those four fuzzy sets are in Table 1.2. 

�7�K�H�� �V�X�S�S�R�U�W�� �R�I�� �I�X�]�]�\�� �V�H�W�� �³�\�R�X�Q�J�´�� �L���H�����^ �`Supp(young) 15,25,35,45,55�  and it is a crisp 

�V�H�W�����&�H�U�W�D�L�Q�O�\�����W�K�H���V�X�S�S�R�U�W���R�I���³�L�Q�I�D�Q�W�´���L�V���H�P�S�W�\���V�H�W�� 

�7�K�H�� �P�D�[�L�P�X�P�� �Y�D�O�X�H�� �R�I�� �W�K�H�� �P�H�P�E�H�U�V�K�L�S�� �L�V�� �F�D�O�O�H�G�� �³�K�H�L�J�K�W�´���� �6�X�S�S�R�V�H�� �W�K�H�� �³�K�H�L�J�K�W�´�� �R�I�� �V�R�P�H��
fuzzy sets is 1, then fuzzy set is �³�Q�R�U�P�D�O�L�]�H�G�´���� �7�K�H�� �V�H�W�V�� �³�\�R�X�Q�J�´���� �³�D�G�X�O�W�´�� �D�Q�G�� �³�V�H�Q�L�R�U�´�� �D�U�H��
normalized as shown in fig. 1.8. 

 

 

Figure 1.8: Non-normalized and normalized fuzzy set 

 

�/�H�W�¶�V���F�R�Q�V�L�G�H�U���F�U�L�V�S���V�H�W���³�W�H�H�Q�D�J�H�U�´�����7�K�L�V���F�U�L�V�S���V�H�W���L�V���F�O�H�D�U�O�\���G�H�I�L�Q�H�G���K�D�Y�L�Q�J���H�O�H�P�H�Q�W�V���R�Q�O�\������-
19 in the universal set X. As you shall notice this set is a restricted set comparing with X. 
�6�L�P�L�O�D�U�O�\�� �I�X�]�]�\�� �V�H�W�� �³�\�R�X�Q�J�´�� �L�V�� �D�O�V�R�� �D�� �U�H�V�W�U�L�F�W�H�G�� �V�H�W���� �:�K�H�Q�� �Z�H�� �D�S�S�O�\�� �D�� �³fuzzy restriction�´�� �W�R��
universal set X in certain manner, we get a fuzzy set. 
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1.2.2 �D- Cut Set  

Let A be fuzzy set defined on universe of discourse and [0,1]�D�•  be any number, then �D- 

cut set of A is a crisp set. It is denoted by A�D  and defined as  

 �^ �`: ( ) ,AA x X x�D � P � D� �• �t  

where strong �D- cut set of fuzzy set A is denoted by A�D��  and defined as 

 �^ �`: ( ) .AA x X x�D � P � D�� � �• �!  

Remark: For any fuzzy set A and pair 1 2, [0, 1]� D � D�•  of distinct values such that 1 2� D � D�� , 

we have 1 2A A� D � D�‹  and 1 2A A.� D � D� � � ��‹  

 

Figure 1.9: Subnormal fuzzy set that is convex 

Example 1.2.3: The �D-�F�X�W���V�H�W���L�V���G�H�U�L�Y�H�G���I�U�R�P���I�X�]�]�\���V�H�W���³�\�R�X�Q�J�´���E�\���J�L�Y�L�Q�J�����������W�R���D 

�W�K�L�V���P�H�D�Q�V���³�W�K�H���D�J�H���W�K�D�W���Z�H���F�D�Q���V�D�\���\�R�X�Q�J���Z�L�W�K���S�R�V�V�L�E�L�O�L�W�\���Q�R�W���O�H�V�V���W�K�D�Q���������´�� 

If �^ �`0.40.4, 25,35,45young�D�  �    

If �^ �`0.80.8, 25,35 .young�D�  �   

Remark: The 1- cut, 1A , is often called the core of fuzzy set A. The height, ( )h A , of a 
fuzzy set A is the largest membership grade obtained by any element in that set. Formally, 

( ) ( )sup A
x X

h A x�P
�•

� . A fuzzy set A is called normal when ( ) 1h A � ; it is called subnormal 

when ( ) 1.h A ��  The height of fuzzy set may also be viewed as the supremum of �D for 

which A .�D �I�z   
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1.2.3 Level Set  

The value �D which explicitly shows the value of the membership function, is in the range of 
[0, 1�@�����7�K�H���³�O�H�Y�H�O���V�H�W�´���L�V���R�E�W�D�L�Q�H�G���E�\���W�K�H��' .s�D  That is, 

 �^ �`: ( ) , 0, .A A x x X�D �P �D �D�/ � � �t �•  

The level set of �D�E�R�Y�H���I�X�]�]�\���V�H�W���³�\�R�X�Q�J�´���L�V�� 

 �^ �`0, 0.1, 0.2, 0.4, 0.8, 1.0 .A� / �   

1.2.4  Convex Fuzzy Set 

Assuming universal set X is defined in n-dimensional Euclidean Vector space n�ƒ . If all the 
�D- cut sets are convex, the fuzzy set with these �D- cut sets is convex (Fig. 1.10(a)). In other 
words, if a relation 

 �> �@( ) Min ( ), ( )A A At r s�P �P �P�t , 

where (1 ) ; , , [0, 1]nt r s r s�O �O �O� �� �� �•�ƒ �•  holds, the fuzzy set is convex. Fig. 1.10(b) 
shows a convex fuzzy set and Fig. 1.10(c) describes a non-convex set. 

 

 

 

(a) Convex Fuzzy Set 
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(b) Convex Fuzzy Set ( ) ( )A At r� P � P�t

  

(c) Non- Convex Fuzzy Set ( ) ( )A At r� P � P��  

Figure 1.10: Convex and non-convex fuzzy sets 

1.2.5  Magnitude of Fuzzy set 

There are three ways of measuring the cardinality of fuzzy set. First, we can derive magnitude 
�E�\���V�X�P�P�L�Q�J���X�S���W�K�H���P�H�P�E�H�U�V�K�L�S���G�H�J�U�H�H�V�����,�W���L�V���³scalar cardinality�´�� 

 ( ).A
x X

A x�P
�•

� �¦  
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�)�R�O�O�R�Z�L�Q�J���W�K�L�V���P�H�W�K�R�G�����W�K�H���P�D�J�Q�L�W�X�G�H���R�I���I�X�]�]�\���V�H�W���³�V�H�Q�L�R�U�´���L�V�� 

 senior 0.1 0.2 0.6 1 1 2.9.� �� �� �� �� �  

Second, comparing the magnitude of fuzzy set A with that of universal set X can be an idea. 

 .
A

A
X

�  

�7�K�L�V���L�V���F�D�O�O�H�G���³�U�H�O�D�W�L�Y�H���F�D�U�G�L�Q�D�O�L�W�\�´�����,�Q���W�K�H �F�D�V�H���R�I���³�V�H�Q�L�R�U�´�� 

 senior 2.9 9 and senior 2.9 9 0.32.X� � � �  

Third method expresses the cardinality of fuzzy set as explained below: 

Let A�D be the �D-cut ofA . The number of elements is A .�D  In other words, the possibility 

for number of elements in A to be A�D  is .�D  Then the membership degree of fuzzy 

cardinality A is defined as  

 �� ��A , ,AA
�D�P �D �D� �• �/  where A�/  is a level set. 

Example 1.2.5: �,�I���Z�H���F�X�W���I�X�]�]�\���V�H�W���³�V�H�Q�L�R�U�´���D�W��0.1,�D�  there are 5 elements in the �D-cut. 

�^ �`0.1 0.1senior 45,55,65,75,85 , senior 5.�  �   In the same manner, there are 4 elements at 

0.2,�D�  there are 3 elements 0.6,�D�  there are 2 elements 1.0.�D�  Therefore, the fuzzy 
�F�D�U�G�L�Q�D�O�L�W�\���R�I���³�V�H�Q�L�R�U�´���L�V 

 �� �� �� �� �� �� �� ���^ �`senior 5,0.1 , 4,0.2 , 3,0.6 , 2,1 .�   

1.3 OPERATIONS ON FUZZY SETS 

Considering three fuzzy sets ,A B and C  on the universe .X  For a given element x  of the 
universe, the following function theoretic operations for the set theoretic operations unions, 
intersection and complement are defined for ,A B and C  on :X  

Union: �� ��( ) ( ) ( ) max ( ), ( ) .A B A B A Bx x x x x�P �P �P �P �P�‰ � �› �  

Intersection: �� ��( ) ( ) ( ) min ( ), ( ) .A B A B A Bx x x x x�P �P �P �P �P�ˆ � �š �  

Complement: ( ) 1 ( ).AA
x x� P � P�  � �  

Subset: ( ) ( ),A BA B x x� P � P�Ž �Ÿ �d for all , ( ) 0x X x�I�P� • �   and ( ) 1.X x�P �  
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Figure 1.11: Venn diagram of operation on fuzzy sets 
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Any fuzzy set A  defined on a universe X  is a subset of that universe. The membership 
value of any element x in the null set �I  is 0, and the membership value of any element x in 
the whole set x is 1. This statement is given by �'�H���0�R�U�J�D�Q�¶�V���O�D�Z�V��stated for classical sets also 
hold for fuzzy sets, as denoted by the following expressions: 

 A B A B�ˆ � �‰  and .A B A B�‰ � �ˆ  

All operations on classical sets also hold for the fuzzy set except for the excluded middle 
laws. These two laws does not hold good for fuzzy sets. Since fuzzy sets can overlap, a set 
and its complement also can overlap. 

The excluded middle law for fuzzy sets is given by 

 A A X� ‰ � z and .A A �I� ˆ � z  

  

 (a) Crisp set A and its complement   (b) Crisp set A A X� ‰ �  (Law of exclusive)  

 

 

(c) Crisp set A A �I� ˆ �  (Law of contradiction) 

Figure 1.12: Excluded middle law for classical sets 
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 Figure 1.13: Excluded middle law for Fuzzy sets 

Comparing Venn diagram for classical sets and fuzzy sets for excluded middle law are shown 
in Fig.1.6 and Fig.1.7 respectively. 

1.3.1  Properties of Fuzzy Sets 

The properties of the classical set also suits for the properties of the fuzzy sets. The important 
properties of fuzzy sets are as follows: 

Commutativity:  A B B A�‰ � �‰ and .A B B A�ˆ � �ˆ  

Associativity: ( ) ( )A B C A B C�‰ �‰ � �‰ �‰ and ( ) ( ) .A B C A B C�ˆ �ˆ � �ˆ �ˆ  

Ditributivity:  ( ) ( ) ( )A B C A B A C�‰ �ˆ � �‰ �ˆ �‰  and ( ) ( ) ( ).A B C A B A C�ˆ �‰ � �ˆ �‰ �ˆ  

Idempotency: A A A� ‰ �   and .A A A� ˆ �   
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Identity:  A A�I� ‰ �   and ,A X A� ˆ �  A � I � I� ˆ �   and .A X X� ‰ �   

Transitivity:  If A B C� • � • then .A C�•  

Involution:  .A A�  

These are the important properties of the fuzzy set. 

Example 1.3.1: Consider two fuzzy sets A  and .B  find Complement, Union, Intersection, 
�'�L�I�I�H�U�H�Q�F�H�����D�Q�G���'�H���0�R�U�J�D�Q�¶�V���O�D�Z�� 

1 0.5 0.6 0.2 0.6
2 3 4 5 6

A � ­ � ½� �� �� �� ��� ® � ¾
� ¯ � ¿

 and 
0.5 0.8 0.4 0.7 0.3

.
2 3 4 5 6

B � ­ � ½� �� �� �� ��� ® � ¾
� ¯ � ¿

 

 
Complement  

0 0.5 0.4 0.8 0.4
2 3 4 5 6

A � ­ � ½� �� �� �� ��� ® � ¾
� ¯ � ¿

 and 
0.5 0.2 0.6 0.3 0.7

.
2 3 4 5 6

B � ­ � ½� �� �� �� ��� ® � ¾
� ¯ � ¿

 

 
Union 

 
1 0.8 0.6 0.7 0.6

.
2 3 4 5 6

A B � ­ � ½�‰ � �� �� �� ��� ® � ¾
� ¯ � ¿

 

Comparing the membership values and writing maximum of the two values determine Union 
of the fuzzy set. 
Intersection 

 
0.5 0.5 0.4 0.2 0.3

.
2 3 4 5 6

A B � ­ � ½�ˆ � �� �� �� ��� ® � ¾
� ¯ � ¿

 

Comparing the membership values and writing minimum of the two values determine 
intersection of the fuzzy set. 
Difference 

 
0.5 0.2 0.6 0.2 0.6

,
2 3 4 5 6

A B A B � ­ � ½� �ˆ � �� �� �� ��� ® � ¾
� ¯ � ¿

 

 
0 0.5 0.4 0.7 0.3

.
2 3 4 5 6

B A B A � ­ � ½� �ˆ � �� �� �� ��� ® � ¾
� ¯ � ¿

 

�'�H���0�R�U�J�D�Q�¶�V���/�D�Z�V 

 
0 0.2 0.4 0.3 0.4

,
2 3 4 5 6

A B A B � ­ � ½�‰ � �ˆ � �� �� �� ��� ® � ¾
� ¯ � ¿

 

 
0.5 0.5 0.6 0.8 0.7

.
2 3 4 5 6

A B A B � ­ � ½�ˆ � �‰ � �� �� �� ��� ® � ¾
� ¯ � ¿

 

Example 1.3.2: We want to compare two sensors based upon their detection levels and gain 
settings. The following table 1.3 of gain settings and sensor detection levels with a standard 
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item being monitored provides typical membership values to represent the detection levels for 
each of the sensors. 

Table 1.3 
Gain setting Sensor 1 detection levels Sensor 2 detection levels 

0 0 0 
20 0.5 0.35 
40 0.65 0.5 
60 0.85 0.75 
80 1 0.90 
100 1 1 

 

The universe of discourse is �^ �`0, 20, 40, 60, 80, 100X �  Find the membership function 

for the two sensors: Find the following membership functions using standard set operations: 
(a) 

1 2
( )S S x�P �‰  (b) 

1 2
( )S S x�P �‰  (c) 

1
( )

S
x�P  (d) 

2
( )

S
x�P  

Solution: It can be solved  similar as previous example. 
 
1.3.2  Fuzzy Complement 
Complement set A  of set A carries the sense of  negation. Complement set may be defined 
by the following function C. 
 :[0, 1] [0, 1]C �o  

Complement function C is designed to map membership function ( )A x�P  of fuzzy set A to 

[0,1] and the mapped value is written as C( ( )A x�P ). To be a fuzzy complement function, the 

following two axioms should be satisfied: 

1( )C  (0) 1, (1) 0C C�  �  (boundary condition). 

2( )C  If , [0, 1]a b�•  anda b�� , then ( ) ( )C a C b�t  (monotonic non increasing), where a and 

b stand for membership value of member x in A. For example, if ( )A x a�P � ,

( ) ; , ,A y b x y X�P �  � •then ( ) ( ), ( ( )) ( ( )).A A A Ax y C x C y�P �P �P �P� � � t 

1( )C  and 2( )C  are fundamental requisites to be a complement function. These two axioms 

�D�U�H�� �F�D�O�O�H�G�� �³�D�[�L�R�P�D�W�L�F�� �V�N�H�O�H�W�R�Q�´���� �)�R�U�� �S�D�U�W�L�F�X�O�D�U�� �S�X�U�S�R�V�H�V���� �Z�H�� �F�D�Q�� �L�Q�V�H�U�W�� �W�K�H�� �I�R�O�O�R�Z�L�Q�J��
additional requirements: 

3( )C  C  is a continuous function. 

4( )C  C  is a involutive. . ., ( ( ))i e C C a a�  for all [0, 1].a�•  

Example 1.3.3: Above four axioms hold in standard complement operator 

 ( ( )) 1 ( ) or ( ) 1 ( )A A AA
C x x x x�P �P �P �P� �� � ��  

�W�K�L�V���V�W�D�Q�G�D�U�G���I�X�Q�F�W�L�R�Q���L�V���V�K�R�Z�Q���L�Q���)�L�J���������������D�������D�Q�G���L�W�¶�V���Y�L�V�X�D�O���U�H�S�U�H�V�H�Q�W�D�W�L�R�Q���L�V���J�L�Y�H�Q���L�Q���)�L�J��
1.14(b). 
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Fig. 1.14 Axioms  in standard complement operator 

The following is a complement function satisfying only the axiomatic skeleton 

(Fig 1.14(b)): 

 
1, for

( )
0, for .

a t
C a

a t

�d�­
� �®

�!�¯
 

Note that it does not hold in fig.1.14(c) and fig.1.14 (d).  

Again, the following as shown in Fig 1.15: 

 ( ) 0.5(1 cos ),C a a�S�  � � 

when 0.33, (0.33) 0.75a C�  �  is continuous. However, when (0.75) 0.15 0.33,C �  � z 

( )C a �L�V�� �Q�R�W�� �F�R�Q�W�L�Q�X�R�X�V���� �2�Q�H�� �R�I�� �W�K�H�� �S�R�S�X�O�D�U�� �F�R�P�S�O�H�P�H�Q�W�� �I�X�Q�F�W�L�R�Q�V�� �L�V�� �<�D�J�H�U�¶�V�� �I�X�Q�F�W�L�R�Q��
defined as  

 1( ) (1 ) ,w w
wC a a�  � �  where ] 1, [.w�• �� �f  
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The shape of the function is dependent on parameter (Fig 1.16). When w = 1�����W�K�H���<�D�J�H�U�¶�V��
function becomes the standard complement function C(a) = 1 - a. 

 

 

Figure 1.15: Continuous fuzzy complement function ( ) 0.5(1 cos )C a a�S�  � �  

 

Figure 1.16: �<�D�J�H�U�¶�V���F�R�P�S�O�H�P�H�Q�W���I�X�Q�F�W�L�R�Q 

1.3.3  Fuzzy Union Function 

In general sense, union of A and B is specified by a function of the form: 

 :[0, 1] [0, 1] [0, 1].U � u � o 

This union function calculates the membership degree of union A B�‰  from those of A and 
B, 

 ( ) [ ( ), ( )]A B A Bx U x x�P �P �P�‰ �  

this union function should obey the following axioms: 

1( ) (0, 0) 0, (0, 1) 1, (1, 0) 1, (1, 1) 1U U U U U� � � � (Boundary condition) 
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2( ) ( , ) ( , )U U a b U b a� (Commutative) 

3( )U  If 'a a�d  and ',b b�d ' '( , ) ( , ).U a b U a b�d  Function U  is monotonic function. 

�� �� �� ��4( ) ( , ), , ( , )U U U a b c U a U b c�  (Associative) 

5( )U  Function U is continuous. 

6( ) ( , )U U a a a�  (Idempotent) 

 

 

Figure 1.17: Visualization of standard union operation 

The standard operator Max is treading on those six axioms. 

 �> �@ �> �@[ ( ), ( )] max ( ), ( ) or ( ) max ( ), ( )A B A B A B A BU x x x x x x x�P �P �P �P �P �P �P�‰�  �   

visualizing the standard union operation is illustrated in figure 1.17. 

�<�D�J�H�U�¶�V union function satisfies all axioms except 6( )U . 

 1( , ) min 1, ( ) , ]0, [.w w w
wU a b a b where w� ª � º� �� �• �f� ¬ � ¼ 

The shape of Yager function varies with parameter w. For instance, 

 1w�  leads to �> �@1( , ) min 1, ( ) .U a b a b�  � � 

 2w�  leads to 2 2
2( , ) min 1, .U a b a b� ª � º�  � �

� ¬ � ¼
 

Supposing ,w � o � f Yager union function is transformed into the standard union function 
1min 1, ( ) max( , ).lim

w w w

w

a b a b
�o�f

� ª � º� � �  � ¬ � ¼ 

There are some examples of Yager function for w =1, 2 and �f  in Tables 1.4. We know that 
the union operation of crisp sets is identical to OR logic. It is easy to see thet the relation is 
also preserved here. For example, if set A �E�H���³�\�R�X�Q�J�´���D�Q�G��B �³�V�H�Q�L�R�U�´�����W�K�H���X�Q�L�R�Q���R�I��A and B is 
�³�\�R�X�Q�J���R�U���V�H�Q�L�R�U�´�����,�Q���W�K�H���V�H�Q�V�H���R�I��meaning, the union and OR logic are completely identical. 
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Table 1.4 �<�D�J�H�U�¶�V���X�Q�L�R�Q���I�X�Q�F�W�L�R�Q 

   (a) �> �@( , ) min 1, ( )1U a b a b�  � �                 (b) 2 2( , ) min 1,2U a b a b�  � �� ª � º
� « � »� ¬ � ¼

        (c) max( , )U a b�f �  

  

1.3.4 Fuzzy Intersection Function 

In general sense, intersection of A and B is specified by a function of the form 

 :[0, 1] [0, 1] [0, 1].I � u � o 

This intersection function calculates the membership degree of union A B�ˆ  from those of A 
and B, 

 ( ) [ ( ), ( )]A B A Bx I x x�P �P �P�‰ �  

this intersection function should obey the followings: 

1( ) (0, 0) 0, (0, 1) 0, (1, 0) 0, (1, 1) 1I I I I I� � � � (boundary condition). 

2( ) ( , ) ( , )I I a b I b a� (commutativity). 

3( )I  If 'a a�d  and ',b b�d ' '( , ) ( , ).I a b I a b�d  Function I  is monotonic function. 

�� �� �� ��4( ) ( , ), , ( , )I I I a b c I a I b c�  (associativity). 

5( )I  Function I is continuous. 

6( ) ( , )I I a a a�  (idempotency). 

The standard fuzzy intersection satisfies the above six axioms with 

 �> �@ �> �@[ ( ), ( )] min ( ), ( ) or ( ) min ( ), ( ) .A B A B A B A BI x x x x x x x�P �P �P �P �P �P �P�ˆ�  �   

Visualizing the standard intersection union operation leads to Fig. 1.18. 

�<�D�J�H�U�¶�V�� �I�X�Q�F�W�L�R�Q�� �D�V constructed in previous section satisfies all the axioms except 6( )I , 

where 

 1( , ) 1 min 1, ((1 ) (1 ) ) , ]0, [.w w w
wI a b a b where w� ª � º� �� �� �� �� �• �f� ¬ � ¼ 

However, the shape varies with parameter w. For instance, 
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 1w�  leads to �> �@1( , ) 1 min 1, (2 ) .I a b a b� �� �� ��  

 2w�  leads to 2 2
2( , ) 1 min 1, (1 ) (1 ) .I a b a b� ª � º� �� �� �� ��

� ¬ � ¼
 

Supposing ,w � o � f Yager function converges to the standard intersection function  

 �� ��11 min 1, ((1 ) (1 ) ) min ( , ).lim
w w w

w

a b a b
�o�f

� ª � º�� �� �� �� � � ¬ � ¼ 

Note that intersection and AND logic are equivalent. For instance, consider two fuzzy sets 
�³�\�R�X�Q�J�´���D�Q�G���³�V�H�Q�L�R�U�´�����,�Q�W�H�U�V�H�F�W�L�R�Q���I�R�U���W�K�H�V�H���L�V���³�S�H�U�V�R�Q���Z�K�R���L�V���D�W���R�Q�F�H���\�R�X�Q�J���D�Q�G���V�H�Q�L�R�U�´�� 

 

 

Figure 1.18: Visualization of standard fuzzy intersection set 

 

Example 1.3.4: Take Yager function at w = 1 for example. Taking a = 0.4 and b = 0.6, we 
have 

 �> �@ �> �@1( , ) 1 min 1, (2 ) 1 min 1, 2 1 1 1 0.I a b a b� �� �� �� � �� �� � �� �  

This time let a = 0.5 and b = 0.6, then a+b=1.1 

 �> �@1( , ) 1 min 1, 2 1.1 1 min[1, 2 1.1] 0.1.I a b � �� �� � �� �� �  

Next, take a = 0.3 and b = 0.6 for an example. If w � o � f , the intersection is reduced to, 

( , ) min[0.3, 0.6] 0.3.I a b�f �  �   

There are some more examples of Yager function in Tables 1.5. 

 

 

 

 

Tables 1.5 �<�D�J�H�U�¶�V���L�Q�W�H�U�V�H�F�W�L�R�Q���I�X�Q�F�W�L�R�Q 
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(a) �> �@( , ) 1 min 1, (2 )1I a b a b� �� �� ��        (b) 2 2( , ) 1 min 1, (1 ) (1 )2I a b a b� �� �� �� ��� ª � º
� « � »� ¬ � ¼

 (c) ( , ) min( , )I a b a b� �f  

 

1.3.5 Some Other Operations  

(i) Simple disjunctive sum 

By means of fuzzy union and fuzzy intersection, definition of the disjunctive sum in fuzzy set 
is defined just like in crisp set as given below: 

 ( ) ( )A B A B A B�† � �ˆ �‰ �ˆ  (crisp set) 

 and �^ �`max min[ ( ), 1 ( )],min[1 ( ), ( )] .A B A BA B x x x x�P �P �P �P�† � �� ��  

(ii)  Disjoint sum  

�7�K�H���N�H�\���L�G�H�D���R�I���³�H�[�F�O�X�V�L�Y�H���2�5�´���L�V���H�O�L�P�L�Q�D�W�L�R�Q���R�I���F�R�P�P�R�Q���D�U�H�D���I�U�R�P���W�K�H���X�Q�L�R�Q���R�I���$���D�Q�G���%����
With this idea, we can define an operator �'  for the exclusive OR disjoint sum as follows 

 ( ) ( ) ( ) .A B A Bx x x�P �P �P�' �  � � 

Example 1.3.5: Here we discuss procedures obtaining disjunctive sum and disjoint sum of A 
and B given Figures 1.19 (a) and 1.19 (b), respectively. 

�^ �`1 2 3 4( ,0.2),( ,0.7),( ,1),( ,0)A x x x x� , �^ �`1 2 3 4( ,0.5),( ,0.3),( ,1),( ,0.1)B x x x x�   

�^ �`1 2 3 4( ,0.8),( ,0.3),( ,0),( ,1)A x x x x� , �^ �`1 2 3 4( ,0.5),( ,0.7),( ,0),( ,0.9)B x x x x�  

�^ �`1 2 3 4( ,0.2), ( ,0.7), ( ,0), ( ,0)A B x x x x� ˆ �  , �^ �`1 2 3 4( ,0.5), ( ,0.3), ( ,0), ( ,0.1)A B x x x x� ˆ �   

 

 

 

 

 

and finally, we have 
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 �^ �`1 2 3 4( ) ( ) ( ,0.5), ( ,0.7), ( ,0), ( ,0.1)A B A B A B x x x x�† � �ˆ �‰ �ˆ �  

 �^ �`1 2 3 4( ,0.3),( ,0.4),( ,0),( ,0.1) .A B x x x x� ' �     

 

 Figure 1.19(a): Example of simple disjunctive sum  

 

Figure 1.19(b): Example of disjoint sum 

(i) Simple difference in fuzzy set 

The difference in crisp set is defined as follows 

   .A B A B�� � �ˆ  

By using standard complement and intersection operations, the difference operation 
in fuzzy set would be simple. 

(ii)  Bounded difference 
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For novice-operator�T, we define the membership function as 

 ( ) max[0, ( ) ( )].A B A Bx x x�T�P �P �P�  � � 

Example 1.3.6: If we reconsider the previews example, A B��  and A B�T (Figures 1.20 and 
1.21). 

 

Figure 1.20: Simple difference A B��  

�^ �`1 2 3 4( ,0.2),( ,0.7),( ,1),( ,0)A x x x x� , �^ �`1 2 3 4( ,0.5),( ,0.3),( ,1),( ,0.1)B x x x x�   

 

Figure 1.21: Bounded difference A B�T  

Simple difference is 

�^ �`1 2 3 4( ,0.2),( ,0.7),( ,0),( ,0) .A B x x x x� � �  
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By this definition, bounded difference of preceding two fuzzy sets is as follows 

 �^ �`1 2 3 4( ,0),( ,0.4),( ,0),( ,0) .A B x x x x�T �  

1.3.6 t-norms and t-conorms 

There are two types of operators in fuzzy sets: t-norm and t-conorm. These are often called as 
triangular-norm and triangular-conorm respectively. 

Definition (t-norm):  The fuzzy intersection/t-norms of two fuzzy sets A and B is specified in 
general by a binary operation on the unit interval. In other words a function 

:[0,1] [0,1] [0,1]T � u � o which satisfies the following axioms: for all ' ', , , , [0,1]x y x y z�• : 

1( )T  ( ,0) 0, ( ,1)T x T x x�  �   (boundary condition). 

2( )T  ( , ) ( , )T x y T y x�  (commutativity). 

3( )T  If ' ' ' ', ( , ) ( , )x x y y T x y T x y�d �d �Ÿ �d (monotonicity). 

4( )T  ( ( , ), ) ( , ( , ))T T x y z T x T y z�  (associativity). 

Now we can easily recognize that the following operators hold conditions for t-norm. 

(a) Intersection operator ( )�ˆ  

(b) Algebraic product operator ( )�x  

(c) Bounded product operator ( )  

(d) Drastic product operator �� ���ˆ  

Definition (t-conorm (s-norm)): The fuuzy union/t-conorm/s-norm of two fuzzy sets A and B 
is specified in general by a binary operation on the unit interval. In other words it is a 
function :[0,1] [0,1] [0,1]S � u � o satisfies the following axioms: for all 

' ', , , , [0,1]x y x y z�• : 

1( )T  ( ,0) , ( ,1) 1S x x S x�  �   (boundary condition). 

2( )T  ( , ) ( , )S x y S y x�  (commutativity). 

3( )T  If ' ' ' ', ( , ) ( , )x x y y S x y S x y�d �d �Ÿ �d (monotonicity). 

4( )T  ( ( , ), ) ( , ( , ))S S x y z S x S y z�  (associativity). 
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There are examples of t-conorm/s-norm operators. 

(a) Union operator ( )�‰ 

(b) Algebraic sum operator �Ö( )��  

(c) Bounded sum operator ( )�†  

(d) Drastic sum operator �� ���‰ 

(e) Disjoint sum operator ( )�'  

 

1.4 FUZZY NUMBERS  

Among the various types of fuzzy sets, of special significance are fuzzy sets that are defined 
on the set R of real numbers. Membership functions of these sets as 

 : [0, 1].A R�o  

These clearly have a quantitative meaning and may, under certain conditions, be viewed as 
fuzzy numbers or fuzzy intervals. To view them in this way, they should capture our intuitive 
conceptions of approximate numbers or intervals, such as "numbers that are close to a given 
real number" or "numbers that are around a given interval of real numbers." Such concepts 
are essential for characterizing states of fuzzy variables and, consequently, play an important 
role in many applications, including fuzzy control, decision making, approximate reasoning, 
optimization, and statistics with imprecise probabilities. 

To qualify as a fuzzy number, a fuzzy set A on R must possess at least the following three 
properties: 

(i) A  must be normal fuzzy set; 

(ii) A�D must be closed interval for every [0, 1]�D�• ; 

(iii) Support of ,A 0 A,�� must be bounded 

Since �D-cuts of any fuzzy number are required to be closed intervals for all ]0, 1],�D�•  every 
fuzzy number is a convex fuzzy set. The inverse, however, is not necessarily true, since �D- 
cuts of some convex fuzzy sets may be open or half-open intervals. 

Special cases of fuzzy numbers include ordinary real numbers and intervals of real numbers. 
As illustrated in Figure 1.22 (a) is an ordinary real number, (b) is an ordinary (crisp) closed 
interval [1.25, 1.35], (c) is a fuzzy number expressing the proposition "close to 1.3;" and (d) 
is a fuzzy number with a flat region (a fuzzy interval). 
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(a)   (b)  

(c)   (d)  

 

Figure 1.22: A comparison of a real number and a crisp interval with a fuzzy number 
and a fuzzy interval, respectively 
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Figure 1.23: Basic types of fuzzy numbers 

Although the triangular and trapezoidal shapes of membership functions shown in Figure 
1.22 are used most often for representing fuzzy numbers, other shapes may be preferable in 
some applications. Furthermore, membership functions of fuzzy numbers need not be 
symmetric as shown in Figure 1.23. Fairly typical are so-called "bell-shaped" membership 
functions, as exemplified by the functions in Figure 1.22 (a) is symmetric and figure 1.22 (b) 
is asymmetric. It may also be membership functions which only increase (Figure 1.23 (c)) or 
only decrease (Figure 1.23 (d)) also qualify as fuzzy numbers. They capture our conception 
of a large number or a small number in the context of each particular application. 

 The following proposition shows that membership functions of fuzzy numbers may be, in 
general, piecewise-defined functions. 

Proposition 1.4.1: Let ( ).A F R�•  Then, A is a fuzzy number if and only if there exists a 

closed interval [ , ]a b �I�z such that 

 

1, for [ , ]

( ) ( ), for ] , [

( ), for ] , [,

x a b

A x l x x a

r x x b

�•�­
�°

� �• �� �f�®
�° � • � f�¯

 

where ( )l x  is a function from ] , [a� � � f to [0,1] that is monotonic increasing and continuous 

from the right such that ( ) 0l x �  for 1] , [;x �Z�• �� �f r is a function from ] , [b �f  to [0,1] that 

is monotonic decreasing and continuous from the left such that ( ) 0r x �  for 2] , [.x �Z� • � f 

The implication of proposition 1.4.1 is that every fuzzy number can be represented in the 
form of ( ).A x  In general this form allows us to define fuzzy numbers in a piecewise manner, 
as illustrated in Figure 1.24. 
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Figure 1.24: General fuzzy number 

As an example, let us define the four fuzzy numbers in Figure 1.24 in terms of ( ) :A x  

(a) 1 2 1.3, ( ) 0, forall ] , 1.3[, ( ) 0forall ]1.3, [.a b l x x r x x� Z � Z� � � � � �• �� �f � �• �f  

(b) 1 21.25, 1.35, ( ) 0, for all ] , 1.25[, ( ) 0, for all ]1.35, [.a b l x x r x x� Z � Z� � � � � �• �� �f � �• �f
 

(c) 1 21.2, 1.3, 1.4,a b� Z � Z� � � �  

 
0, for ] , 1.2[

( )
10( 1.3) 1, for [1.2, 1.3[.

x
l x

x x

�• �� �f�­
� �®

�� �� �•�¯
 

10(1.3 ) 1, for ]1.3, 1.4]
( )

0, for ]1.4, [.

x x
r x

x

�� �� �•�­
� �®

� • � f�¯
 

(d) 1 21.2, 1.28, 1.32, 1.4,a b� Z � Z� � � �  

0, for ] , 1.2[
( )

12.5( 1.28) 1, for [1.2, 1.28[.

x
l x

x x

�• �� �f�­
� �®

�� �� �•�¯
 

12.5(1.32 ) 1, for ]1.32, 1.4]
( )

0, for ]1.4, [.

x x
r x

x

�� �� �•�­
� �®

� • � f�¯
 

1.4.1 Triangular Fuzzy Number 

 It is a fuzzy number represented with three points as follows  

 1 2 3( , , ).A a a a�  
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This representation is interpreted as membership function defined below: 

 

Now if you get crisp interval by �D-cut operation, interval A�D  shall be obtained as follows 
�D� � � •[0, 1] 

 
( )( )

3 31 1

2 1 3 2

, .
a aa a

a a a a

�D�D

� D � D
����

�  �  
� � � �

 

We get 

 ( ) ( )
1 2 1 1 3 3 2 3( ) ( ) .a a a a and a a a a� D � D� D � D� �� �� � �� �� ��  

Thus 

 �> �@( ) ( )
1 3 2 1 1 3 2 3, ( ) , ( ) .A a a a a a a a a�D �D �D � D � D� ª � º� � �� �� �� �� ��� ¬ � ¼  

 

 

Figure 1.25: Triangular fuzzy number 1 2 3( , , )A a a a�   

Example 1.4.1: In the case of the triangular fuzzy number ( 5, 1, 1)A � �� ��  (Figure 1.25), the 
membership function value will be 
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�D- cut interval of this fuzzy number is  

  
5

4 5
4

x
x� D � D

��
� �Ÿ � ��  

 
1

2 1
2

x
x� D � D

��
� �Ÿ � �� ��  

  �> �@( ) ( )
1 3, 4 5, 2 1 .A a a�D �D �D � D � D� ª � º� � �� �� ��� ¬ � ¼ 

If 0.5�D� , substituting 0.5 for �D, we get 

  �> �@0.5 (0.5) (0.5)
1 3A , 3, 0 .a a� ª � º� � ��� ¬ � ¼ 

 

 

Figure 1.26: 0.5�D�  cut of triangular fuzzy number ( 5, 1, 1)A � �� ��  

1.4.2 Trapezoidal Fuzzy Number 

We can define trapezoidal fuzzy number A as (Figure 1.27), 

 1 2 3 4( , , , ).A a a a a�  
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The membership function of this fuzzy number will be interpreted as follows 

 

 

 

Figure 1.27: Trapezoidal fuzzy number 1 2 3 4( , , , )A a a a a�  

�D-cut interval for this shape is �D� � � • [0, 1] 

 �> �@2 1 1 4 3 4( ) , ( ) .A a a a a a a�D � D � D� �� �� �� �� ��  

When 2 3a a� the trapezoidal fuzzy number coincides with triangular one. 

1.4.3 Bell Shape Fuzzy Number 

Bell shape fuzzy number is often used in practical applications and its function is defined as 
follows 

 
2

2

( )
( ) exp

2
f

f
f

x m
x�P

�G

� ­ � ½� � � �� ° � °
� � ® � ¾

� ° � °� ¯ � ¿ 
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Figure 1.28: Flat fuzzy number 

Here ( )f x�P  is the mean of the function and f�G  is the standard deviation. 

 

 

Figure 1.29: Bell shape fuzzy number 

1.5 ARITHMETIC OPERATIONS ON INTERVALS AND FUZZY 
NUMBERS 

Fuzzy arithmetic is based on two properties of fuzzy numbers: (1) each fuzzy set, and thus 
also each fuzzy number, can fully and uniquely be represented by its �D-cuts and (2) �D-cuts 
of each fuzzy number are closed intervals of real numbers for all ]0, 1],�D�•  These properties 
enable us to define arithmetic operations on fuzzy numbers in terms of arithmetic operations 
on their a-cuts (i.e., arithmetic operations on closed intervals). The latter operations are a 
subject of interval analysis, a well-established area of classical mathematics; we overview 
them in this section to facilitate our presentation of fuzzy arithmetic in the next section. 

1.5.1 Arithmetic Operations on Intervals 

Let * denote any of the four arithmetic operations on closed intervals: addition (+), 
subtraction (-), multiplication ���‡�� , and division ( / ). Then, 

 �^ �`[ , ] [ , ] : , ,a b c d f g a f b c g d�
 � �
 �d �d �d �d  
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is a general property of all arithmetic operations on closed intervals, except that 
[ , ] [ , ]a b c d  is not defined when 0 [ , ],c d�•  i. e., the resultant of an arithmetic operation on 
closed intervals is again a closed interval. 

The four arithmetic operations on closed intervals are defined as follows: 

Addition  

 [ , ] [ , ] [ , ],a b c d a c b d�� � �� ��  

Subtraction  

 [ , ] [ , ] [ , ],a b c d a d b c�� � �� ��  

 

Multiplication  

 [ , ].[ , ] [min( , , , ), max( , , , )]a b c d ac ad bc bd ac ad bc bd�  

or [ , ].[ , ] [( . . . . ), ( . . . . )],a b c d a c a d b c b d a c a d b c b d� �š �š �š �› �› �›  

and, provided that 0 [ , ].c d�•  

Division  

 [ , ] / [ , ] [min( / , / , / , / ), max( / , / , / , / )]a b c d a c a d b c b d a c a d b c b d�  

or  

 [ , ] / [ , ] [( / / / / ), ( / / / / )],a b c d a c a d b c b d a c a d b c b d� �š �š �š �› �› �›  

 

Inverse Interval  

 1[ , ] [min(1/ , 1/ ), max(1/ , 1/ )],a b a b a b�� �  

or  

 1[ , ] [(1/ 1/ ), (1/ 1/ )].a b a b a b�� � �š �›  

Example 1.5.1: Let A and B be 

 A = [3, 5], B = [�±2, 7], thus 

 

Addition  

  [3, 5] [ 2, 7] [3 2, 5 7] [1, 12],�� �� � �� �� �  

Subtraction 

  [3, 5] [ 2, 7] [3 7, 5 ( 2)] [ 4, 7],�� �� � �� �� �� � ��  



Fuzzy Sets and Fuzzy Numbers | 1.39 
 

Multiplication 

[3, 5] [ 2, 7] [min(3 ( 2), 3 7, 5 ( 2), 5 7),max(3 ( 2), 3 7, 5 ( 2), 5 7)] [ 10, 35],�� � �� �� �� �� � ��  

Division 

[3, 5] / [ 2, 7] [min(3 / ( 2), 3 / 7, 5 / ( 2), 5 / 7),max(3 / ( 2), 3 / 7, 5 / ( 2), 5 / 7)] [ 2.5, 5 / 7],�� � �� �� �� �� � ��  

Inverse Interval 

1[ 2, 7] [min(1/ ( 2), 1/ 7), max(1/ ( 2), 1/ 7)] [ 1/ 2,1/ 7].���� � �� �� � ��  

1.5.2  Operations on �D-cut Intervals 

We referred to �D-cut interval of fuzzy number 1 2[ , ]A a a�  as crisp set 

  ( ) ( ) ( ) ( )
1 2 1 2 1 2A [ , ], [0, 1], , , ,a a a a a a�D �D �D �D �D�D� �� �• �•�ƒ  

So A�D  is a crisp interval. As a result, the operations of interval reviewed in the previous 

section can be applied to the �D-cut interval A.�D  

If �D-cut interval B�D  of fuzzy number 1 2[ , ]B b b�  is given 

  ( ) ( ) ( ) ( )
1 2 1 2 1 2[ , ], [0, 1], , , , ,B b b b b b b�D �D �D �D �D�D� �� �• �•�ƒ  

operations between A�D  and B�D can be described as follows 

  ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 2 1 2 1 1 2 2[ , ]( )[ , ] , , [0, 1],a a b b a b a b�D �D �D �D �D �D �D �D �D� ª � º�� � �� �� �� �•� ¬ � ¼ 

 and  ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1 2 1 2 1 2 2 1[ , ]( )[ , ] , , [0, 1].a a b b a b a b�D �D �D �D �D �D �D �D �D� ª � º�� � �� �� �� �•� ¬ � ¼ 

These operations can be also applicable to multiplication and division in the same manner.  

1.5.3 Arithmetic Operations on Fuzzy Numbers 

Let A and B denote fuzzy numbers and let �
  denote any of the four basic arithmetic 
operations. Then, we define A B�
  a fuzzy set on R by defining its �D-cut, (A*B)�D  as 

 (A*B)= A B�D �D �D�
  

for any ]0, 1].�D�•  When is /,�
  it is required that 0 B�D�•  for all ]0, 1].�D�•  Now A B�
  can 
be expressed as  

 �� ��
]0, 1]

.A B A B
�D

�D�•

�
 � �
�‰   
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Since �� ��A B
�D

�
  is closed interval for each ]0, 1]�D�•  and A, B are fuzzy numbers, A B�
  is 

also a fuzzy number. 

For example consider two triangular-shape fuzzy numbers A  and B  defined as follows: 

 

0, for 1 and 3

( ) ( 1) 2, for 1 1

(3 ) 2, for 1 3,

x x

A x x x

x x

�d �� �!�­
�°

� �� �� �� �d�®
�° �� �� �d�¯

 

 

0, for 1 and 3

( ) ( 1) 2, for 1 3

(5 ) 2, for 3 5.

x x

B x x x

x x

� d � !�­
�°

� �� �� �d�®
�° �� �� �d�¯

 

Their �D-cuts are:  

 A [2 1, 3 2 ]�D � D � D� �� ��  and B [2 1, 5 2 ].�D � D � D� �� ��   

 Using arithmetic operation, we obtain 

  ( ) [4 , 8 4 ] for ]0, 1],A B�D �D �D �D�� � �� �•  

  ( ) [4 6, 2 4 ] for ]0, 1],A B�D �D �D �D�� � �� �� �•  

  
2 2

2 2

[ 4 12 5, 4 16 15] for ]0, 0.5]
( )

[4 1, 4 16 15] for ]0.5, 1],
A B�D �D �D �D �D �D

�D �D �D �D

�­ �� �� �� �� �� �•�°
� ˜ �  �®

�� �� �� �•�°�¯
  

  
�� �� �� �� �� �� �� ��
�� �� �� �� �� �� �� ��

2 1 2 1 , 3 2 2 1 for ]0, 0.5]
( / )

2 1 5 2 , 3 2 2 1 for ]0.5, 1].
A B�D

�D �D �D �D �D

�D �D �D �D �D

�­� ª � º�� �� �� �� �•�°�¬ �¼
� �®

� ª � º�� �� �� �� �•�°� ¬ � ¼�¯
 

The resulting fuzzy numbers are then: 

�� ��
0, for 0 and 8

( ) 4, for 0 4

(8 ) 4, for 4 8,

x x

A B x x x

x x

� d � !�­
�°

�� � �� �d�®
�° �� �� �d�¯

 

�� ��
0, for 6 and 2

( ) ( 6) 4, for 6 2

(2 ) 4, for 2 2,

x x

A B x x x

x x

�d �� �!�­
�°

�� � �� �� �� �d ���®
�° �� �� �� �d�¯
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�� ��
1 2

1 2

1 2

0, for 5 and 15

3 (4 ) 4, for 5 0
( )

(1 ) 2, for 0 3

4 (1 ) 2, for 3 15,

x x

x x
A B x

x x

x x

�� �� �t�­
�°
� ª � º�� �� �� �d ���°� ¬ � ¼

� ˜ �  �®
�� �d ���°

�°� ª � º�� �� �d ��� ¬ � ¼�¯

 

�� ��

0, for 1 and 3

( 1) (2 2 ), for 1 0
/ ( )

(5 1) (2 2), for 0 1 3

(3 ) (2 2), for 1 3 3.

x x

x x x
A B x

x x x

x x x

�� �� �t�­
�° �� �� �� �d ���°

� �®
�� �� �d ���°

�° �� �� �d ���¯

 

We now proceed to the second method for developing fuzzy arithmetic, which is based on the 
extension principle. Employing this principle, standard arithmetic operations on real numbers 
are extended to fuzzy numbers. 

Let A and B denote fuzzy numbers and let �
  denote any of the four basic arithmetic 
operations. Then, we define a fuzzy set A B�
  on R by the equation  

  �� �� �> �@( ) sup ( ) ( ) for all .
z x y

A B z A x B y z R
�  � 


�
 � �š �•  

More specifically, we define for all z R�•  as given below: 

  �� �� �> �@( ) sup ( ) ( ) ,
z x y

A B z A x B y
�  � �

�� � �š  

  �� �� �> �@( ) sup ( ) ( ) ,
z x y

A B z A x B y
�  � �

�� � �š  

  �� �� �> �@( ) sup ( ) ( ) ,
z x y

A B z A x B y
�  � ˜

�˜ � �š  

  �� �� �> �@
/

/ ( ) sup ( ) ( ) .
z x y

A B z A x B y
� 

�  � š 

Example 1.5.2: Let A  and B  be such that 

( ) [ 5, 1]A x �  � �  and ( ) [ 5, 12]B y �  � �   

with associate membership functions shown in Fig. 1.30. 
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Figure 1.30: Two membership functions 

  

5
, for 5 2

3 3( )
1

, for 2 1,
3 3

A

x
x

x
x

x
�P

�­ �� �� �d �d ���°�°
� �®

���° �� �� �d �d
�°�¯

 

  

0, for 5 3

3
( ) , for 3 4

7 7
12

, for 4 12.
8 8

B

x

y
y x

y
x

�P

�­
�° �� �d �d ��
�°
�°

� �� �� �d �d�®
�°

���°
�� �d �d�°�¯

 

Then, by the general operation rule we have  

  ( ) ( ) ( ) [ 5, 1] [ 5, 12] [ 10, 13]C z A x B y� �� � �� �� �� � ��  

and, by comparing ( )A x�P  and ( )B x�P  point wise, we obtain  

  �^ �`( ) sup ( ), ( )C A B
z x y

z x y�P �P �P
�  � �

�  

  

0, for 10 8

8
( ) , for 8 2

10 10
13

, for 2 13.
11 11

C

z

z
z z

z
z

�P

�­
�° �� �d �d ��
�°
�°

� �� �� �d �d�®
�°

���°
�� �d �d�°�¯

 

�+�H�U�H���� �L�W�� �L�V�� �F�O�H�D�U�� �W�K�D�W�� �W�K�H�� �J�H�Q�H�U�D�O�� �³�V�X�S�´�� �U�X�O�H�� �G�R�H�V�� �Q�R�W�� �\�L�H�O�G�� �W�K�H�� �H�[�S�O�L�F�L�W�� �I�R�U�P�X�O�D�V�� �H�D�V�L�O�\���� �,�Q��
contrast, this resulting explicit formula of ( )C z�P  can be easily obtained by using the 

equivalent �D-cut operation as follows. 
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Figure 1.31: Membership function 

�,�Q���W�K�H���.-�F�X�W���Q�R�W�D�W�L�R�Q�����I�R�U���D�Q�\���.���Y�D�O�X�H�����W�K�H���.-cut of ( )A x  �L�V���R�E�W�D�L�Q�H�G���E�\���O�H�W�W�L�Q�J���.��� ��x/3 + 5/3 

�D�Q�G���.��� ���íx/3 + 1/3, respectively, which give 1x  � �����.���í�������D�Q�G��2x  � ���í���.�������������D�V���V�K�R�Z�Q���L�Q�����W�K�H��

enlarged) Fig. 1.31. Hence, the projection interval is 

�> �@ 1 2( ) [ , ] [3 5, 3 1].A x x x
�D

� D � D� � �� �� ��  

Similarly, �> �@ 1 2( ) [ , ] [7 3, 8 12],B y x x
�D

� D � D� � �� �� ��  

so that  

  �> �@ �> �@ �> �@( ) ( ) ( ) [10 8, 11 13].C z A x B y
�D �D �D

� D � D� �� � �� �� ��  

Setting 1z  � �������.���í�������D�Q�G��2z � ���í�����.�������������J�L�Y�H�V���.��� ��1z �����������������������D�Q�G���.��� ���± 2z /11 + 12/11, 

which yield the membership function shown in Fig. 1.32. 

 

 

 

Figure 1.32: The resulting membership function 
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Taking ( ) [ 10, 13]C z �  � �  into account, we finally arrive at 

  

0, for 10 8

8
( ) , for 8 2

10 10
13

, for 2 13.
11 11

C

z

z
z z

z
z

�P

�­
�° �� �d �d ��
�°
�°

� �� �� �d �d�®
�°

���°
�� �d �d�°�¯

 

Example 1.5.3: Let ( )A x  and ( )B y  be such that 

  ( ) [0, 20]A x �  and ( ) [0, 10],B y �  

With the membership functions  

0, for 0 7

3
, for 7 14

7 7( )
12

, for 14 19
8 8

0, for 19 20,

A

x

y
x

x
y

x

x

�P

� d � d�­
�°
�° �� �d �d
�°

� �®
���° �� �d �d

�°
�° � d � d�¯

 

and 

  

0, for 0 3

3
( ) , for 3 5

2 2

2, for 5 10.
5

B

x

y
y x

y
x

�P

�­
�° �d �d ��
�°
�°

� �� �d �d�®
�°

���°
�� �d �d�°�¯

 

Then we have, via the interval arithmetic 

  ( ) ( ) ( ) [ 10, 20],C z A x B y� �� � ��  with 

  

0, for 10 3

3
, for 3 9

12 12( )
16

, for 9 16
7 7

0, for 16 20.

C

x

z
x

z
z

x

x

�P

�� �d �d ���­
�°
�° �� �� �d �d
�°

� �®
���° �� �d �d

�°
�° � d � d�¯
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Example 1.5.4: Let ( )A x  and ( )B y  be such that 

  ( ) [2, 5]A x �  and ( ) [3, 6],B y �  

With the membership functions 

  
2, for 2 3

( ) 5
, for 3 5,

2 2
A

x x
x x

x
�P

�� �d �d�­
�°

� �®��
�� �d �d�°�¯

 

  

3
, for 3 5

( ) 2 2
6, for 5 6,

B

y
x

y
y x

�P
�­ �� �d �d�°

� �®
�°�� �� �d �d�¯

 

as shown in figure 1.33. 

In the �D-cut notation, for any �D value, letting 

�> �@ �> �@( ) 2, 2 5A x
�D

� D � D� �� �� ��  and �> �@ �> �@( ) 2 3, 6 .B y
�D

� D � D� �� �� ��
 

 

 

Figure 1.33: Two membership functions 

 
 

Figure 1.34: The intermediate membership functions 
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It then follows that 

 ( ) [6, 30]C z �  and 

 �> �@ �> �@�> �@ �> �@�> �@( ) ( ) ( ) 2, 2 5 2 3, 6C z A x B y
�D �D �D

�D �D �D �D� �˜ � �� �� �� �˜ �� �� �� = ( ), ( )p p� D � D� ª � º� ¬ � ¼ 

where 

�^ �`2 2 2 2( ) min 2 7 6, 4 12, 4 4 15,2 17 30 ,p �D �D �D �D �D �D �D �D �D� �� �� �� �� �� �� �� �� �� ��  

�^ �`2 2 2 2( ) max 2 7 6, 4 12, 4 4 15,2 17 30 ,p �D �D �D �D �D �D �D �D �D� �� �� �� �� �� �� �� �� �� ��  

with the curves shown in figure 1.34. 

Hence 2( ) 2 7 6p �D �D �D� �� ��  and 2( ) 2 17 30p �D �D �D� �� ��  so that 

2 2( ) ( ), ( ) 2 7 6,2 17 30 .C z p p�D �D �D �D �D �D� ª � º� ª � º� � �� �� �� ��� ¬ � ¼� ¬ � ¼  

Let, moreover 

2 2
1 22 7 6, 2 17 30.z z�D �D �D �D� �� �� � �� ��  

We solve them for ,�D  subject to 0 1,�D� d � d and obtain 

 1 27 1 8 17 49 8
or .

4 4

z z
� D � D

�� �� �� �� ��
�  �   

And consequently 

7 1 8
, for 6 15

4( )
17 49 8

, for 15 30,
4

C

z
z

z
z

z

�P

�­�� �� ��
� d � d�°�°

� �®
� � � ��° � d � d�°�¯

 

As shown in figure 1.35. 

 

Figure 1.35: The resulting membership function 
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Example 1.6.5: Let ( )A x  and ( )B y  be such that 

 ( ) [18, 33]A x �  and ( ) [5, 8],B y �  

With the membership functions 

 

18
, for 18 22

4 4( )
3, for 22 33,

11

A

x
x

x
x

x
�P

�­ �� �d �d�°�°
� �®

���° �� �d �d
�°�¯

 

 

5, for 5 6
( )

4, for 6 8,
2

B

y x
y y

x
�P

�� �d �d�­
�°

� �®
�� �� �d �d�°�¯

 

as shown in figure 1.36. 

 

Figure 1.36: Two membership functions 

In the �D-cut notation, for any �D value, letting 

�> �@ �> �@( ) 4 18, 11 33A x
�D

� D � D� �� �� ��  and �> �@ �> �@( ) 5, 2 8 .B y
�D

� D � D� �� �� ��  

�> �@ �> �@
�> �@

�> �@
�> �@

( ) 4 18, 11 33 4 18 11 33
( ) , .

( ) 5, 2 8 2 8 5

A x
C z

B y
�D

�D
�D

� D � D� D � D
�D �D �D �D
�� �� �� �� �� ��� ª � º� � � � « � »�� �� �� �� �� ��� ¬ � ¼

 

 

Figure 1.37: The resulting membership functions 
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Let 1 2

4 18 11 33
,

2 8 5
z z

� D � D
� D � D
�� �� ��

�  �  
�� �� ��

 gives 

 1 2

1 2

8 18 5 33
and ,

2 4 11
z z
z z

� D � D
�� �� ��

�  �  
� � � �

 such that 

 

8 18 9 11
, for

2 4 4 3( )
5 33 11 11

, for ,
11 3 3

C

z
z

zz
z

z
z

�P

���­ � d � d�°�° ��� �®
� � � ��° � d � d

�° ���¯

 

As shown in figure 1.37 
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Exercise - 1 

1. Let A  be the given fuzzy set with membership function 

5, 5 6

( ) 7, 6 7

0, otherwise,

x for x

A x x for x

�� �d �d�­
�°

� �� �� �� �d�®
�°
�¯

 

  Sketch the graph of the function. What is its type? 

2. Consider two fuzzy sets A and B as shown 

0 0.5 0.3 0.7 0.9 0.2 0.4 0.6 0.9 0.4
, .

1 2 3 4 5 1 2 3 4 5
A B�­ �½ �­ �½� �� �� �� �� � �� �� �� ���® �¾ �® �¾

�¯ �¿ �¯ �¿
 

Find ( ) , ( ) , ( ) , ( ) .a A B b A B c A B d A B�‰ �ˆ �‰ �ˆ  

3. Consider the fuzzy sets A, B, and C defined on the interval X = [0,10] of real 
numbers by the membership grade functions 

             2

1
( ) , ( ) 2 , ( ) .

2 1 10( 2)
xx

A x B x C x
x x

��� � � 
�� �� ��

 

Determine mathematical formulas and graphs of the membership grade functions of 
each of the following sets: 

(a) , , ;A B C  

(b) , , ;A B A C B C�‰ �‰ �‰ 

(c) , , ;A B A C B C�ˆ �ˆ �ˆ  

(d) , ;A B C A B C�‰ �‰ �ˆ �ˆ  

(e) , , .A C A C B C�‰ �ˆ �‰  

4. Let A be a fuzzy set defined by 

1 2 3 4 5

0.5 0.4 0.7 0.8 1
( ) .A x

x x x x x
� �� �� �� ��  

List all �D-cuts and strong �D-cuts of A. 
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5. Discuss the reflexivity properties of the following fuzzy relation. 

R Xl  X2 X3 

X1 1.0 0.7 0.3 

X2 0.4 0.5 0.8 

X3 0.7 0.5 1.0 

6. For the fuzzy relation 

              

1.0 0.4 0.8 0.3 0.0

0.5 1.0 0.6 0.7 1.0

0.9 1.0 0.0 0.6 0.8

1.0 0.5 0.2 0.0 0.9

0.3 0.5 0.3 0.1 1.0

R

� ª � º
� « � »
� « � »
� « � »� 
� « � »
� « � »
� « � »� ¬ � ¼

 

 Compute its projections and cylindrical extensions. 

7. �6�K�R�Z���W�K�H���W�Z�R���I�X�]�]�\���V�H�W�V���V�D�W�L�V�I�\���W�K�H���'�H���0�R�U�J�D�Q�¶�V���/�D�Z 

              2

1 1
( ) , ( ) .

1 ( 10) 1
A x B x

x x
�  �  

�� �� ��
 

8. Define equilibrium point. Show that every fuzzy complement has at most one 
equilibrium. 

9. Compute the complements, intersection and union of the following fuzzy relations R 
and S. 

  

1.0 0.2 0.4 0.0

0.0 0.1 0.0 0.9

0.1 0.0 1.0 0.0

0.0 0.4 0.0 1.0

a b c d

a

b
R

c

d

� ª � º
� « � »
� « � »� 
� « � »
� « � »
� ¬ � ¼

 and 

1.0 0.0 0.0 0.4

0.0 0.0 0.4 0.9

0.4 0.0 0.1 0.0

0.5 1.0 0.0 0.0

a b c d

a

b
S

c

d

� ª � º
� « � »
� « � »� 
� « � »
� « � »
� ¬ � ¼

 

10. Determine whether the following fuzzy relation is an equivalence relation. 

         

1.0 0.8 0.4 0.1

0.8 1.0 0.0 0.0

0.4 0.0 1.0 0.5

0.1 0.0 0.5 1.0

a b c d

a

b

c

d

� ª � º
� « � »
� « � »
� « � »
� « � »
� ¬ � ¼
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11. Discuss the properties of the following morphism h. 

  : , ; ; ,h a b c d e�D �E �J�o �o �o , where 

  �^ �` �^ �`, , , , , , , , , .A a b c d e B R A A S B B�D �E �J� � �Ž �u �Ž �u  

  

1.0 0.0 0.0 1.0 0.1

1.0 0.4 0.0 0.0 1.0

0.4 0.0 0.0 0.9 0.0

0.8 0.0 0.6 0.8 0.0

0.0 0.6 0.8 0.4 1.0

a b c d e

a

b

R c

d

e

� ª � º
� « � »
� « � »
� « � »� 
� « � »
� « � »
� « � »� ¬ � ¼

 and 
1.0 0.0 1.0

0.4 0.0 0.9

0.8 0.8 1.0

S

�D �E �J

�D
�E
�J

� ª � º
� « � »� � « � »
� « � »� ¬ � ¼

 

12. For all , [0,1],a b�•  prove that min( , ) ( , ) min( , ),i a b i a b a b� d � d  

  where mini  denotes the drastic intersection. 

13. For all , [0,1],a b�•  show that maxmax( , ) ( , ) ( , ),a b u a b u a b� d � d 

 where maxu  denotes the drastic union. 

14. Let A, B be two fuzzy numbers whose membership functions are given by 

( 2) 2, 2 0

( ) (2 ) 2, 0 2

0, otherwise,

x for x

A x x for x

�� �� �� �d�­
�°

� �� �� ���®
�°
�¯

 and 

( 2) 2, 2 4

( ) (2 ) 2, 0 6

0, otherwise.

x for x

A x x for x

�� �� �d�­
�°

� �� �� �d�®
�°
�¯

 

Calculate the fuzzy numbers , , , , .A B A B B A A B A B�� �� �� �˜  

15. Let [1, 5]xS �  and [2, 6]yS �  with fuzzy membership functions 

( 1), 1 2

(5 ) 3, 2 5,xS

x for x

x for x
�P

�� �d �d�­
� �®

�� �d �d�¯
 and 

( 2) 2, 2 4

(6 ) 2, 4 6,yS

y for x

y for x
�P

�� �d �d�­
� �®

�� �d �d�¯
 

Compute the following six operations to obtain zS  and :
zS�P  

�^ �`( , ) for  , , , / .z F x y x y� � �
 �
�• �� �� �˜   
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Chapter-2 

Fuzzy Relations and Fuzzy Logic 

2.1  INTRODUCTION   

In the first chapter we have defined fuzzy set and its properties, operations on fuzzy sets and 
different fuzzy numbers. In the present chapter important topics of fuzzy set theory like 
Membership function; fuzzification and membership values assignments are discussed. Fuzzy 
relations and their graphs are studied in details. However, our main emphasis is on fuzzy 
logic which is a method to formalize the human capacity of imprecise reasoning or 
approximate reasoning. Such reasoning represents the human ability to reason approximately 
and judge ambiguous uncertainty. In fuzzy logic all truths are partial or approximate. In this 
sense this reasoning has also been termed interpolative reasoning and the process of 
interpolating between the binary extremes of true and false is represented by the ability of 
fuzzy logic to encapsulate partial truths. In later part of the chapter the concepts of classical 
and fuzzy logic and approximating reasoning are explained in detail. 

2.2. FEATURES OF MEMBERSHIP FUNCTION 

The feature of the membership function is defined by three properties: 

(i) Core 

(ii)  Support 

(iii)  Boundary 

The Fig. 2.1 shown below defines the properties listed above. 

(i) Core 

If the region of universe is characterized by full membership 1 in the set A then this gives the 
core of the membership function of fuzzy at A. The elements which have the membership 
function as 1 are the elements of the core, i.e., ( ) 1.A x�P �  

(ii)  Support 

If the region of universe is characterized by nonzero membership in the set A, this defines the 
support of a membership function for fuzzy set A. 

The support has the elements whose membership is greater than zero, . ., ( ) 0.Ai e x�P �!  
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(iii)  Boundary    

 

 

Figure 2.1: Features of membership function 

If the region of universe has a nonzero membership but not full membership, this defines the 
boundary of a membership function; this defines the boundary of a membership function for 
fuzzy set A. 

The boundaries have the elements whose memberships are between 0 and 1, 
. ., 0 ( ) 1.Ai e x�P� � � � 

These are the standard regions defined in the membership functions. Next, we define two 
important terms. 

Crossover point 

The crossover point of a membership function is the element in universe whose membership 
value equal to 0.5, . ., ( ) 0.5.Ai e x�P �  

Height 

The height of the fuzzy set A is the maximum value of the membership function,. .,i e  

�� ��max ( ) .A x�P   

The membership functions can be symmetrical or asymmetrical.  
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2.3  FUZZIFICATION  

Fuzzification is an important concept in the fuzzy logic theory. Fuzzification is the process 
where the crisp quantities are converted to fuzzy (crisp to fuzzy). By identifying some of the 
uncertainties present in the crisp values, we form the fuzzy values. The conversion of fuzzy 
values is represented by the membership functions. 

In any practical applications in industries, measurement of voltage, current, temperature, etc., 
there might be a negligible error. This causes imprecision in the data. This imprecision can be 
represented by the membership functions. Thus fuzzification is performed. 

Hence, fuzzification process may involve assigning membership values for the given crisp 
quantities. 

Membership values Assignments 

There are various methods to assign the membership values or the membership functions to 
fuzzy variables. The assignment can be just done by intuition or by using some algorithms or 
logical procedures. The methods for assigning the membership values are listed as follows: 

(i) Intuition 

(ii)  Inference 

(iii)  Rank ordering 

(iv) Angular fuzzy sets 

(v) Neural networks 

(vi) Genetic algorithms 

(vii)  Inductive seasoning 

 

(i) Intuition  

�,�Q�W�X�L�W�L�R�Q�� �L�V�� �E�D�V�H�G�� �R�Q�� �W�K�H�� �K�X�P�D�Q�¶�V�� �R�Z�Q�� �L�Q�W�H�O�O�L�J�H�Q�F�H�� �D�Q�G�� �X�Q�G�H�U�V�W�D�Q�G�L�Q�J�� �W�R�� �G�H�Y�H�O�R�S�� �W�K�H��
membership functions. The thorough knowledge of the problem and the linguistic variable 
should also be known. Fig. 2.2 (a) shows membership function for imprecision in crisp 
temperature reading.  

For example, consider the speed of a dc-motor. The shape of the universe of speed given in 
rpm is shown in Fig. 2.2 (b). 
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Figure 2.2: Membership function (a) temperature (b) speed 

The curves represent membership function corresponding to various fuzzy variables. The 
range of speed is splitted into low, medium and high. The curves differentiate the ranges set 
by humans. The placement of curves is approximate over the universe of discourse; the 
number of curves and the overlapping of curves is an important criteria to be considered 
while defining membership functions. 

(ii)  Inference 

This method involves the knowledge to perform deductive reasoning. The membership 
function is formed from the known facts or knowledge set. 

Let us use inference method for the identification of the triangle. Let U be universe of 
triangles and A,B, and C be the inner angles of the triangles. Also 0.A B C�t �t �t  Therefore 
the universe is given by: 

�^ �`( , , ), 0, 180 .U A B C A B C A B C� �t �t �t �� �� �  

There are various types of triangles, for identifying, we define three types of triangles: 

I- Appropriate isosceles triangle, R- Appropriate right triangle and O- Other triangles. The 
membership vales can be inferred to all of these triangle types through the method of 
inference, as we know the knowledge about the geometry of the triangles. 

The membership for the approximate isosceles triangle, for the given conditions 
0A B C�t �t �t and 180 ,A B C�� �� �  is given as, 

1
( , , ) 1 min( , ).

60I A B C A B B C�P � �� �� ��  

The membership for the appropriate right triangle, for the same conditions, is 

1
( , , ) 1 ( 90 ).

90R A B C A�P � �� ��  

The membership for the other triangles can be given as the complement of the logical union 
of the two already defined membership functions 
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( , , )O A B C I R�P �  � ‰ �R�U���E�\���X�V�L�Q�J���'�H���0�R�U�J�D�Q�¶�V���O�D�Z�����L�W���L�V 

1 ( , , )
( , , ) min .

1 ( , , )
I

O
R

A B C
A B C I R

A B C

�P
�P

�P

��� ­ � ½
� �ˆ � � ® � ¾

��� ¯ � ¿ 

 

Figure 2.3 : A given triangle 

Example 2.3.1: Define the triangle for the figure shown in Fig. 2.3 with the three given 
angles. 

Solution. The condition is 

0A B C�t �t �t and 180 .A B C�� �� �  

Here �^ �`85 60 35 0, 180 .U A B C A B C� � �t � �t � �t �� �� �  

The membership values for the triangle shown in Fig. 2.3 for each type of triangles are: 

1
( ) 1 min( , ).

60I x A B B C�P � �� �� ��  

1 1
( ) 1 min(85 60 ,60 35 ) 1 min(25 ,25 )

60 60I x�P � �� �� �� � ��  

( ) 0.583.I x�P �  

Now,  
1

( ) 1 ( 90 ).
90R x A�P � �� ��  

1
( ) 1 (85 90 ) 0.944.

90R x�P � �� �� �  

And �^ �`( ) min 1 ( ), 1 ( ) min{1 0.583, 1 0.944}.O I Rx x x x�P �P �P� �� �� � �� ��  

( ) 0.055.O x�P �  

Hence there is highest membership for ( ).R x�P  Thus inference method can be used to 

calculate the membership values. 
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(iii)  Rank ordering 

The polling concept is used to assign membership values by rank ordering process. 
Preferences are above for pair wise comparisons and from this the ordering of the 
membership is done. 

Example 2.2: Suppose 1000 people respond to a questionnaire about the pair wise+ 
preference among five cars of universe set X={ Palio, Siena, Astra, Easter, Baleno} . Define a 
fuzzy set as A �R�Q���W�K�H���X�Q�L�Y�H�U�V�H���R�I���F�D�U�V�����³�E�H�V�W���F�D�U�V�´�� 

Table 2.1: Pair wise preferences among five cars between 1000 people 

 Number who preferred 

 Palio Siena Astra Easter Baleno Total Percentage Rank 
order 

Palio - 515 545 523 671 2.254 22.5 2 

Siena 481 - 475 845 580 2.381 23.8 1 

Astra 469 624 - 141 536 1.770 17.7 4 

Easter 457 530 470 - 649 2.114 21.1 3 

Baleno 265 425 402 389 - 1.481 14.8 5 

Total      10,000   

 

The pair wise comparison is made among 1,000 people and their views are summarized in 
Table 2.1. 

From the table, it is clear that 515 preferred Siena compared to Palio, 545 Astra to Palio, etc. 
The table forms an anti symmetric matrix. There are about ten comparisons made which gives 
a ground total of 10,000. Based on preferences, the percentage is calculated. The ordering is 
then performed. It is found that Siena is selected as the best car. 

Fig. 2.4 shows the membership function for this example. 

 

Figure 2.4: Membership for best car 
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(iv) Angular Fuzzy Set 

The angular fuzzy sets are different from the standard fuzzy sets in their coordinate 
description. These sets are defined on the universe of angles, hence are repeating shapes after 
every 2�S cycle. Angular fuzzy sets are applied in quantitative description of linguistic 
variables known truth-values. When membership of value 1 is true and that of 0 is false, then 
�L�Q���E�H�W�Z�H�H�Q���µ���¶���D�Q�G���µ���¶���L�V���S�D�U�W�L�D�O�O�\���W�U�X�H���R�U���S�D�U�W�L�D�O�O�\���I�D�O�V�H�� 

The linguistic values are formed to vary with ��, the angle defined on the unit circle and their 
membership values are on ( )t� P � T The membership of this linguistic term can be obtained 

from ( ) tan ,t t�P �T �T� where t is the horizontal projection of the radial vector and is given as 

cos ��, i.e., t = cos��. When the coordinates are in polar form, angular fuzzy sets can be used. 

Example 2.3.2: Consider a motor which is used in computer peripheral applications. From 
the membership function based on its rotation using angular fuzzy sets 

 

Figure 2.5: Angular fuzzy set 

The linguistic terms relating to the direction of motion of the motor is given as 

 

Figure 2.6: Angular fuzzy membership function 
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Fully anticlockwise (FA) �± ����� ����/2 

Partially anticlockwise (PA) �± ����� ����/4 

No rotation (NR) �± ����= 0 

Partially clockwise (PC) �± ����= �í �� /4 

Fully clockwise (FC) �± ����= �í �� /2 

The angular fuzzy set for this is shown in Fig. 2.5. The membership function is shown in Fig. 
2.6. The values for membership functions used in Fig. 2.5 is obtained as follows 

( ) tan ,t Z Z� P � T� where cos .Z �T�  

Therefore, the angular fuzzy membership values are shown in Table 2.2. Hence, angular 
fuzzy sets can be used to obtain fuzzy membership values. 

Table 2.2: Angular fuzzy membership values 

�T tan �T Z = cos �T �Pt(Z) = (Z tan �T) 

II/2(90�q) �v 0 1 

II/4(45�q) 1 0.707 0.707 

0 0 2 0 

(v) Neural Networks 

Neural networks are used to simulate the working network of the neurons in the human brain. 
The concept of the human brain is used to perform computation on computers. 

In this case, the fuzzy membership function may be created for fuzzy classes of an input data 
set. The procedure is the numbers of input data values are selected. Then it is divided into 
training data set and testing data set. The training data set may be used to train the network. 

The generations of membership function from neural network are shown in Fig. 2.7. 

Fig. 2.7 (a) shows the training data set. This is passed through a neural network shown in Fig. 

2.7 (b). The data points of Fig. 2.7 (a) are divided into three regions as 1R , 2R  and 3R  as in 
Fig. 2.7 (c). Depending upon the data points, the regions are classified. If the data point is in 
region 1, then we assign full membership in region 1 and zero membership in regions 2 and 3. 
Similarly if the data points are in region 2, it will have full membership in region and zero 
membership in regions so on. 
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Figure 2.7: Generation of membership function using neural networks 

The neural network is then created, from which the training is done between corresponding 
membership values in different classes, to simulate the relationship between the coordinate 
locations and membership values. The neural network uses the set of data value and 
membership values to train itself as shown in Figure 2.7 (d). This training process is 
continued until the neural network can simulate for the given entire set of input and output 
value. 

After the net is trained, its performance can be checked by the testing data. After full training 
and testing process is completed, the neural network is ready and it can be used to determine 
the membership values of any input data in the different regions. These are all shown in 
Figure 2.7 (g)�±(i). 

The complete mapping of the membership of different data points in different fuzzy classes 
can be determined by using neural network approach. 
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(vi) Genetic Algorithms 

�*�H�Q�H�W�L�F���D�O�J�R�U�L�W�K�P�����*�$�����X�V�H�V���W�K�H���F�R�Q�F�H�S�W���R�I���'�D�U�Z�L�Q�¶�V���W�K�H�R�U�\���R�I���H�Y�R�O�X�W�L�R�Q�����'�D�U�Z�L�Q�¶�V���W�K�H�R�U�\���L�V��
�E�D�V�H�G�� �R�Q�� �W�K�H�� �U�X�O�H���� �³�V�X�U�Y�L�Y�D�O�� �R�I�� �W�K�H�� �I�L�W�W�H�V�W���´�� �'�D�U�Z�L�Q�� �D�O�V�R�� �S�R�V�W�X�O�D�W�H�G�� �W�K�D�W�� �W�K�H�� �Q�H�Z�� �F�O�D�V�V�H�V�� �R�I��
living things came into existence through the process of reproduction, crossover, and 
mutation among existing organisms. 

The steps involved in computing membership functions using GA are: 

(a) For the given functional mapping of a system, some membership functions and their 
shapes are assumed for various fuzzy variables to be defined. 

(b) These membership functions are then coded as bit strings. 

(c) These bit strings are then concatenated (joined). 

(d) Similar to activation function in neural networks, GA has a fitness function. 

(e) This fitness function is used to evaluate the fitness of each set of membership functions. 

(f) These membership functions are the parameters that define the functional mapping of the 
system. 

 Thus, GA can be used to determine the membership functions. 

(vii)  Inductive Reasoning 

The membership can also be generated by the characteristics of inductive reasoning. The 
induction is performed by the entropy minimization principle, which clusters the parameters 
corresponding to the output classes. For inductive reasoning method, there should be a well-
defined database for the input�±output relationships. This method can be suited for complex 
�V�\�V�W�H�P�V���Z�K�H�U�H���W�K�H���G�D�W�D���D�U�H���D�E�X�Q�G�D�Q�W���D�Q�G���V�W�D�W�L�F�����:�K�H�Q���W�K�H���G�D�W�D�¶���D�U�H���G�\�Q�D�P�L�F�����W�K�L�V���P�H�W�K�R�G���L�V��
not suited, since the membership functions continually change with time. 

There are three laws of induction. 

(1) Given a set of irreducible outcomes of an experiment, the induced probabilities are those 
probabilities consistent with all available information that maximize the entropy of the set. 

(2) The induced probability of a set of independent observations is proportional to the 
probability density of the induced probability of a single observation. 

(3) The induced rule is that of rule consistent with all available information of which the 
entropy is minimum. 

The third law stated here is the mostly used for membership function development. 

The steps involved in generating membership functions using inductive reasoning are as 
follows: 

(a) It is necessary to establish a fuzzy threshold between classes of data. 

(b) First, determine the threshold line with an entropy minimization screening 
method. 

(c) After this, start the segmentation process. 
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(d) The segmentation process first results into two classes. 

(e) Further partitioning the first two classes one more time, there is three different 
classes. 

(f) The partitioning is repeated with threshold value calculations, which lead us to 
partition the data set into a number of classes or fuzzy sets. 

(g) Then based on shape, membership function is determined. 

Thus the generation of membership function is based on partitioning or analog screening 
concept. This draws a threshold line between two classes of sample data. The main concept 
behind drawing the threshold line is to classify the samples when minimizing the entropy for 
optimum partitioning. 

2.4  FUZZY RELATIONS AND THEIR GRAPHS  

2.4.1 Crisp Relation 

Definition (Cartesian product): Let A and B be two non-empty sets, the product set or 
Cartesian product A B�u  is defined as follows 

�^ �`( , ) : , .A B a b a A b B�u � �• �•  

The concept of Cartesian product can be extended to n sets. For an arbitrary number of sets 

1 2, , ......, nA A A , the set of all n-tuples �� ��1 2, ,......, na a a  such that 1 1,a A�•  

2 2, ......, n na A a A� • � • is called the Cartesian product and is written as 

1 2 ...... nA A A�u �u �u or .
1

n
Aii

�–
� 

 

�7�K�H�� �S�U�R�G�X�F�W�� �L�V�� �X�V�H�G�� �I�R�U�� �W�K�H�� �³�F�R�P�S�R�V�L�W�L�R�Q�´�� �R�I�� �V�H�W�V�� �D�Q�G�� �U�H�O�D�W�L�R�Q�V�� �L�Q�� �W�K�H�� �O�D�W�H�U�� �V�H�F�W�L�R�Q�V���� �)�R�U��
example, a relation is a product space obtained from two sets A and B. 3�ƒ � �ƒ�u�ƒ�u�ƒ 
denotes the 3-dimensional space of real numbers. 
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Figure 2.8: Cartesian product A B�u  

Definition (Binary relation):  If A and B are two sets and there is a specific property between 
elements x of A and y of B, this property can be described using the ordered pair (x, y). A set 
of such (x, y) pairs, x A�•  and ,y B�• is called a relation R. 

�� ���^ �`, : , .R x y x A y B� �• �•  

R is a binary relation and a subset of A B�u . 

�7�K�H���W�H�U�P���³x is in relation R with y�´���L�V���G�H�Q�R�W�H�G���D�V���� ��,x y R�•  or x R y with .R A B� Ž � u 

Representation Methods of Relations 

There are four methods of expressing the relation between sets A and B. 

(i) Bipartigraph  

 

 

Figure 2.9: Bipartigraph 

The first is by illustrating A and B in a figure and representing the relation by drawing arcs or 
edges (Fig. 2.9). 
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(ii)  Coordinate diagram 

The second is to use a coordinate diagram by plotting members of A on x axis and that of B 
on y axis, and then the members of A B�u  lie on the space. Fig 2.10 shows this type of 
representation for the relation R, namely 2 2 4x y� � �  where x A�•  and .y B�•  

 

 

Figure 2.10: Relation of 2 2 4x y� � �   

(iii)  Matrix  

The third method is by manipulating relation matrix. Let A and B be finite sets having m and 
n elements respectively. Assuming R is a relation between A and B, we may represent the 

relation by matrix �� ��R i jM m�  which is defined as follows 

1, ( , ) ; 1(1) , 1(1)
( ), where

0, ( , )
i j

R i j i j
i j

a b R i m j n
M m m

a b R

�• � � �­�°
�  �  �®

�•�°�¯
 

Such matrix is called a relation matrix. 

(iv) Digraph 

The fourth method is the directed graph or digraph method. Elements are represented as 
nodes, and relations between elements as directed edges. 

A = {1, 2, 3, 4} and R ={(1, 1), (1, 2), (2, 1), (2, 2), (1, 3), (2, 4), (4, 1)} for instance. 

  

Figure 2.11: Directed graph 
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Fig 2.11 shows the directed graph corresponding to this relation. When a relation is 
symmetric, an undirected graph can be used instead of the directed graph. 

Table2.4: Comparison of relations 

Property Relation Reflexive Anti-reflexive Symmetric Anti-
symmetric 

Transitive 

Equivalence �9   �9   �9  
Compatibility �9   �9    

Pre-order �9     �9  
Order �9    �9  �9  

Strict-order  �9   �9  �9  
 

 

 

2.4.2  Fuzzy Relation 

If a crisp relation R represents that of from sets A to B, for x A�•  and ,y B�• its membership 
function ( , )A x y�P  is 

1, iff ( , )
( , )

0, iff ( , ) .A

x y R
x y

x y R
�P

�•�­
� �®

�•�¯
 

This membership function maps A B�u  to set {0, 1}, . ., : {0, 1}.Ri e A B�P � u � o  

Definition (Fuzzy relation): Fuzzy relation has degree of membership whose value lies in 
[0, 1]. 

 : [0, 1]R A B�P � u � o  and �� ���^ �`( , ), ( , ) : ( , ) 0, , .R RR x y x y x y x A y B� P � P� �t �• �•  

Here ( , )R x y�P is interpreted as strength of relation between x and y. 

Operations on Fuzzy Relations 

Let R and T be fuzzy relation on Cartesian space X ×Y. Then the following operations apply 
for the membership values for various set operations: 

Union: The union of two fuzzy relations R and T is defined by 

 �� ��( , ) max ( , ), ( , ) .R T R Tx y x y x y�P �P �P�‰ �  

Intersection: The union of two fuzzy relations R and T is defined by 

 �� ��( , ) min ( , ), ( , ) .R T R Tx y x y x y�P �P �P�ˆ �  
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Complement: The complement of fuzzy relation R is given by 

 ( , ) 1 ( , ).RR
x y x y� P � P�  � �  

Containment: The containment of two fuzzy relations R and T is given by 

 ( , ) ( , ), , .R TR T x y x y x y� P � P�• �Ÿ �d ��  

2.4.3  Fuzzy Cartesian product and Composition 

Let A be a fuzzy set on universe X and B be a fuzzy set on universe Y, then the Cartesian 
product between fuzzy sets A and B will result in a fuzzy relation R which is contained with 
the full Cartesian product space or A B R X Y�u � �• �u , where the fuzzy relation R has 
membership function 

 �� ��( , ) ( , ) min ( , ), ( , ) .R A B A Bx y x y x y x y�P �P �P �P�u�  �   

Example 2.4.1: Consider two fuzzy sets A and B. A represents universe of three discrete 

temperatures �^ �`1 2 3, ,x x x x�  and B represents universe of two discrete flow �^ �`1 2, .y y y�  

Find the fuzzy Cartesian product between them 

 
1 2 3 1 2

0.4 0.7 0.1 0.5 0.8
and .A B

x x x y y
� �� �� � ��  

Solution. A represents column vector of size 3 × 1 and B represents column vector of size 
1×2. The fuzzy Cartesian product results in a fuzzy relation R of size 3 × 2: 

 

1 2

1

2

3

0.4 0.4

0.5 0.7 .

0.1 0.1

y y

x

A B R x

x

� ª � º
� « � »�u � � � « � »
� « � »� ¬ � ¼

 

Composition of Fuzzy Relation 

Let R be a fuzzy relation on the Cartesian space X ×Y, S be a fuzzy relation on Y × Z, and T 
be a fuzzy relation on X × Z, then the fuzzy set max�±min composition is defined as: 

 T R S�  (Set-theoretic notation) 

  �� �� �� ���^ �`�^ �`, ,max min ( , ), ( , ) : , , .R S
y

x z x y y z x X y Y z Z� P � P� �• �• �•  

In function-theoretic form 

�� �� �� �� �� ���� ��, , , .T R Sy Y
x z x y y z�P �P �P

�•
� �› �š  

In fuzzy max�±product composition is defined in terms of set-theoretic 
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  �� �� �� ���^ �`, ,max ( , ) ( , ) : , ,R S
y

T R S x z x y y z x X y Y z Z� P � P� � �
 �• �• �•  

  �� �� �� �� �� ���� ��, , , .T R Sy Y
x z x y y z�P �P �P

�•
� �› �x  

Max-Average Composition 

The max�±average composition 
org

S R is defined as follows: 

�� �� �� ��1
( , ) , , max ( , ) ( , ) : , , .

2 R S
org y

S R x z x z x y y z x X y Y z Z� P � P� ­ � ½� �� �• �• �•� ® � ¾
� ¯ � ¿ 

 

 

Example 2.4.2: Consider fuzzy relations 

  

1 2

1

2

0.7 0.6
,

0.8 0.3

y y

x
R

x
� ª � º

� � « � »
� ¬ � ¼

 

1 2 3

1

2

0.8 0.5 0.4
.

0.1 0.6 0.7

z z z

y
S

y
� ª � º

� � « � »
� ¬ � ¼

 

Find the relation T R S� using max�±min and max�±product composition. 

Solution. Max�±Min Composition 

 T R S�  

  �PT(x1, z1)  = max[min(0.7, 0.8), min(0.6, 0.1)] 

     = max[0.7, 0.1] 

    = 0.7, 

 �PT(x1, z2)  = max[min(0.7, 0.5), min(0.6, 0.6)] 

     = max[0.5, 0.6] 

    = 0.6, 

 �PT(x1, z3)  = max[min(0.7, 0.4), min(0.6, 0.7)] 

     = max[0.4, 0.7] 

    = 0.7, 

 �PT(x2, z1)  = max[min(0.8, 0.8), min(0.3, 0.1)] 

     = max[0.8, 0.1] 

    = 0.8, 

 �PT(x2, z2)  = max[min(0.8, 0.5), min(0.3, 0.6)] 
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     = max[0.5, 0.3] 

    = 0.5, 

 �PT(x2, z3)  = max[min(0.8, 0.4), min(0.3, 0.7)] 

    = 0.4 

  

 

 

 

Max�±Product Composition 

   

   

   

and so on 

  

Example 2.4.3: In the field of computer networking there is an imprecise relationship 
between the level of use of a network communication bandwidth and the latency experienced 
in peer-to-peer communication. Let X be a fuzzy set of use levels (in terms of the percentage 
of full bandwidth used) and Y be a fuzzy set of latencies (in milliseconds) with the following 
membership function 

  

1 2 3

1

2

0.7 0.6 0.7
.

0.8 0.5 0.4

z z z

x
T

x
� ª � º

� � « � »
� ¬ � ¼

�> �@
�> �@

1 1( , ) max (0.7 0.8), (0.6 0.1)

max 0.56, 0.06

0.56

T x z�P � �u �u

� 

� 

�> �@
�> �@

1 2( , ) max (0.7 0.5), (0.6 0.6)

max 0.35, 0.36

0.36

T x z�P � �u �u

� 

� 

�> �@
�> �@

1 3( , ) max (0.7 0.4), (0.6 0.7)

max 0.28, 0.42

0.42

T x z�P � �u �u

� 

� 

1 2 3

1

2

0.56 0.36 0.42
.

0.64 0.40 0.32

z z z

x
T

x
� ª � º

� � « � »
� ¬ � ¼

0.2 0.5 0.8 1.0 0.6 0.1
,

10 20 40 60 80 100
X � ­ � ½� �� �� �� �� ��� ® � ¾

� ¯ � ¿

0.3 0.6 0.9 1.0 0.6 0.3
.

0.5 1 1.5 4 8 20
Y � ­ � ½� �� �� �� �� ��� ® � ¾

� ¯ � ¿
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Find the Cartesian product represented by the relation  

Reflexivity: Let  be the fuzzy relation on  then  is called reflexive  

if   

Example 2.4.4: Let , then the following relation is reflexive. 

  

If  and are reflexive fuzzy relation, then max-min composition 1 2R R is also reflexive. 

Symmetry: Let  be the fuzzy relation on  

(i)  is called symmetric if  

(ii)   is called anti-symmetric if for  

 

(iii)   is called perfectly symmetric if for  whenever 

 

Example 2.4.5: 

 

 

 is a perfectly anti symmetric relation, while  is an anti symmetric relation, but not a 

perfectly anti symmetric relation.  is non symmetric relation, that is, there exist 

with  which is not anti symmetric and therefore also not perfectly anti 

symmetric. 

.R X Y�  � u

R ,X X�u R

( , ) 1, .R x x x X�P � �� �•

�^ �`1 2 3 4, , ,X x x x x� 

1 2 3 4

1

2

3

4

1 0 0.2 0.3

0 1 0.1 1
:

.2 0.7 1 0.4

0 1 0.4 1

x x x x

x

x
R

x

x

� ª � º
� « � »
� « � »
� « � »
� « � »
� ¬ � ¼

1R 2R

R .X X�u

R ( , ) ( , ) , .R Rx y y x x y X� P � P� �� �•

R x y�z

either ( , ) ( , )
, .

or ( , ) ( , ) 0
R R

R R

x y y x
x y X

x y y x

� P � P

� P � P

�z �½
� � � •�¾

�  �  �¿

R x y�z

( , ) 0 then ( , ) 0 , .R Rx y y x x y X� P � P�! � �� �•

1R 2R

3R ,x y X�•

( , ) ( , ),R Rx y y x� P � P�z
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One could certainly define other concepts, such as an -anti symmetry  

  

These concepts would probably be more in line with the basic ideas of fuzzy set theory. Since 
we will not need this type of definition for our further considerations, we will abstain from 
any further definition in the direction. 

Example2.4.6: Let  and  

The following relation is symmetric relation. 

 

Transitivity:  A fuzzy relation  is called (max-min) transitive if  

In other words, a fuzzy relation  is transitive (max-min transitive) if  

  

is satisfied for each pair of  A relation failing to satisfy this inequality for 

some member of  is called non transitive, and if  

   

for all  then the relation is called anti transitive. 

   

Figure 2.12: Fuzzy relation 

For max-min composition, the following properties hold: 

(i)  is reflexive and  is an arbitrary fuzzy relation, then  and 

  

(ii)  If  is reflexive, then   

�D

( , ) ( , ) , .R Rx y y x x y X�P �P �D�� �t �� �•

�^ �`1 2 3 4, , ,X x x x x� �^ �`1 2 3 4, , , .Y y y y y� 

R .R R R�Ž

( , )R X X

�> �@( , ) max min ( , ), ( , )R R R
y Y

x z x y y z�P �P �P
�•

�t

( , ) .x z X X� • � u
X

�> �@( , ) max min ( , ), ( , ) ,R R R
y Y

x z x y y z�P �P �P
�•

��

( , ) ,x z X X� • � u

1R 2R 1 2 2R R R�‹

2 1 2.R R R�‹

R .R R R�Ž



2.20 | Fuzzy Logic Models and Fuzzy Control: An Introduction 

(iii)   and  are reflexive, then  is reflexive. 

(iv)  and  are symmetric, then  is symmetric if  

(v) If  is symmetric, so is each power of  

 

 

 

Example 2.4.7: Let  be the fuzzy relation defined as 

 

Then  is 

 

Now one can easily see that  holds for all   

Combinations of the above properties give some interesting results for max-min composition 
as given below: 

(i) If  is symmetric and transitive, then  for all   

(ii)  If  is reflexive and transitive, then  

(iii)  If  and are transitive and 1 2 2 1,R R R R� then is transitive. 

Similarity or Equivalence Relation 

A similarity relation is a fuzzy relation  that is reflexive, symmetric and max-min 

transitive. 

Example 2.4.8: �/�H�W�¶�V���F�R�Q�V�L�G�H�U���D���I�X�]�]�\���U�H�O�D�W�L�R�Q���H�[�S�U�H�V�V�H�G���L�Q���W�K�H���I�R�O�O�R�Z�L�Q�J��matrix. Since this 
relation is reflexive, symmetric and transitive, we see that it is a fuzzy equivalence relation 
(Fig 1.4.6). 

1R 2R 1 2R R

1R 2R 1 2R R 1 2 2 1.R R R R� 

R .R

R

R R

( , ) ( , )R R Rx y x y� P � P�d , .x y X�•

R ( , ) ( , )R R Rx y x x� P � P�d , .x y X�•

R .R R R� 

1R 2R 1 2R R

( , )R x x�P
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Figure 2.13: Graph of fuzzy equivalence relation 

Example 2.4.9: The following relation is a similarity relation: 

 

 

A similarity relation of a finite number of elements can also be represented by a similarity 
tree, similar to a dendogram. In this tree, each level represents an -cut ( -level set) of the 
similarity relation. For the above similarity relation, the similarity tree is shown below. The 
sets of elements on specific -levels can be considered as similarity classes of -level.  

 

 

 

 

 

 

 

 

 

�D �D

�D �D
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Figure 2.14: Dendogram 

We shall now turn to fuzzy order relations: As already mentioned, similarity relations and 
order relations are primarily distinguished by their degree of symmetry. Roughly speaking, 
similarity relations are fuzzy relations that are reflexive, (max-min) transitive and 
symmetrical; order relations, however, are not symmetrical. To be more precise, even 
different kinds of fuzzy order relations differ by their degree of similarity. 

Pre-order Relation 

A fuzzy relation that is (max-min) transitive and reflexive is called a fuzzy pre-order relation. 

 

 

Order Relation 

A fuzzy relation that is (max-min) transitive, reflexive and anti symmetric is called a fuzzy 
order relation. If the relation is perfectly anti symmetrical, it is called a perfect fuzzy order 
relation. It is also called a fuzzy partial order relation. 

Total Order Relation 

A order relation or a fuzzy linear ordering is a fuzzy total order relation such that 
 either  or   

Any -cut of a fuzzy linear order is a crisp linear order. 

 

 

 

 

 

, ;x y X x y�� �• �z ( , ) 0R x y�P �! ( , ) 0.R y x�P �!

�D
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Example 2.4.10: The following relation is fuzzy order relation: 

 

2.4.4 Fuzzy Graphs 

A graph G is defined as follows: , where 

 set of vertices. A vertex is also called a node or element. 

 set of edges. An edge is pair  of vertices in  

A graph is a data structure expressing relation  When order in pair (x, y) is 
defined, the pair is called edge with direction and we call such graph directed graph. When 
order is not allowed, we call it undirected graph. 

When sets A and B are given (including the case A = B������ �O�H�W�¶�V�� �G�H�I�L�Q�H�� �D�� �F�U�L�V�S�� �U�H�O�D�W�L�R�Q��
 For if there exists an edge between x and y. In other 

words,  

  

Here given the relation R is a fuzzy relation, and the membership function  enables 

 value to be between 0 and 1. Such graph is called a fuzzy graph. 

Definition:  Let  be the (crisp) set of nodes. A fuzzy graph is then defined by 

  

 

Example 2.4.11: Figure shows an example of fuzzy graph represented as fuzzy 

relation matrix  

 

( , )G V E� 

:V

:E ( , )x y .V

.R V V� Ž � u

.R A B� Ž � u , ,x A y B� • � •( , ) ,x y R�•

( , ) ( , ) ( , ) 1.R Gx y R x y x y� P � P�� �• �œ � � 

( , )R x y�P
( , )G x y�P

E

�� ���^ �`( , ) ( , ), ( , ) :( , ) .i j i j G i j i jG x x x x x x x x E E�P� �• �u

.GM
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Figure 2.15: Fuzzy graph 

Example 2.4.12: There is a set  where  is the set of real numbers and 

The membership function of the set A is 

formally defined as  

(i) Show the graphical representation of A. 

(ii)  Show the -cut set of A at =0.5. 

(iii)  Show the relation defined as follows: 

  

(iv) Show the -cut relation of R at =0.5. 

(v) Show the set defined by  This set B is a set induced by R 

and A. 

(vi) Show the relation defined as follows:  

 

 

Figure 2.16: Set ( ) cos 0A x x�P �  � t 

A� • � ƒ �ƒ
�^ �`, : close to 2 , 0,1,2,... .x A x x k k�S�•�ƒ � � 

�> �@( ) max 0, cos .A x x�P � 

�D �D

�^ �`( , ) : cos 0,R x y y x x A� � �t �•

�D �D

( ) cos , .B y x x A�P �  � •

�> �@( , ) max 0, sin ,R x y x x A�P �  � •
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Figure 2.17:  

 
 

Figure 2.18: Relation   

 

Figure 2.19:  

0.5cut set A�D��

( , ) cosR x y x�P � 

0.5cut relation R�D��
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Figure 2.20:  

 

 

Figure 2.21:  

 

Sub graph 

 is a fuzzy sub graph of  if  

   

 spans graph  if the node sets of  and  are 

equal, that is, if they differ only in their arc weights.  

2.4.5 Fuzzy Morphism 

Definition (Homomorphism): Given multiple crisp relations  and  
homomorphism from (A, R) to (B, S) is for the function  having the characteristics 

as for ,  

 

( ) cos ,B y x x A�P �  � •

�> �@( , ) max 0, sinR x y x�P � 

( , )i jH x x ( , )i jG x x

( , ) ( , ), ( , ) .H i j G i j i jx x x x x x E E� P � P�d �� �• �u

( , )i jH x x ( , )i jG x x ( , )i jH x x ( , )i jG x x

R A A� Ž � u S B B� Ž � u
:h A B�o

1 2,x x A�• �� ��1 2 1 2( , ) ( ), ( )x x R h x h x S�• �Ÿ �•
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In other words, if two elements  and are related by R, their images  and are 

also related by S. 

Definition (Strong Homomorphism): Given two crisp relations  and 
, if the function satisfies the following, it is called strong homomorphism from (A, 
R) to (B, S). 

(i)  for ,   

(ii)  For all , if  

  then  

Definition (Fuzzy Homomorphism): If the relations  and  are fuzzy 
relations, the above Morphism is extended to a fuzzy homomorphism as follows 

For all  and their images ,  

 �� ��1 2 1 2( , ) ( ), ( ) .R Sx x h x h x� P � P�d  

in other words, the strength of the relation S for is stronger than or equal to the 

that of R for  

If a homomorphism exists between fuzzy relations (A, R) and (B, S), the homomorphism h 
partitions A into subsets  because it is a many-to-one mapping 

 so to speak, image h(xi) of elements xi in Aj is 

identical to element y in B. In this manner, every element in A shall be mapped to one of B. If 
the strength between  and  gets the maximum strength between and  

thus morphism is replaced with fuzzy strong homomorphism. 

Definition (Fuzzy strong homomorphism): Given the fuzzy relations R and S, if h satisfies 
the followings, h is a fuzzy strong homomorphism. 

 For all  

 ,  

  

Example 2.4.13: Consider the relations  and  in the following 

1x 2x 1( )h x 2( )h x

R A A� Ž � u S B B� Ž � u
:h A B�o

1 2,x x A�• �� ��1 2 1 2( , ) ( ), ( )x x R h x h x S�• �Ÿ �•

1 2,y y B�•

1 1
1 1 2 2( ), ( )x h y x h y� � � �� • � •1 2 1 2( , ) ( , ) .y y S x x R�• �Ÿ �•

R A A� Ž � u S B B� Ž � u

1 2,x x A�• 1 2( ), ( )h x h x B�•

�� ��1 2( ), ( )h x h x

1 2( , ).x x

1 2, ,..., nA A A

, 1,2,..., , ( )i j ix A i n h x y B�� �• � � �•

jA kA j jx A�• ,k kx A�•

, , ,j j k k j kx A x A A A A�• �• �Ž

1 2( ), ( )j ky h x y h x�  �  �� ��1 2 1 2, , , ,y y B y y S� • � •

1 2
,

max ( , ) ( , ).
j k

R j k S
x x

x x y y� P � P� 

R A A� Ž � u S B B� Ž � u
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we apply the mapping function h from A to B as follows  

 

Figure 2.22: Fuzzy homomorphism 

Here all of A has the relation in B. Furthermore 

 holds.  

For example   

As a consequence, this morphism is a fuzzy homomorphism (Fig 2.22). We know 

, but we are not able to find its corresponding pair in R. Therefore it is not a 

fuzzy strong homomorphism. 

Example 2.4.14: We have two relations  and  

  

: , ; ; .h a b c d�D �E �J� o � o � o

�� ��1 2, ,x x R�• �� ��1 2( ), ( ) ,h x h x S�•

�� �� �� ��1 2 1 2, ( ), ( )R Sx x h x h x� P � P�d

( ) , ( ) ,h c h d� E � J�  �  �� �� �� ��, 0 , 0.6.R Sc d�P �P �E �J� �d � 

�� ��, 0.6S�P �E �J� 

R A A� Ž � u .S B B� Ž � u
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We have also a function from A to B as follows   

Here for all of A has the relation  in B and inversely, for all 

 in  Thus h completes the conditions for fuzzy 

�K�R�P�R�P�R�U�S�K�L�V�P�����1�R�Z�����O�H�W�¶�V���F�R�Q�V�L�G�H�U���W�K�H���F�R�Q�G�L�W�L�R�Q�V���I�R�U���W�K�H���I�X�]�]�\���V�W�U�R�Q�J���K�R�P�R�P�R�U�S�K�L�V�P�� 

 

 

Figure 2.23: Fuzzy strong homomorphism 

For example,  

 

in the same manner, we can verify for other pairs and then we see the morphism h is a fuzzy 
strong homomorphism (Fig 2.23). 

2.4.6. Extension Principle: An introduction to Fuzzy Control 

One of the most important notions in fuzzy set theory is the extension principle. The 
extension principle provides a general method for combining non-fuzzy and fuzzy concepts 
of all kinds, e.g., for combining fuzzy sets and relations, but also for the operation of a 
mathematical function on fuzzy sets. Fuzzy sets can also be interpreted as fuzzy numbers. In 
this Case one can use the extension principle to add or multiply these fuzzy numbers. 

Let  be fuzzy sets, defined respectively on  and let  be a non-fuzzy 

function  The aim is to extend  such that it operates on  

and returns a fuzzy set  on  This is done by using the sup-min composition as follows: 

: ; , ; , .h a b c d e�D �E �J�o �o �o

�� ��1 2, ,x x R�• �� ��1 2( ), ( ) ,h x h x S�•

�� ��1 1
1 2 1 2( , ) , ( ), ( )y y S h y h y R� � � �� • � •.A

1 1( , ) , ( , ) 1, ( ) { , }, ( ) { , }SS h b c h d e�E �J �P �E �J �E �J� � � ��• � � � 

�> �@ �> �@max ( , ), ( , ) max 1, 0.5 1 ( , )R R Sc d c e�P �P �P �E �J� � � 

1,..., nA A 1,..., ,nU U f

1: ... .nf U U V�u �u �o f 1,..., ,nA A

F .V
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Definition (Extension Principle): The extension of  operating on 1,..., nA A  results in the 

following membership function for  

    (2.4.1) 

when  exists. Otherwise   

Another way to obtain this result is  

     (2.4.2) 

 In the binary case and on a discrete or compact domain, (2.4.1) is given by  

    (2.4.3) 

So the function  is extended from the domain of real numbers to the domain of fuzzy 
numbers. 

Example 2.4.15: The extension principle is often used in fuzzy arithmetic. Let  and  be 
two fuzzy numbers (fuzzy sets defined on ), then the membership function of the sum of 

 and  (denoted ) is 

     (2.4.4)  

So, the original function, in this case + is given in the subscript of the supremum operation. It 

is worthwhile to work this out. Let  be the fuzzy number with membership degree 

 and  the fuzzy number with membership degree  then  

has membership degree  approximately 10, but quite fuzzy. As a 

formula, 

  (2.4.5) 

In the same way, subtractions is defined by 

    (2.4.6) 

and  
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    (2.4.7) 

 

While the domain in fuzzy control usually is either discrete or compact, one can almost 
always use the max-min composition instead of the sup-�P�L�Q�� �F�R�P�S�R�V�L�W�L�R�Q���� �$�Q�� �µ�H�[�W�H�Q�G�H�G�¶��
extension operator can be found by using  (S-norm-T-norm) composition. That is, 

    (2.4.8) 

On continuous domains one has to be careful with choice of  Normally, only the 

supremum operation and the  operation can be used. Another well known composition 

operation is the max-product or max-dot composition, that is, 

    (2.4.9)  

2.5  CLASSICAL AND FUZZY LOGIC  

2.5.1  Introduction  

Logic is but a small part of the human capacity to reason. Logic can be a means to compel us 
to infer correct answers, but it cannot by itself be responsible for our creativity or for our 
ability to remember. In other words, logic can assist us in organizing words to make clear 
sentences, but it cannot help us determine what sentences to use in various contexts. Consider 
the passage above from the nineteenth-century mathematician Lewis Carroll in his classic 
Through the Looking Glass. How many of us can see the logical context in the discourse of 
these fictional characters? Logic for humans is a way quantitatively to develop a reasoning 
process that can be replicated and manipulated with mathematical precepts. The interest in 
logic is the study of truth in logical propositions; in classical logic this truth is binary �± a 
proposition is either true or false. 

This section introduces the reader to fuzzy logic with a review of classical logic and its 
operations, logical implications, and certain classical inference mechanisms such as 
tautologies. The concept of a proposition is introduced as are associated concepts of truth 
sets, tautologies, and contradictions. The operations of disjunction, conjunction, and negation 
are introduced as well as classical implication and equivalence; all of these are useful tools to 
construct compound propositions from single propositions. Operations on propositions are 
shown to be isomorphic with operations on sets 
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2.5.2  Classical Logic 

In classical logic, a simple proposition  is a linguistic, or declarative, statement contained 
within a universe of elements, (say), that can be identified as being a collection of 
elements in  that are strictly true or strictly false. Hence, a proposition  is a collection 
of elements, i.e., a set, where the truth values for all elements in the set are either all true or 
all false. The veracity (truth) of an element in the proposition  can be assigned a binary 
truth value, called  just as an element in a universe is assigned a binary quantity to 
measure its membership in a particular set. For binary (Boolean) classical logic,  is 

assigned a value of 1 (truth) or 0 (false). If  is the universe of all propositions, then  is a 
mapping of the elements,  in these propositions (sets) to the binary quantities (0, 1), or  

  

All elements u in the universe  that are true for proposition  are called the truth set of 
 denoted Those elements u in the universe  that are false for proposition  are 

called the falsity set of  

In logic we need to postulate the boundary conditions of truth values just as we do for sets; 
that is, in function-theoretic terms we need to define the truth value of a universe of 
discourse. For a universe Y  and the null set  we define the following truth values: 

  and  

Now let  and  be two simple propositions on the same universe of discourse that can be 
combined using the following five logical connectives 

 

to form logical expressions involving the two simple propositions. These connectives can be 
used to form new propositions from simple propositions. 

The disjunction connective, the logical or, is the term used to represent what is commonly 
referred to as the inclusive or. The natural language term or and the logical or differ in that 
the former implies exclusion (denoted in the literature as the exclusive or; further details are 
�J�L�Y�H�Q���L�Q���W�K�L�V���F�K�D�S�W�H�U�������)�R�U���H�[�D�P�S�O�H�����µ�µ�V�R�X�S���R�U���V�D�O�D�G�¶�¶���R�Q���D���U�H�V�W�D�X�U�D�Q�W���P�H�Q�X���L�P�S�O�L�Hs the choice 
of one or the other option, but not both. The inclusive or is the one most often employed in 
logic; the inclusive or (logical or as used here) implies that a compound proposition is true if 
either of the simple propositions is true or both are true. 

P
X

X P

P
( )T P

( )T P
U T

,u

: (0, 1).T u U� • � o

U P
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The equivalence connective arises from dual implication; that is, for some propositions  
and  if  and  then   

Now define sets  and  from universe  (universe  is isomorphic with universe ), 
where these sets might represent linguistic ideas or thoughts. A propositional calculus 
(sometimes called the algebra of propositions) will exist for the case where proposition P 
measures the truth of the statement that an element, x, from the universe  is contained in 
set  and the truth of the statement  that this element,  is contained in set  or more 
conventionally, 

  and  

where truth is measured in terms of the truth value, i.e., 

    

   

or, using the characteristic function to represent truth (1) and falsity (0), the following 
notation results: 

  

A notion of mutual exclusivity arises in this calculus. For the situation involving two 
propositions  and  where we have that the truth of  always 

implies the falsity of and vice versa; hence,  and  are mutually exclusive 
propositions. 

Example 2.5.1: Let  �E�H���W�K�H���S�U�R�S�R�V�L�W�L�R�Q���µ�µ�W�K�H���V�W�U�X�F�W�X�U�D�O���E�H�D�P���L�V���D�Q�������:�)�����¶�¶���D�Q�G���O�H�W�� 

�E�H�� �W�K�H�� �S�U�R�S�R�V�L�W�L�R�Q�� �µ�µ�W�K�H�� �V�W�U�X�F�W�X�U�D�O�� �E�H�D�P�� �L�V�� �P�D�G�H�� �R�I�� �V�W�H�H�O���¶�¶�� �/�H�W�� be the universe of 
structural members comprised of girders, beams, and columns;  is an element (beam),  is 
the set of all wide-flange (WF) beams, and  is the set of all steel beams. Hence, 

  and  

The five logical connectives already defined can be used to create compound propositions, 
where a compound proposition is defined as a logical proposition formed by logically 
connecting two or more simple propositions. Just as we are interested in the truth of a simple 
proposition, classical logic also involves the assessment of the truth of compound 
propositions. For the case of two simple propositions, the resulting compound propositions 
are defined next in terms of their binary truth values. 

Given a proposition  we have the following for the logical connectives: 

Disjunction   (2.5.1) 

P
,Q P Q�o ,Q P�o .P Q�l

A B X X U

X
A Q ,x ,B

: truth thatP x A�• : truth thatQ x B�•

if , ( ) 1; otherwise, ( ) 0x A T P T P�• � � 

if , ( ) 1; otherwise, ( ) 0x B T Q T Q�• � � 

1,
( )

0,A

x A
x

x A
�F

�•�­
� �®

�•�¯

P ,Q ( ) ( ) ,T P T Q �I� ˆ �  P
Q P Q

P Q
X

x A
B

: is inP x A : is in .Q x B

: , : ,P x A P x A� • � •

�� ��: . . ( ) max ( ), ( )P Q x A or x B i e T P Q T P T Q�› �• �• �› � � ª � º� ¬ � ¼
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Conjunction  (2.5.2) 

Negation If  then  if  ( ) 0,T P �  then   (2.5.3) 

Implication   (2.5.4) 

Equivalence    (2.5.5) 

 

The logical connective implication, i.e.,  (  implies ), presented here is also 
known as the classical implication, to distinguish it from an alternative form devised in the 
1930s by Lukasiewicz, a Polish mathematician, who was first credited with exploring logics 
other than Aristotelian (classical or binary logic) [Rescher (1969)], and from several other 
forms (see end of this chapter). In this implication the proposition  is also referred to as the 
hypothesis or the antecedent, and the proposition  is also referred to as the conclusion or 
the consequent. The compound proposition  is true in all cases except where a true 

antecedent  appears with a false consequent,  i.e., a true hypothesis cannot imply a 
false conclusion. 

Example 2.5.2 [Gill (1976)]: Consider the following four propositions: 

1. If 1+1=2, then  
2. If 1+1=3, then  
3. If 1+1=3, then  
4. If 1+1=2, then  

The first three propositions are all true; the fourth is false. In the first two, the conclusion 4 > 
0 is true regardless of the truth of the hypothesis; in the third case both propositions are false, 
produce a true conclusion. 

Hence, the classical form of the implication is true for all propositions of  and  except 

for those propositions that are in both the truth set of  and the false set of  i.e.,  

      (2.5.6) 

This classical form of the implication operation requires some explanation. For a proposition 
 defined on set  and a proposition  defined on set  �W�K�H�� �L�P�S�O�L�F�D�W�L�R�Q���µ�µ implies 

�¶�¶�� �L�V�� �H�T�X�L�Y�D�O�H�Q�W�� �W�R�� �W�D�N�L�Q�J�� �W�K�H�� �X�Q�L�R�Q�� �R�I�� �H�O�H�P�H�Q�W�V�� �L�Q�� �W�K�H�� �F�R�P�S�O�H�P�H�Q�W�� �R�I�� �V�H�W�� with the 

elements in the set  ���W�K�L�V�� �U�H�V�X�O�W�� �F�D�Q���D�O�V�R�� �E�H�� �G�H�U�L�Y�H�G�� �E�\�� �X�V�L�Q�J�� �'�H�� �0�R�U�J�D�Q�¶�V�� �S�U�L�Q�F�L�S�O�H�V�� �R�Q��
(2.5.6). That is, the logical implication is analogous to the set-theoretic form 

    

�� ��: and . . ( ) min ( ), ( )P Q x A x B i e T P Q T P T Q�š �• �• �š � � ª � º� ¬ � ¼

( ) 1,T P � ( ) 0;T P � ( ) 1.T P � 

( ) : . ., ( ) ( )P Q x A or x B i e T P Q T P Q� ª � º�o �• �• �o � �‰� ¬ � ¼

1, for ( ) ( )
( ) : ( )

0, for ( ) ( )

T P T Q
P Q T P Q

T P T Q

� �­
�l �l � �®

�z�¯

P Q�o P Q

P
Q

P Q�o
P ,Q

4 0.�!
4 0.�!
4 0.��
4 0.��

P Q
P ,Q

( ) ( ) ( )T P Q T P T Q�o � �ˆ

P A Q ,B P
Q A
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�� ��( ) is true either"not in " or "in "P Q A B A B�o �{ �‰ �{
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so that     (2.5.7) 

This expression is linguistically equivalent to the �V�W�D�W�H�P�H�Q�W���� �µ�µ �L�V���W�U�X�H�¶�¶�� �Z�K�H�Q���H�L�W�K�H�U��

�µ�µ�Q�R�W���¶�¶�� �R�U�� �µ�µ�¶�¶�� �L�V�� �W�U�X�H�� ���O�R�J�L�F�D�O�� �R�U������ �*�U�D�S�K�L�F�D�O�O�\���� �W�K�L�V�� �L�P�S�O�L�F�D�W�L�R�Q�� �D�Q�G�� �W�K�H�� �D�Q�D�O�R�J�R�X�V�� �V�H�W��
operation are represented by the Venn diagram in Fig. 2.5.1. As noted in the diagram, the 
region represented by the difference  is the set region where the implication  is 
�I�D�O�V�H�� ���W�K�H�� �L�P�S�O�L�F�D�W�L�R�Q�� �µ�µ�I�D�L�O�V�¶�¶������ �7�K�H�� �V�K�D�G�H�G�� �U�H�J�L�R�Q�� �L�Q�� �)�L�J���� ������������ �U�H�S�U�H�V�H�Q�W�V�� �W�K�H�� �F�R�O�O�H�F�W�L�R�Q�� �R�I��
elements in the universe where the implication is true; that is, the set 

     

If  is in  and  is not in  then 

 

Now, with two propositions ( and ) each being able to take on one of two truth values 

(true or false, 1 or 0), there will be a total of  propositional situations. These situations 
are illustrated, along with the appropriate truth values, for the propositions  and 

 

Figure 2.24 Graphical analog of the classical implication operation; gray area is 
where implication holds. 

Table 2.5: Truth table for various compound propositions 

 

 

and the various logical connectives between them in Table 5.1. The values in the last five 
columns of the table are calculated using the expressions in (2.5.1) and (2.5.7). In Table 2.5 T 
(or 1) denotes true and F (or 0) denotes false. 

�� ��( ) ( ) max ( ), ( )T P Q T P Q T P T Q�o � �› � 

P Q�o
A B

|A B P Q�o

| .A B A B A B� �‰ � �‰

x A x ,B

fails | (difference)A B A B� o � {

P Q
22 4� 

P
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Suppose the implication operation involves two different universes of discourse;  is a 
proposition described by set ,A  which is defined on universe  and  is a proposition 

described by set  which is defined on universe  Then the implication  can be 

represented in set-theoretic terms by the relation ,R  where R  is defined by 

   ( ) ( ) ,R A B A Y IF A THEN B� �u �‰ �u �{  

where and where andIF x A x X A X THEN y B y Y B Y�• �• �• �• �• �•  (2.5.8) 

This implication, (2.5.8), is also equivalent to the linguistic rule form, IF ,A  THEN .B  The 
graphic shown in Fig. 2.5.2 represents the space of the Cartesian product X × Y, showing 
typical sets A  and ;B  and superposed on this space is the set-theoretic equivalent of the 
implication. That is, 

: , , or .P Q IF x A THEN y B P Q A B�o �• �• �o �{ �‰  

The shaded regions of the compound Venn diagram in Fig. 2.5.2 represent the truth domain 
of the implication, IF ,A  THEN ( ).B P Q�o  

Another compound proposition in linguistic rule form is the expression 
, ,IF A THEN B ELSE C 

Linguistically, this compound proposition could be expressed as 

  , , and ,IF A THEN B IF A THEN C 

In classical logic this rule has the form 

( ) ( )P Q P S�o �š �o         (2.5.9) 

: , ; : , ; : ,P x A A X Q y B B Y S y C C Y�• �• �• �• �• �•  

 

Figure 2.25 The Cartesian space showing the implication IF ,A  THEN B  

P
,X Q

,B .Y P Q�o
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Figure 2.26 Truth domain for IF ,A  THEN ,B  ELSE .C  

The set-theoretic equivalent of this compound proposition is given by 

, , ( ) ( ) relation on .IF A THEN B ELSE C A B A C R X Y�{ �u �‰ �u � � �u (2.5.10) 

The graphic in Fig. 2.26 illustrates the shaded region representing the truth domain for this 
compound proposition for the particular case where .B C �I� ˆ �   

Tautologies 

In classical logic it is useful to consider compound propositions that are always true, 
irrespective of the truth values of the individual simple propositions. Classical logical 
compound propositions with this property are called tautologies. Tautologies are useful for 
deductive reasoning, for proving theorems, and for making deductive inferences. So, if a 
compound proposition can be expressed in the form of a tautology, the truth value of that 
compound proposition is known to be true. Inference schemes in expert systems often employ 
tautologies because tautologies are formulas that are true on logical grounds alone. For 
example, if A is the set of all prime numbers 1 2 3 4( 1, 2, 3, 5,...)A A A A� � � �  on the real 

line universe, ,X  �W�K�H�Q���W�K�H���S�U�R�S�R�V�L�W�L�R�Q���µ�µ�$i �L�V���Q�R�W���G�L�Y�L�V�L�E�O�H���E�\�����¶�¶���L�V���D���W�D�X�W�R�O�R�J�\�� 

One tautology, known as modus ponens deduction, is a very common inference scheme used 
in forward-chaining rule-based expert systems. It is an operation whose task is to find the 
truth value of a consequent in a production rule, given the truth value of the antecedent in the 
rule. Modus ponens deduction concludes that, given two propositions, P  and ,P Q�o  both 
of which are true, then the truth of the simple proposition Q  is automatically inferred. 
Another useful tautology is the modus tollens inference, which is used in backward-chaining 
expert systems. In modus tollens an implication between two propositions is combined with a 
second proposition and both are used to imply a third proposition. Some common tautologies 
follow: 

    ; ;B B X A X A X X�‰ � �‰ �‰ �l  

    �� ��( ) (modus ponens)A A B B�š �o �o     (2.5.11) 
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    �� ��( ) (modus tollens)B A B A�š �o �o     (2.5.12) 

A simple proof of the truth value of the modus ponens deduction is provided here, along with 
the various properties for each step of the proof, for purposes of illustrating the utility of a 
tautology in classical reasoning. 

Proof 

    �� ��( )A A B B�š �o �o  

    
�� ��( )A A B B�š �‰ �o  Implication 

    
�� ��( ) ( )A A A B B�š �‰ �š �o  Distributivity 

    
�� ��( )A B B�I �‰ �š �o  Excluded middle axioms 

    
�� ��A B B� š � o Identity 

    
�� ��A B B� š � ‰ Implication 

    
�� ��A B B� › � ‰ �'�H���0�R�U�J�D�Q�¶�V���S�U�L�Q�F�L�S�O�H�V 

    
�� ��A B B� › � ‰ Associativity 

    A X�‰  Excluded middle axioms 

    ( ) 1X T X� Ÿ �   Identity; QED 

A simpler manifestation of the truth value of this tautology is shown in Table 2.6 in truth 
table form, where a column of all ones for the result shows a tautology. 

Table 2.6 Truth Table (modus ponens) 
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Table 2.7 Truth Table (modus tollens) 

 

 

 

Similarly, a simple proof of the truth value of the modus tollens inference is listed here. 

Proof 

    
�� ��( )B A B A�š �o �o  

    
�� ��( )B A B A�š �‰ �o  

    
�� ��( ) ( )B A B B A�š �‰ �š �o  

    
�� ��( )B A A�I�š �‰ �o  

    
�� ��B A A� š � o 

    
�� ��B A A� š � ‰ 

    
�� ��B A A� › � ‰ 

    
�� ��B A A� ‰ � ‰ 

    ( ) 1B X X T X�‰ � �Ÿ �  QED 

  The truth table form of this result is shown in Table 2.7. 

Contradictions 

Compound propositions that are always false, regardless of the truth value of the individual 
simple propositions constituting the compound proposition, are called contradictions. For 
example, if A is the set of all prime numbers 1 2 3 4( 1, 2, 3, 5,...)A A A A� � � �  on the real 

�O�L�Q�H���X�Q�L�Y�H�U�V�H�����;�����W�K�H�Q���W�K�H���S�U�R�S�R�V�L�W�L�R�Q���µ�µiA  �L�V���D���P�X�O�W�L�S�O�H���R�I�����¶�¶���L�V���D���F�R�Q�W�U�D�G�L�F�W�L�R�Q�����6�R�P�H���V�L�P�S�O�H��

contradictions are listed here:  
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    ; ; .B B A A� I � I�ˆ �ˆ �ˆ  

Equivalence 

As mentioned, propositions P  and Q  are equivalent, i.e., ,P Q�l  is true only when both 

P  and Q  are true or when both P  and Q  are false. For example, the propositions P : 
�µ�µ�W�U�L�D�Q�J�O�H�� �L�V�� �H�T�X�L�O�D�W�H�U�D�O�¶�¶�� �D�Q�G��Q ���� �µ�µ�W�U�L�D�Q�J�O�H�� �L�V�� �H�T�X�L�D�Q�J�X�O�D�U�¶�¶�� �D�U�H�� �H�T�X�L�Y�D�O�H�Q�W�� �E�H�F�D�X�V�H�� �W�K�H�\�� �D�U�H��
either both true or both false for some triangle. This condition of equivalence is shown in Fig. 
2.27, where the shaded region is the region of equivalence. 

It can be easily proved that the statement P Q�l  is a tautology if P  is identical to ,Q  i.e., 
if and only if ( ) ( ).T P T Q�  

 

Figure 2.27: Venn diagram for equivalence  

Example 2.5.3: Suppose we consider the universe of positive integers, �^ �`1 8 .X n� �d �d  Let 

P  = �µ�µn �L�V���D�Q���H�Y�H�Q���Q�X�P�E�H�U�¶�¶���D�Q�G���O�H�W��"(3 7) ( 6)."Q n n� �d �d �š �z  Then �^ �`( ) 2,4,6,8T P �  

and �^ �`( ) 3,4,5,7 .T Q �  The equivalence P Q�l  has the truth set 

 �� �� �� �� �^ �` �^�` �^ �`( ) ( ) ( ) ( ) ( ) 4 1 1, 4T P Q T P T Q T P T Q�l � �ˆ �‰ �ˆ � �‰ �  

�2�Q�H���F�D�Q���V�H�H���W�K�D�W���µ�µ�����L�V���D�Q���H�Y�H�Q���Q�X�P�E�H�U�¶�¶���D�Q�G��"(3 1 7) (1 6)"�d �d �š �z  �D�U�H���E�R�W�K���I�D�O�V�H�����D�Q�G���µ�µ�����L�V��
�D�Q���H�Y�H�Q���Q�X�P�E�H�U�¶�¶���D�Q�G��"(3 4 7) (4 6)"�d �d �š �z  are both true. 

Example 2.5.4: Prove that P Q�l  if P  = �µ�µn is an integer power of 2 less than 7 and 

�J�U�H�D�W�H�U�� �W�K�D�Q�� �]�H�U�R�¶�¶�� �D�Q�G��2" 6 8 0."Q n n� �� �� �  Since �^ �`( ) 2,4T P � and �^ �`( ) 2,4T Q �  it 

follows that P Q�l  is an equivalence. 

Suppose a proposition R  has the form .P Q�o  Then the proposition Q P�o  is called the 
contrapositive of ;R  the proposition Q P�o  is called the converse of R; and the proposition 

P Q�o  is called the inverse of .R   
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The dual of a compound proposition that does not involve implication is the same proposition 
with false (0) replacing true (1) (i.e., a set being replaced by its complement), true replacing 
false, conjunction ( )�š  replacing disjunction ( )�›  and disjunction replacing conjunction. If a 
proposition is true, then its dual is also true. 

Exclusive Or and Exclusive Nor 

Two more interesting compound propositions are worthy of discussion. These are the 
exclusive or and the exclusive nor. The exclusive or is of interest because it arises in many 
situations involving natural language and human reasoning. For example, when you are going 
to travel by plane or boat to some destination, the implication is that you can travel by air or 
sea, but not both, i.e., one or the other. For two propositions, P and Q, the exclusive or, 
denoted here as XOR, is given in Table 2.27 and Fig. 2.28. 

Table 2.8: Truth table for exclusive or 

 

 

Figure 2.28: Exclusive or shown in black areas 

The exclusive nor is the complement of the exclusive or [Mano (1988)]. A look at its truth 
table, Table 2.5.5, shows that it is an equivalence operation, i.e., 
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Table 2.9: Truth table for exclusive nor 

 

    �� ��P XOR Q P Q� l � l 

and, hence, it is graphically equivalent to the Venn diagram in Fig. 2.5.4. 

Logical Proofs 

Logic involves the use of inference in everyday life, as well as in mathematics. In the latter, 
we often want to prove theorems to form foundations for solution procedures. In natural 
language, if we are given some hypotheses it is often useful to make certain conclusions from 
them �± the so-called process of inference (inferring new facts from established facts). In the 
terminology we have been using, we want to know if the proposition 

�� ��1 2 ... nP P P Q�š �š �š �o is true. That is, is the statement a tautology? 

The process works as follows. First, the linguistic statement (compound proposition) is made. 
Second, the statement is decomposed into its respective single propositions. Third, the 
statement is expressed algebraically with all pertinent logical connectives in place. Fourth, a 
truth table is used to establish the veracity of the statement. 

Example 2.5.5:  

Hypotheses: Engineers are mathematicians. Logical thinkers do not believe in magic. 
Mathematicians are logical thinkers. 

Conclusion: Engineers do not believe in magic. 

Let us decompose this information into individual propositions. 

  P: a person is an engineer 

  Q: a person is a mathematician 

  R : a person is a logical thinker 

  S : a person believes in magic 

The statements can now be expressed as algebraic propositions as 

  �� ��( ) ( ) ( ) ( )P Q R S Q R P S�o �š �o �š �o �o �o  

It can be shown that this compound proposition is a tautology. 
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Sometimes it might be difficult to prove a proposition by a direct proof (i.e., verify that it is 
true), so an alternative is to use an indirect proof. For example, the popular proof by 
contradiction (reductio ad absurdum) exploits the fact that P Q�o  is true if and only if 

P Q�š  is false. Hence, if we want to prove that the compound statement 

�� ��1 2 ... nP P P Q�š �š �š �o  is a tautology, we can alternatively show that the alternative 

statement 1 2 ... nP P P Q�š �š �š �š  is a contradiction. 

Example 2.5.6:  

Hypotheses: If an arch-dam fails, the failure is due to a poor sub grade. An arch-dam fails. 

Conclusion: The arch-dam failed because of a poor sub grade. 

This information can be shown to be algebraically equivalent to the expression 

  
�� ��( )P Q P Q�o �š �o  

To prove this by contradiction, we need to show that the algebraic expression 

  
�� ��( )P Q P Q�o �š �š  

is a contradiction. We can do this by constructing the truth table in Table 5.6. Recall that a 
contradiction is indicated when the last column of a truth table is filled with zeros. 

Table 2.10: Truth table for dam failure problem 

 

Deductive Inferences 

The modus ponens deduction is used as a tool for making inferences in rule-based systems. A 
typical if�±then rule is used to determine whether an antecedent (cause or action) infers a 
consequent (effect or reaction). Suppose we have a rule of the form IF A , THEN ,B  where 

A  is a set defined on universe X  and B  is a set defined on universe Y. As discussed before, 
this rule can be translated into a relation between sets A and B; that is, recalling (2.5.8), 

( ) ( ).R A B A Y� �u �‰ �u  Now suppose a new antecedent, say A , is known. Can we use 
modus ponens deduction, (2.5.11), to infer a new consequent, say ,B  resulting from the new 
antecedent? That is, can we deduce, in rule form, IF A, THEN B? The answer, of course, is 
yes, through the use of the composition operation. �6�L�Q�F�H���µ�µA  implies B �¶�¶���L�V���G�H�I�L�Q�H�G���R�Q���W�K�H��
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Cartesian space ,X Y�u  B  can be found through the following set-theoretic formulation, 
again from (2.5.8): 

  
�� ��' ' ( ) ( )B A R A A B A Y� � �u �‰ �u  

where the symbol denotes the composition operation. Modus ponens deduction can also be 
used for the compound rule IF ,A  THEN ,B  ELSE ,C  where this compound rule is 

equivalent to the relation defined in (2.5.10) as ( ) ( ).R A B A C� �u �‰ �u  For this compound 
rule, if we define another antecedent ,A  the following possibilities exist, depending on (1) 

whether A  is fully contained in the original antecedent ,A  (2) whether A  is contained only 

in the complement of ,A  or (3) whether A  and A  overlap to some extent as described next: 

  
' ', ; ,IF A A THEN y B IF A A THEN y C�• � �• �  

  
' ', ,IF A A A A THEN y B C� I � I�ˆ �z �ˆ �z � �‰  

 

 

The rule IF A, THEN B (proposition P is defined on set A  in universe X, and proposition Q 

is defined on set B  in universe Y), i.e., ( ) ( ) ( ),P Q R A B A Y�o � � �u �‰ �u  is then defined 
in function-theoretic terms as 

  �� �� �� ��( , ) max ( ) ( ) , (1 ( )) 1R A B Ax y x y x�F �F �F �F� �š �� �š� ª � º� ¬ � ¼ (2.5.13) 

Example 2.5.7: Suppose we have two universes of discourse for a heat exchanger problem 
described by the following collection of elements, X = {1, 2, 3, 4} and Y = {1, 2, 3, 4, 5, 6} .  

Suppose X is a universe of normalized temperatures and Y is a universe of normalized 
pressures. Define crisp set A on universe X and crisp set B on universe Y as follows: A = {2, 
3}  and B = {3, 4} . The deductive inference IF A, THEN B (i.e., IF temperature is A, THEN 
pressure is B) will yield a matrix describing the membership values of the relation R, i.e., 

( , )R x y�F  through the use of (2.5.13). That is, the matrix R represents the rule IF A, THEN B 

as a matrix of characteristic (crisp membership) values. 

�&�U�L�V�S���V�H�W�V���$���D�Q�G���%���F�D�Q���E�H���Z�U�L�W�W�H�Q���X�V�L�Q�J���=�D�G�H�K�¶�V���Q�R�W�D�W�L�R�Q�� 

  
0 1 1 0

,
1 2 3 4

A � ­ � ½� �� �� ��� ® � ¾
� ¯ � ¿

 
0 0 1 1 0 0

.
1 2 3 4 5 6

B � ­ � ½� �� �� �� �� ��� ® � ¾
� ¯ � ¿

 

If we treat set A as a column vector and set B as a row vector, the following matrix results 
from the Cartesian product of A B�u  is 
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0 0 0 0 0 0

0 0 1 1 0 0
.

0 0 1 1 0 0

0 0 0 0 0 0

A B

� ª � º
� « � »
� « � »� u �  
� « � »
� « � »
� ¬ � ¼

 

 

The Cartesian product A × Y can be determined by arranging A as a column vector and the 
�X�Q�L�Y�H�U�V�H���<���D�V���D���U�R�Z���Y�H�F�W�R�U�����V�H�W�V���$���D�Q�G���<���F�D�Q���E�H���Z�U�L�W�W�H�Q���X�V�L�Q�J���=�D�G�H�K�¶�V���Q�R�W�D�W�L�R�Q���� 

  
1 0 0 1

,
1 2 3 4

A � ­ � ½� �� �� ��� ® � ¾
� ¯ � ¿

 
1 1 1 1 1 1

.
1 2 3 4 5 6

Y � ­ � ½� �� �� �� �� ��� ® � ¾
� ¯ � ¿

 

  

1 1 1 1 1 1

0 0 0 0 0 0
.

0 0 0 0 0 0

1 1 1 1 1 1

A Y

� ª � º
� « � »
� « � »� u �  
� « � »
� « � »
� ¬ � ¼ 

 

Then the full relation R describing the implication IF A, THEN B is the maximum of the two 

matrices A B�u  and A Y�u  or, using (2.5.13), 

  

1 2 3 4 5 6

1 1 1 1 1 1 1

2 0 0 1 1 0 0
.

3 0 0 1 1 0 0

4 1 1 1 1 1 1

R

� ª � º
� « � »
� « � »� 
� « � »
� « � »
� ¬ � ¼

 

The compound rule IF A, THEN B, ELSE C can also be defined in terms of a matrix relation 

as ( ) ( ) ( ) ( ),R A B A C P Q P S� �u �‰ �u �Ÿ �o �š �o as given by (2.5.9) and (2.5.10), where 
the membership function is determined as 

  �� �� �� ��( , ) max ( ) ( ) , (1 ( )) ( )R A B A Cx y x y x y�F �F �F �F �F� �š �� �š� ª � º� ¬ � ¼ (2.5.14) 

Example 2.5.8: Continuing with the previous heat exchanger example, suppose we define a 
crisp set C on the universe of normalized temperatures Y as C = {5, 6} ���� �R�U���� �X�V�L�Q�J�� �=�D�G�H�K�¶�V��
notation, 

  
0 0 0 0 1 1

.
1 2 3 4 5 6

C � ­ � ½� �� �� �� �� ��� ® � ¾
� ¯ � ¿
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The deductive inference IF A, THEN B, ELSE C (i.e., IF pressure is A, THEN temperature is 
B, ELSE temperature is C) will yield a relational matrix R, with characteristic values 

( , )R x y�F  obtained using Eq. (2.5.14). The first half of the expression in Eq. (5.10) (i.e., A × 

B) has already been determined in the previous example. The Cartesian product A C�u can be 

determined by arranging the set A  as a column vector and the set C as a row vector 

  

0 0 0 0 1 1

0 0 0 0 0 0
.

0 0 0 0 0 0

0 0 0 0 1 1

A C

� ª � º
� « � »
� « � »� u �  
� « � »
� « � »
� ¬ � ¼

 

Then the full relation R describing the implication IF A, THEN B, ELSE C is the maximum 

of the two matrices A × B and ,A C�u  

  

1 2 3 4 5 6

1 0 0 0 0 1 1

2 0 0 1 1 0 0
.

3 0 0 1 1 0 0

4 0 0 0 0 1 1

R

� ª � º
� « � »
� « � »� 
� « � »
� « � »
� ¬ � ¼

 

2.5.3  Fuzzy Logic 

A fuzzy logic proposition, P, is a statement involving some concept without clearly defined 
boundaries. Linguistic statements that tend to express subjective ideas and that can be 
interpreted slightly differently by various individuals typically involve fuzzy propositions. 
Most natural language is fuzzy, in that it involves vague and imprecise terms. Statements 
�G�H�V�F�U�L�E�L�Q�J���D���S�H�U�V�R�Q�¶�V���K�H�L�J�K�W���R�U���Z�H�L�J�K�W���R�U���D�V�V�H�V�V�P�H�Q�W�V���R�I���S�H�R�S�O�H�¶�V���S�U�H�I�H�U�H�Q�F�H�V���D�E�R�X�W���F�R�O�R�U�V or 
menus can be used as examples of fuzzy propositions. The truth value assigned to P can be 
any value on the interval [0, 1]. The assignment of the truth value to a proposition is actually 
a mapping from the interval [0, 1] to the universe U of truth values, T, as indicated in 
(2.5.15), 

  : (0, 1)T u U� • � o  (2.5.15) 

As in classical binary logic, we assign a logical proposition to a set in the universe of 
discourse. Fuzzy propositions are assigned to fuzzy sets. Suppose proposition P is assigned to 
fuzzy set A; then the truth value of a proposition, denoted ( )T P  is given by 

  ( ) ( ), where 0 ( ) 1A AT P x x� P � P� �d �d  (2.5.16) 

(2.5.16) indicates that the degree of truth for the proposition :P x A�•  is equal to the 

membership grade of x  in the fuzzy set .A  
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The logical connectives of negation, disjunction, conjunction, and implication are also 
defined for a fuzzy logic. These connectives are given in (2.5.17)�±(2.5.20) for two simple 
propositions: proposition P defined on fuzzy set A and proposition Q defined on fuzzy set B. 

Negation ( ) 1 ( )T P T P�  � �  (2.5.17) 

Disjunction �� ��: is or . ., ( ) max ( ), ( )P Q x A B i e T P Q T P T Q�› �› � � ª � º� ¬ � ¼ (2.5.18) 

Conjunction �� ��: is and . ., ( ) min ( ), ( )P Q x A B i e T P Q T P T Q�š �š � � ª � º� ¬ � ¼ (2.5.19) 

Implication  [Zadeh (1973)]  

�� ��: is , then is . ., ( ) max( ( ), ( ))P Q x A x B i e T P Q T P Q T P T Q� ª � º�o �o � �› � � ¬ � ¼ (2.5.20) 

As before in binary logic, the implication connective can be modelled in rule-based form; 
P Q�o  is, IF x is A, THEN y is B and it is equivalent to the following fuzzy relation, 

( ) ( ),R A B A Y� �u �‰ �u  just as it is in classical logic. The membership function of R is 
expressed by the following formula: 

  �� ��( , ) max ( ) ( ) , (1 ( ))R A B Ax y x y x�F �F �F �F� �š ��� ª � º� ¬ � ¼ (2.5.21) 

Example 2.5.9: Suppose we are evaluating a new invention to determine its commercial 
potential. We will use two metrics to make our decisions regarding the innovation of the idea. 
�2�X�U���P�H�W�U�L�F�V���D�U�H���W�K�H���µ�µ�X�Q�L�T�X�H�Q�H�V�V�¶�¶���R�I���W�K�H���L�Q�Y�H�Q�W�L�R�Q�����G�H�Q�R�W�H�G���E�\���D���X�Q�L�Y�H�U�V�H���R�I���Q�R�Y�H�O�W�\���V�F�D�Oes, 
X = {1, 2, 3, 4} �����D�Q�G���W�K�H���µ�µ�P�D�U�N�H�W���V�L�]�H�¶�¶���R�I���W�K�H���L�Q�Y�H�Q�W�L�R�Q�¶�V���F�R�P�P�H�U�F�L�D�O���P�D�U�N�H�W�����G�H�Q�R�W�H�G���R�Q���D��
universe of scaled market sizes, Y = {1, 2, 3, 4, 5, 6} . In both universes the lowest numbers 
�D�U�H�� �W�K�H�� �µ�µ�K�L�J�K�H�V�W�� �X�Q�L�T�X�H�Q�H�V�V�¶�¶�� �D�Q�G�� �W�K�H�� �µ�µ�O�D�U�J�H�V�W�� �P�D�U�N�H�W���¶�¶�� �U�H�V�S�H�Ftively. A new invention in 
your group, say a compressible liquid of very useful temperature and viscosity conditions, has 
�M�X�V�W���U�H�F�H�L�Y�H�G���V�F�R�U�H�V���R�I���µ�µ�P�H�G�L�X�P���X�Q�L�T�X�H�Q�H�V�V���¶�¶���G�H�Q�R�W�H�G���E�\���I�X�]�]�\���V�H�W���$�����D�Q�G���µ�µ�P�H�G�L�X�P���P�D�U�N�H�W��
�V�L�]�H���¶�¶���G�H�Q�R�W�H�G���I�X�]�]�\���V�H�W���%�����:�H���Z�L�V�K���W�R���G�H�Wermine the implication of such a result, i.e., IF A, 
THEN B. We assign the invention the following fuzzy sets to represent its ratings: 

  A�  medium uniqueness 
0.6 1 0.2
2 3 4

� ­ � ½� �� ��� ® � ¾
� ¯ � ¿

 

  B �  medium market size 
0.4 1 0.8 0.3
2 3 4 5

� ­ � ½� �� �� ��� ® � ¾
� ¯ � ¿

 

  C �  diffuse market size 
0.3 0.5 0.6 0.6 0.5 0.3
1 2 3 4 5 6

� ­ � ½� �� �� �� �� ��� ® � ¾
� ¯ � ¿

 

The following matrices are then determined in developing the membership function of the 
implication, ( , )R x y�P  illustrated in (2.5.21), 
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1 2 3 4 5 6

1 0 0 0 0 0 0

2 0 0.4 0.6 0.6 0.3 0
,

3 0 0.4 1 0.8 0.3 0

4 0 0.2 0.2 0.2 0.2 0

A B

� ª � º
� « � »
� « � »� u �  
� « � »
� « � »
� ¬ � ¼

 

  

1 2 3 4 5 6

1 1 1 1 1 1 1

2 0.4 0.4 0.4 0.4 0.4 0.4
,

3 0 0 0 0 0 0

4 0.8 0.8 0.8 0.8 0.8 0.8

A B

� ª � º
� « � »
� « � »� u �  
� « � »
� « � »
� ¬ � ¼

 

and finally, �� ��max ,R A B A Y� �u �u  

  

1 2 3 4 5 6

1 1 1 1 1 1 1

2 0.4 0.4 0.6 0.6 0.4 0.4
.

3 0 0.4 1 0.8 0.3 0

4 0.8 0.8 0.8 0.8 0.8 0.8

R

� ª � º
� « � »
� « � »� 
� « � »
� « � »
� ¬ � ¼ 

 

When the logical conditional implication is of the compound form 

  is , is , isIF x A THEN y B ELSE y C 

then the equivalent fuzzy relation, R, is expressed as ( ) ( ),R A B A C� �u �‰ �u  in a form 

just as (2.5.10), whose membership function is expressed by the following formula: 

  
�� �� �� ��( , ) max ( ) ( ) , (1 ( )) ( )R A B A Cx y x y x y�F �F �F �F �F� �š �� �š� ª � º� ¬ � ¼   (2.5.22) 

Hence, using the result of (2.5.22), the new relation is 

  

1 2 3 4 5 6

1 0.3 0.5 0.6 0.6 0.5 0.3

2 0.3 0.4 0.4 0.4 0.4 0.3
( ) ( ) :

3 0 0 0 0 0 0

4 0.3 0.5 0.6 0.6 0.5 0.3

R A B A C A C

� ª � º
� « � »
� « � »� �u �‰ �u �u � 
� « � »
� « � »
� ¬ � ¼

 

and finally, 



Fuzzy Relations and Fuzzy Logic | 2.49 
 

  

1 2 3 4 5 6

1 0.3 0.5 0.6 0.6 0.5 0.3

2 0.3 0.4 0.6 0.6 0.4 0.3
.

3 0 0.4 1 0.8 0.3 0

4 0.3 0.5 0.6 0.6 0.5 0.3

R

� ª � º
� « � »
� « � »� 
� « � »
� « � »
� ¬ � ¼

 

2.5.4  Approximate Reasoning  

The ultimate goal of fuzzy logic is to form the theoretical foundation for reasoning about 
imprecise propositions; such reasoning has been referred to as approximate reasoning [Zadeh 
(1976, 1979)]. Approximate reasoning is analogous to classical logic for reasoning with 
precise propositions, and hence is an extension of classical propositional calculus that deals 
with partial truths. 

Suppose we have a rule-based format to represent fuzzy information. These rules are 
expressed in conventional antecedent-consequent form, such as 

Rule 1: IF x is A, THEN y is B, where A and B represent fuzzy propositions (sets). 

Now suppose we introduce a new antecedent, say 'A  and we consider the following rule: 

Rule 2: IF x is ',A  THEN y is '.B  

From information derived from Rule 1, is it possible to derive the consequent in Rule 2, 'B ? 

The answer is yes, and the procedure is fuzzy composition. The consequent 'B  can be found 
from the composition operation, ' ' .B A R�  

The two most common forms of the composition operator are the max�±min and the max�±
product compositions. 

Example 2.5.10: Suppose that the fuzzy relation just developed, i.e., R describes the 
�L�Q�Y�H�Q�W�L�R�Q�¶�V�� �F�R�P�P�H�U�F�L�D�O�� �S�R�W�H�Q�W�L�D�O���� �:�H�� �Z�L�V�K�� �W�R�� �N�Q�R�Z�� �Z�K�D�W�� �P�D�U�N�H�W�� �V�L�]�H�� �Z�R�X�O�G�� �E�H�� �D�V�V�R�F�L�D�W�H�G��
�Z�L�W�K���D���X�Q�L�T�X�H�Q�H�V�V���V�F�R�U�H���R�I���µ�µ�D�O�P�R�V�W �K�L�J�K���X�Q�L�T�X�H�Q�H�V�V���¶�¶���7�K�D�W���L�V�����Z�L�W�K���D���Q�H�Z���D�Q�W�H�F�H�G�H�Q�W���$���W�K�H��
following consequent B can be determined using composition. Let 

  
'A � almost high uniqueness 

0.5 1 0.3 0
1 2 3 4

� ­ � ½� �� �� ��� ® � ¾
� ¯ � ¿

 

Then, using the following max�±min composition, 

  ' ' 0.5 0.5 0.6 0.6 0.5 0.5
1 2 3 4 5 6

B A R � ­ � ½� � �� �� �� �� ��� ® � ¾
� ¯ � ¿

 

we get the fuzzy set describing the associated market size. In other words, the consequent is 
fairly diffuse, where there is no strong (or weak) membership value for any of the market size 
scores (i.e., no membership values near 0 or 1). 
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This power of fuzzy logic and approximate reasoning to assess qualitative knowledge can be 
illustrated in more familiar terms to engineers in the context of the following example in the 
field of biophysics. 

Example 2.5.11: For research on the human visual system, it is sometimes necessary to 
characterize the strength of response to a visual stimulus based on a magnetic field 
measurement or on an electrical potential measurement. When using magnetic field 
measurements, a typical experiment will require nearly 100 off/on presentations of the 
stimulus at one location to obtain useful data. If the researcher is attempting tomap the visual 
cortex of the brain, several stimulus locations must be used in the experiments. When 
working with a new subject, a researcher will make preliminary measurements to determine if 
the type of stimulus being used evokes a good response in the subject. The magnetic 
measurements are in units of femtotesla (1510�� tesla). Therefore, the inputs and outputs are 
both measured in terms of magnetic units. 

We will define inputs on the universe X = [0, 50, 100, 150, 200] femtotesla, and outputs on 
the universe Y = [0, 50, 100, 150, 200] femtotesla. We will define two fuzzy sets, two 
different stimuli, on universe X: 

  W � �C�C���Z�H�D�N���V�W�L�P�X�O�X�V�´��
1 0.9 0.3 0 0
0 50 100 150 200

X� ­ � ½� �� �� �� �� �•� ® � ¾
� ¯ � ¿

 

  M � �C�C���P�H�G�L�X�P���V�W�L�P�X�O�X�V�´��
0 0.4 1 0.4 0
0 50 100 150 200

X� ­ � ½� �� �� �� �� �•� ® � ¾
� ¯ � ¿ 

 

 

and one fuzzy set on the output universe Y, 

  S� �C�C���V�H�Y�H�U�H���V�W�L�P�X�O�X�V�´��
0 0 0.5 0.9 1
0 50 100 150 200

Y� ­ � ½� �� �� �� �� �•� ® � ¾
� ¯ � ¿

 

The complement of S will then be 

  

1 1 0.5 0.1 0
.

0 50 100 150 200
S � ­ � ½� �� �� �� ��� ® � ¾

� ¯ � ¿
 

�:�H���Z�L�O�O���F�R�Q�V�W�U�X�F�W���W�K�H���S�U�R�S�R�V�L�W�L�R�Q�����,�)���µ�µ�Z�H�D�N���V�W�L�P�X�O�X�V�¶�¶���7�+�(�1���Q�R�W���µ�µ�V�H�Y�H�U�H���U�H�V�S�R�Q�V�H���¶�¶���X�V�L�Q�J��
classical implication. 

  ( ) ( )IF W THEN S W S W S W Y� �o � �u �‰ �u  
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�> �@

0 50 100 150 200

1 0 1 1 0.5 0.1 0

0.9 50 0.9 0.9 0.5 0.1 0

1 1 0.5 0.1 00.3 100 0.3 0.3 0.3 0.1 0

0 150 0 0 0 0 0

0 200 0 0 0 0 0

W S

�ª �º �ª �º
�« �» �« �»
�« �» �« �»
�« �» �« �»�u � � 
�« �» �« �»
�« �» �« �»
�« �» �« �»�¬ �¼ �¬ �¼

 

  
�> �@

0 50 100 150 200

0 0 0 0 0 0 0

0.1 50 0.1 0.1 0.1 0.1 0.1

1 1 1 1 10.7 100 0.7 0.7 0.7 0.7 0.7

1 150 1 1 1 1 1

1 200 1 1 1 1 1

W Y

�ª �º �ª �º
�« �» �« �»
�« �» �« �»
�« �» �« �»�u � � 
�« �» �« �»
�« �» �« �»
�« �» �« �»�¬ �¼ �¬ �¼

 

  
�� �� �� ��

0 50 100 150 200

0 1 1 0.5 0.1 0

50 0.9 0.9 0.5 0.1 0.1

100 0.7 0.7 0.7 0.7 0.7

150 1 1 1 1 1

200 1 1 1 1 1

R W S W Y

� ª � º
� « � »
� « � »
� « � »� �u �‰ �u � 
� « � »
� « � »
� « � »� ¬ � ¼ 

 

 

�7�K�L�V�� �U�H�O�D�W�L�R�Q�� �5���� �W�K�H�Q���� �H�[�S�U�H�V�V�H�V�� �W�K�H�� �N�Q�R�Z�O�H�G�J�H�� �H�P�E�H�G�G�H�G�� �L�Q�� �W�K�H�� �U�X�O�H���� �,�)�� �µ�µ�Z�H�D�N�� �V�W�L�P�X�O�L�¶�¶ 
�7�+�(�1�� �Q�R�W�� �µ�µ�V�H�Y�H�U�H�� �U�H�V�S�R�Q�V�H���¶�¶�� �1�R�Z���� �X�V�L�Q�J�� �D�� �Q�H�Z�� �D�Q�W�H�F�H�G�H�Q�W�� ���,�)�� �S�D�U�W���� �I�R�U�� �W�K�H�� �L�Q�S�X�W���� �0= 
�µ�µ�P�H�G�L�X�P���V�W�L�P�X�O�L���¶�¶�� �D�Q�G�� �D�� �P�D�[�±min composition we can find another response on the Y 
universe to relate approximately to the new stimulus M, i.e., to find :M R  

�> �@ �> �@

0 50 100 150 200

1 1 0.5 0.1 0

0.9 0.9 0.5 0.1 0.1

0 0.4 1 0.4 0 0.7 0.7 0.7 0.7 0.7 .0.7 0.7 0.7 0.7 0.7

1 1 1 1 1

1 1 1 1 1

M R

� ª � º
� « � »
� « � »
� « � »�  �  
� « � »
� « � »
� « � »� ¬ � ¼

 

�7�K�L�V���U�H�V�X�O�W���P�L�J�K�W���E�H���O�D�E�H�O�O�H�G���O�L�Q�J�X�L�V�W�L�F�D�O�O�\���D�V���µ�µ�Q�R���P�H�D�V�X�U�D�E�O�H���U�H�V�S�R�Q�V�H���¶�¶ 
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An interesting issue in approximate reasoning is the idea of an inverse relationship between 
fuzzy antecedents and fuzzy consequences arising from the composition operation. 

Consider the following problem. Suppose we use the original antecedent A in the fuzzy 
composition. Do we get the original fuzzy consequent B as a result of the operation? Does the 
composition operation have a unique inverse, i.e., B A R� ? The answer is an unqualified 
no, and one should not expect an inverse to exist for fuzzy composition. 

Example 2.5.12: Again, continuing with the invention example, Examples 2.5.9 and 2.5.10, 

suppose that 'A A�  �   �µ�µ�P�H�G�L�X�P���X�Q�L�T�X�H�Q�H�V�V���¶�¶���7�K�H�Q 

  ' ' 0.4 0.4 1 0.8 0.4 0.4
1 2 3 4 5 6

B A R A R B� ­ � ½� � � �� �� �� �� �� �z� ® � ¾
� ¯ � ¿

 

That is, the new consequent does not yield the original consequent (B = medium market size) 
because the inverse is not guaranteed with fuzzy composition. 

In classical binary logic this inverse does exist; that is, crisp modus ponens would give 

  ' 'B A R A R B� � �  

where the sets A and B are crisp, and the relation R is also crisp. In the case of approximate 
reasoning, the fuzzy inference is not precise but rather is approximate. However, the 
inference does represent an approximate linguistic characteristic of the relation between two 
universes of discourse, X and Y. 

Example 2.5.13: Suppose you are a soils engineer and you wish to track the movement of 
soil particles under applied loading in an experimental apparatus that allows viewing of the 
soil motion. You are building pattern recognition software to enable a computer to monitor 
�D�Q�G���G�H�W�H�F�W���W�K�H���P�R�W�L�R�Q�V�����+�R�Z�H�Y�H�U�����W�K�H�U�H���D�U�H���V�R�P�H���G�L�I�I�L�F�X�O�W�L�H�V���L�Q���µ�µ�W�H�D�F�K�L�Q�J�¶�¶���\�R�X�U���V�R�I�W�Z�D�U�H���W�R��
view the motion. The tracked particle can be occluded by another particle. The occlusion can 
oc�F�X�U���Z�K�H�Q���D���W�U�D�F�N�H�G���S�D�U�W�L�F�O�H���L�V���E�H�K�L�Q�G���D�Q�R�W�K�H�U���S�D�U�W�L�F�O�H�����E�H�K�L�Q�G���D���P�D�U�N���R�Q���W�K�H���F�D�P�H�U�D�¶�V���O�H�Q�V����
or partially out of sight of the camera. We want to establish a relationship between particle 
occlusion, which is a poorly known phenomenon, and lens occlusion, which is quite well-
known in photography. Let these membership functions, 

  
1 2 3

0.1 0.9 0
A

x x x

� ­ � ½
� �� ��� ® � ¾

� ¯ � ¿
 and 

1 2 3

0 1 0
B

y y y

� ­ � ½
� �� ��� ® � ¾

� ¯ � ¿
 

describe fuzzy sets for a tracked particle moderately occluded behind another particle and a 
lens mark associated with moderate image quality, respectively. Fuzzy set A is defined on a 

universe �^ �`1 2 3, ,X x x x�  of tracked particle indicators, and fuzzy set B (note in this case that 

B is a crisp singleton) is defined on a universe �^ �`1 2 3, ,Y y y y�  of lens obstruction indices. A 

typical rule might be: IF occlusion due to particle occlusion is moderate, THEN image quality 
will be similar to a moderate lens obstruction, or symbolically, 

  is , is . ., ( ) ( )IF x A THEN y B i e A B A Y R� ª � º�u �‰ �u � � ¬ � ¼ 
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We can find the relation, R, as follows: 

  

1 2 3

1

2

3

0 0.1 0

0 0.9 0

0 0 0

y y y

x

A B x

x

� ª � º
� « � »� u �  � « � »
� « � »� ¬ � ¼

 and 

1 2 3

1

2

3

0.9 0.9 0.9

0.1 0.1 0.1

1 1 1

y y y

x

A Y x

x

� ª � º
� « � »� u �  � « � »
� « � »� ¬ � ¼

 

  

1 2 3

1

2

3

0.9 0.9 0.9

( ) ( ) 0.1 0.1 0.1

1 1 1

� ª � º
� « � »� �u �‰ �u � � « � »
� « � »� ¬ � ¼

y y y

x

R A B A Y x

x

 

This relation expresses in matrix form all the knowledge embedded in the implication. Let A 
be a fuzzy set, in which a tracked particle is behind a particle with slightly more occlusion 
than the particle expressed in the original antecedent A given by 

  

'

1 2 3

0.3 1 0
A

x x x

� ­ � ½
� �� ��� ® � ¾

� ¯ � ¿
 

We can find the associated membership of the image quality using max�±min composition. 
For example, approximate reasoning will provide 

  ' ' ',IF x is A THEN B A R� and we get 

  �> �@'

1 2 3

0.9 0.9 0.9
0.3 0.9 0.3

0.3 1 0 0.1 0.1 0.1

1 1 1

� ª � º
� ­ � ½� « � »� � �� ��� ® � ¾� « � »� ¯ � ¿� « � »� ¬ � ¼

B
y y y

 

This image quality 'B  �L�V���I�X�]�]�L�H�U���W�K�D�Q���%���D�V���L�Q�G�L�F�D�W�H�G���E�\���W�K�H���I�R�U�P�H�U�¶�V���P�H�P�E�H�U�V�K�L�S���I�X�Q�F�W�L�R�Q�� 

OTHER FORMS OF THE IMPLICATION OPERATION  

There are other techniques for obtaining the fuzzy relation R based on the IF A, THEN B, or 
.R A B�  � oThese are known as fuzzy implication operations, and they are valid for all 

values of x X�•  and .y Y�•  The following forms of the implication operator show different 
techniques for obtaining the membership function values of fuzzy relation R defined on the 
Cartesian product space .X Y�u  

  �> �@( , ) max ( ), 1 ( )R B Ax y x x�P �P �P�  � � (2.5.23) 

  �> �@( , ) min ( ), ( )R B Ax y x x�P �P �P�  (2.5.24) 

  
�> �@�^ �`( , ) min 1, 1 ( ) ( )R B Ax y x x�P �P �P� �� ��  (2.5.25) 
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  ( , ) ( ) ( )R B Ax y x x�P �P �P�  � ˜ (2.5.26) 

  

1, for ( ) ( )
( , )

( ), otherwise
A B

R
B

x x
x y

x

� P � P
�P

�P
�d�­

� �®
�¯

 (2.5.27)  

In situations where the universes are represented by discrete elements the fuzzy relation R is a 
matrix. 
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EXERCISE-2 

1. Using the inference method, find the membership values of the triangular shapes for each 
of the following triangles: ( ) 60 , 40 , 80a  ( ) 45 , 65 , 70b  and ( ) 75 , 55 , 50 .c  

2. Using your own intuition, develop fuzzy �Q�X�P�E�H�U�� �³�D�S�S�U�R�[�L�P�D�W�H�O�\�� ���� �R�U�� �D�S�S�U�R�[�L�P�D�W�H�O�\�� ���´��
using the following function shapes: 

  (1) Symmetric triangle 

  (2) Trapezoids 

  (3) Gaussian functions. 

3.  Develop membership function for trapezoidal similar to algorithm developed for triangle 
and the function should have two independent variables hence it can be passed. For the 
shown in table, show the first iteration in trying to compute the membership values for 

input variables 1 2,x x  and 3x  in the output regions 1R  and 2R  

   
1 2

1 2 3

1.0 0.5 2.3 1.0 0.0

x x x R R
 

  (a) Use 3 3 1� u � u neural network, 

  (b) Use 3 3 2� u � u neural network.  

4.  The three variables of interest in the MOSFET are the amount of current that can be 
switched, the voltage that can be switched and the cost. The following membership 
function for the transistor was developed 

  Current 
0.4 0.7 1 0.8 0.6

,
0.8 0.9 1 1.1 1.2

I � ­ � ½� � �� �� �� ��� ® � ¾
� ¯ � ¿

 

  Voltage 
0.2 0.8 1 0.9 0.7

,
30 45 60 75 90

V � ­ � ½� � �� �� �� ��� ® � ¾
� ¯ � ¿

 

  Cost=
0.4 1 0.5

.
0.5 0.6 0.7

� ­ � ½� �� ��� ® � ¾
� ¯ � ¿

 

  The power is given by .P V I�  

  (a) Find the fuzzy Cartesian product .P V I�  � u 

  (b) Find the fuzzy Cartesian product .T I C�  � u 

  (c) Using max�±min composition find .E P T�  

  (d) Using max�±product composition find .E P T�  
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5. Find the relation between two fuzzy sets 1R  and 2R  using 

  (a) Max�±min composition 

  (b) Max�±product composition 

  (c) Max�±average composition 

  

1 2 3 4

1
1

2

0.3 0.1 0.6 0.3
,

0.1 1 0.2 0.1

y y y y

x
R

x
� ª � º

� � « � »
� ¬ � ¼

 

   

1 2 3

1

2
2

3

4

0.9 0.1 1

0.1 0.5 0.4
.

0.6 0.8 0.5

0.1 0 0

z z z

y

y
R

y

y

� ª � º
� « � »
� « � »� 
� « � »
� « � »
� ¬ � ¼

 

6. Discuss the reflexivity property of the following fuzzy relation 

   

1 0.7 0.3

0.4 0.5 0.8 .

0.7 0.5 1

R
� ª � º
� « � »� � « � »
� « � »� ¬ � ¼

 

7. For each of the following relation on single set state whether the relation is reflexive, 
symmetric, and transitive 
(a) �³�L�V���D���V�L�E�O�L�Q�J���R�I���´ 
(b) �³�L�V���D���S�D�U�H�Q�W���R�I���´ 
(c) �³�L�V���D���V�P�D�U�W�H�U���W�K�D�Q���´ 
(d) �³�L�V���W�K�H���V�D�P�H���K�H�L�J�K�W���D�V���´ 
(e) �³�L�V���D�W���O�H�D�V�W���D�V���W�D�O�O���D�V���´ 

8. A factory process control operation involves two linguistic (atomic) parameters consisting 
of pressure and temperature in a fluid delivery system. Nominal pressure limits range from 
400 psi minimum to 1000 psi maximum. Nominal temperature limits are 130 to 140�•F. 
We characterize each parameter in fuzzy linguistic terms as follows: 

  Low temperature 
1 0.8 0.6 0.4 0.2 0

131 132 133 134 135 136
� ­ � ½� �� �� �� �� ��� ® � ¾
� ¯ � ¿

 

  High temperature 
0 0.2 0.4 0.6 0.8 1

134 135 136 137 138 139
� ­ � ½� �� �� �� �� ��� ® � ¾
� ¯ � ¿

 

  High pressure 
0 0.2 0.4 0.6 0.8 1

400 600 700 800 900 1000
� ­ � ½� �� �� �� �� ��� ® � ¾
� ¯ � ¿
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  Low pressure 
1 0.8 0.6 0.4 0.2 0

400 600 700 800 900 1000
� ­ � ½� �� �� �� �� ��� ® � ¾
� ¯ � ¿

 

  (a) Find the following membership functions: 

 (i) Temperature not very low 

  (ii ) Temperature not very high 

  (iii ) Temperature not very low and not very high 

  (b) Find the following membership functions: 

  (i) Pressure slightly high 

  (ii ) Pressure fairly high �� ��2 3[high]  

  (iii ) Pressure not very low or fairly low 

9. Show that the following propositions from Lewis Carroll are tautologies [Gill, 1976]: 

  (a) No ducks waltz; no officers ever decline to waltz; all my poultry are ducks. Therefore, 
none of my poultry are officers. 

  (b) Babies are illogical; despised persons cannot manage crocodiles; illogical persons are 
despised; therefore, babies cannot manage crocodiles. 

(c) Promise-breakers are untrustworthy; wine-drinkers are very communicative; a man 
who keeps his promise is honest; all pawnbrokers are wine-drinkers; we can always trust a 
very communicative person; therefore, all pawnbrokers are honest. (This problem requires

62 64�  lines of a truth table; perhaps it should be tackled with a computer.) 

10. Given the fuzzy sets A and B on X and Y, respectively, 

  
1 0.1

, for [0, 10]
x

A x
x

��� ­ � ½�  � •� ® � ¾
� ¯ � ¿�³  and 

0.2
, for [0, 5]

y
B y

y
� ­ � ½

�  � •� ® � ¾
� ¯ � ¿

�³  

  ( ) 0A x�P �  outside the interval [0, 10] and ( ) 0B x�P �  outside the interval [0, 5]. 

  (a) Construct a fuzzy relation R for the implication A B�o using the classical implication 

operation, i.e., construct �� �� �� ��.R A B A Y� �u �‰ �u  

  (b) Use max�±min composition to find ',B  given ' 1
.

3
A � ­ � ½� � ® � ¾

� ¯ � ¿
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Chapter-3 

Fuzzy Systems and Fuzzy Models  

3.1.  DEFUZZIFICATION  

Apart from the lambda cut sets and relations which convert fuzzy sets or relations into crisp 
sets or relations, there are other various defuzzification methods employed to convert the 
fuzzy quantities into crisp quantities. The output of an entire fuzzy process can be union of 
two or more fuzzy membership functions. To explain this in detail, consider a fuzzy output, 
which is formed by two parts, one part being triangular shape (Figure 3.1 (a)) and other part 
being trapezoidal (Figure 3.1 (b)). The union of these two forms (Figure 3.1 (c)) the outer 
envelope of the two shapes. 

 

(a)                                             (b)                                            (c)  

Figure 3.1: Typical fuzzy output 

There are seven methods used for defuzzifying the fuzzy output functions: 

(i) Max-membership principle 

(ii)  Centroid method 

(iii)  Weighted average method 

(iv) Mean�±max membership 

(v) Centre of sums 

(vi) Centre of largest area 

(vii)  First of maxima or last of maxima 
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Next, we explain each method with graph. 

Max-membership principle 

This method is given by the expression 

  *( ) ( ),C Cz z� P � P�t  for all .z X�•       (3.1.1) 

 

 

Figure 3.2: Max membership method 

This method is also referred as height method. This is shown in Figure 3.2. 

(i) Centroid method 

This is the most widely used method. This can be called as centre of gravity or centre of area 
method. It can be defined by the algebraic expression 

   * ( )
,

( )
C

C

z zdx
z

z dx
�P
�P

� �³
        

(3.1.2) 

where �³ is used for algebraic integration. Fig. 3.3 represents this method graphically. 

 

 

Figure 3.3: Centroid method 
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(ii)  Weighted Average method 

This method cannot be used for asymmetrical output membership functions, can be used only 
for symmetrical output membership functions. Weighting each membership function in the 
obtained output by its largest membership value forms this method. The evaluation 
expression for this method is 

   * ( )
,

( )
C

C

z z
z

z

�P

�P
� �¦

�¦
        (3.1.3) 

where �¦ is used for algebraic sum. 

 

Figure 3.4: weighted average method 

(iii)  Mean-max membership 

This method is related to max-membership principle, but the present of the maximum 
membership need not be unique, i.e., the maximum membership need not be a single point, it 
can be a range. This method is also called as middle of maxima method the expression is 
given as 

   * ,
2

a b
z

��
�          (3.1.4) 

where a × b are the end point of the maximum membership range as shown in Fig. 3.5. 

 

Figure 3.5: Mean-max membership 
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(iv) Centre of sums 

It involves the algebraic sum of individual output fuzzy sets, say 1c and 2c  instead of union. 

In this method, it is noted that the intersecting areas are added twice. This method is similar 
to the weighted average method, but in centre of sums, the weights are the areas of the 
respective membership functions whereas in the weighted average method, the weights are 
individual membership values. 

The defuzzified value *z is given as 

 

Figure 3.6: (a) First membership (b) Second membership (c) defuzzification step 

                                         

* 1

1

( )
.

( )

k

k

n

C
k
n

C
k

x z dx
z

x z dz

�P

�P

� 

� 

� 
�¦�³

�¦�³
                                                      (3.1.5) 

(v) Centre of largest area 

If the fuzzy set has two convex sub regions, then the entire of gravity of the convex sub 
region with the largest area can be used to calculate the defuzzification value. The equation is 
given as  



Fuzzy Systems and Fuzzy Models | 3.5 
 

 

 

Figure 3.7: Centre of largest area 

  *
( )

,
( )

m

m

C

C

z z dx
z

z dx

�P

�P
� �³

�³
        (3.1.6) 

Where m
C is the convex region with largest area. The value *z is same as the Value *z  

obtained by centroid method. This can be done even for non-convex regions. 

(vi) First of maxima or last of minima 

Here, the computed output of all individual output fuzzy sets k
C  is used to determine the 

smallest value, with maximized membership degree in m
C . 

 

 

Figure 3.8: First of maxima or last of minima 
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Example 3.1.1: For the given membership function as shown in Fig. 3.8 determines the 
defuzzified output value by seven methods. 

 

Figure 3.9: Membership function 

Solution. (a) Centroid method  

  11 : (0,0), (2, 0.7),A ��  

The straight line may be: 

  

0.7
0 ( 0), 3.5 .

2
y x y x�� � �� �  

  12 : 0.7.A y �  

 13 : not needed.A  

  21 : (2,0), (3, 1),A  

  

0 1
0 ( 2), 2.

3 2
y x y x

��
�� � �� � ��

��
 

  12 : 1.A y �  

  23 : (4, 1), (6, 0),A  

  

0 1
1 ( 4), 0.5 3.

6 4
y x y x

��
�� � �� � �� ��

��
 

Solving 12A  and 21,A  we have 2.7, 0.7.x y�  �   

Numerator �� �� �� ��
2 2.7 3 4 6

2 2 2

0 2 2.7 3 4

0.35 0.7 2 0.5 3z dz Kdz z z dz zdz z z dz� �� �� �� �� �� �� ���³ �³ �³ �³ �³  

 10.98.�  



Fuzzy Systems and Fuzzy Models | 3.7 
 

Denominator �� �� �� ��
2 2.7 3 4 6

2 2 2

0 2 2.7 3 4

0.35 0.7 2 0.5 3z dz Kdz z dz dz z z dz� �� �� �� �� �� �� ���³ �³ �³ �³ �³  

  3.445.�  

  * Numerator 10.98
3.187.

Denominator 3.445
z � � �  

(b) Weighted average method 

* 2 0.7 4 1
3.176.

1 0.7
z

�u �� �u
�  �  

��
  

(c) Mean�±max method 

* 2.5 3.5
3.

2
z

��
�  �  

 

(d) Center of sums method 

  

6

* 0
6

0

1 1
0.7 (3 2) 2 1 (2 4) 4

2 2

1 1
0.7 (3 2) 1 (2 4)

2 2

dz
z

dz

� ª � º�§ �· �§ �·�u �u �� �u �� �u �u �� �u�¨ �¸ �¨ �¸� « � »�© �¹ �© �¹� ¬ � ¼� 
� ª � º�§ �· �§ �·�u �u �� �� �u �u ���¨ �¸ �¨ �¸� « � »�© �¹ �© �¹� ¬ � ¼

�³

�³
 

  
�� ��

�� ��

6

* 0
6

0

3.5 12
2.84.

1.75 3

dz
z

dz

��
�  �  

��

�³

�³
 

(e) First of maxima 

  
* 3.z �  

(f) First of maxima 

  

  * 4.z �  

(g) Centre of largest area 

Area of 
1

0.7 (2.7 0.7) 1.19,
2

I � �u �u �� �  

Area of 
1 1

1 (2 3) 0.7 2.255.
2 2

II � �u �u �� �u �u �  
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Area of II is larger, So, 

  

3 64

* 2.7 43
3 64

2.7 43

1 1
0.3 0.3 2.85 2 51 1 3.5

2 2

1 1
0.3 0.3 2 11 1

2 2

dz dzdz
z

dz dzdz

���u �u �u �� �u �u� u � u
� 

���u �u �� �u �u�u

� ³ � ³�³

� ³ � ³�³
 

  

3 64

* 2.7 43
3 64

2.7 43

0.12825 53.5
4.49.

0.045

dz dzdz
z

dz dzdz

����
�  �  

����

� ³ � ³�³

� ³ � ³�³
 

3.2  FUZZY SYSTEMS  

Natural language is perhaps the most powerful form of conveying information that humans 
possess for any given problem or situation that requires solving or reasoning. This power has 
�O�D�U�J�H�O�\�� �U�H�P�D�L�Q�H�G�� �X�Q�W�D�S�S�H�G�� �L�Q�� �W�R�G�D�\�¶�V�� �P�D�W�K�H�P�D�W�L�F�D�O�� �S�D�U�D�G�L�J�P�V���� �K�R�Z�H�Y�H�U�� �L�W�� �F�D�Q�� �E�H�� �K�D�Q�G�O�H�G��
with the utility of fuzzy logic. Consider the information contained in the passage above from 
�&�K�D�U�O�H�V���'�L�F�N�H�Q�V�¶��A Tale of Two Cities. Imagine reducing this passage to a more precise form 
such that it could be assimilated by a binary computer. First, we will have to remove the 
fuzziness inherent in the passage limiting the statements to precise, either�±or, Aristotelian 
logic. Consider the following crisp version of the first few words of the Dickens passage: 

The time interval x was the period exhibiting a 100 percent maximum of possible values as 
measured along some arbitrary social scale and the interval x was also the period of time 
exhibiting a 100 percent minimum of these values as measured along the same scale [Clark, 
(1992)]. 

The crisp version of this passage has established an untenable paradox, identical to that posed 
by the excluded middle axioms in probability theory. Another example is available from the 
�V�D�P�H���F�O�D�V�V�L�F�����W�K�H���O�D�V�W���V�H�Q�W�H�Q�F�H���L�Q���'�L�F�N�H�Q�V�¶��A Tale of Two Cities�����µ�µ�,�W���L�V���D���I�D�U�����I�D�U���E�H�W�W�H�U���W�K�L�Q�J��
that I do, than I have ever done; it is a far, far better rest that I go to, than I have ever 
�N�Q�R�Z�Q���¶�¶�� �,�W�� �Z�R�X�O�G�� �D�O�V�R�� �E�H�� �G�L�I�I�L�F�X�O�W�� �W�R�� �D�G�G�U�H�V�V�� �W�K�L�V�� �R�U�L�J�L�Q�D�O�� �I�X�]�]�\�� �S�K�U�D�V�H�� �E�\�� �D�Q�� �L�Q�W�H�O�O�L�J�H�Q�W��
machine using binary logic. Both of these examples demonstrate the power of communication 
inherent in natural language, and they demonstrate how far we are from enabling intelligent 
machines to reason the way humans do �± a long way! 

Cognitive scientists tell us that humans base their thinking primarily on conceptual patterns 
and mental images rather than on any numerical quantities. In fact the expert system 
�S�D�U�D�G�L�J�P�� �N�Q�R�Z�Q�� �D�V�� �µ�µ�I�U�D�P�H�V�¶�¶�� �L�V�� �E�D�V�H�G�� �R�Q�� �W�K�H�� �Q�R�W�L�R�Q�� �R�I�� �D�� �F�R�J�Q�L�W�L�Y�H�� �S�L�F�W�X�U�H�� �L�Q�� �R�Q�H�¶�V�� �P�L�Q�G����
Furthermore, humans communicate with their own natural language by referring to previous 
mental images with rather vague but simple terms. Despite the vagueness and ambiguity in 
natural language, humans communicating in a common language have very little trouble in 
basic understanding. Our language has been termed the shell of our thoughts [Zadeh, 1975]. 
Hence, any attempts to model the human thought process as expressed in our 
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communications with one another must be preceded by models that attempt to emulate our 
natural language. 

Our natural language consists of fundamental terms characterized as atoms in the literature. A 
collection of these atoms will form the molecules, or phrases, of our natural language. The 
fundamental terms can be called atomic terms. Examples of some atomic terms are slow, 
medium, young, beautiful, etc. A collection of atomic terms is called a composite, or simply a 
set of terms. Examples of composite terms are very slow horse, medium-weight female, 
young tree, fairly beautiful painting, etc. Suppose we define the atomic terms and sets of 
atomic terms to exist as elements and sets on a universe of natural language terms, say 
universe X. Furthermore, let us define another universe, called Y, as a universe of cognitive 
interpretations, or meanings. Although it may seem straightforward to envision a universe of 
terms, it may be difficult to ponder a universe of interpretations. Consider this universe, 
however, to be a collection of individual elements and sets that represent the cognitive 
patterns and mental images referred to earlier in this chapter. Clearly, these interpretations 
would be rather vague, and they might best be represented as fuzzy sets. Hence, an atomic 
term, or as [Zadeh, (1975)] defines it, a linguistic variable, can be interpreted using fuzzy 
sets. 

The need for expressing linguistic variables using the precepts of mathematics is quite well 
�H�V�W�D�E�O�L�V�K�H�G���� �/�H�L�E�Q�L�]���� �Z�K�R�� �Z�D�V�� �D�Q�� �H�D�U�O�\�� �G�H�Y�H�O�R�S�H�U�� �R�I�� �F�D�O�F�X�O�X�V���� �R�Q�F�H�� �F�O�D�L�P�H�G���� �µ�µ�,�I�� �Z�H�� �F�R�X�O�G��
find characters or signs appropriate for expressing all our thoughts as definitely and as 
exactly as arithmetic expresses numbers or geometric analysis expresses lines, we could in all 
subjects, in so far as they are amenable to reasoning, accomplish what is done in arithmetic 
�D�Q�G���J�H�R�P�H�W�U�\���¶�¶���)�X�]�]�\���V�H�W�V���D�U�H���D���U�H�O�D�W�L�Y�H�O�\���Q�H�Z���T�X�D�Q�W�L�W�D�W�L�Y�H���P�H�W�K�R�G���W�R���D�F�F�R�P�S�O�L�V�K���M�X�V�W���Z�K�D�W��
Leibniz had suggested. 

With these definitions and foundations, we are now in a position to establish a formal model 
of linguistics using fuzzy sets. Suppose we define a specific atomic term in the universe of 
natural language, X, as element �D and we define a fuzzy set A  in the universe of 
interpretations, or meanings, Y, as a specific meaning for the term .�D  Then natural language 
can be expressed as a mapping M from a set of atomic terms in X to a corresponding set of 
interpretations defined on universe Y. Each atomic term �D in X corresponds to a fuzzy set 
A  �L�Q���<�����Z�K�L�F�K���L�V���W�K�H���µ�µ�L�Q�W�H�U�S�U�H�W�D�W�L�R�Q�¶�¶���R�I��.�D  This mapping, which can be denoted ( , )M A�D  
is shown schematically in Fig. 3.10. 

The fuzzy set A  represents the fuzziness in the mapping between an atomic term and its 
interpretation and can be denoted by the membership function ( , )M y� P � D or more simply by 

  ( , ) ( )M Ay y�P �D �P�                                                                                           (3.2.1)  
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Figure 3.10: Mapping of a linguistic atom, ,�D  to a cognitive interpretation A  

�$�V���D�Q���H�[�D�P�S�O�H�����V�X�S�S�R�V�H���Z�H���K�D�Y�H���W�K�H���D�W�R�P�L�F���W�H�U�P���µ�µ�\�R�X�Q�J�¶�¶��( )�D and we want to interpret this 
linguistic atom in terms of age, ,y  by a membership function that expresses the term 
�µ�µ�\�R�X�Q�J���¶�¶�� �7�K�H membership function given here in the notation of [Zadeh,(1975b)] and 
labeled A , might be one interpretation of the term young expressed as a function of age, 
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or alternatively, 
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�6�L�P�L�O�D�U�O�\�����W�K�H���D�W�R�P�L�F���W�H�U�P���µ�µ�R�O�G�¶�¶���P�L�J�K�W���E�H���H�[�S�U�H�V�V�H�G���D�V���D�Q�R�W�K�H�U���I�X�]�]�\���V�H�W�����2�����R�Q���W�K�H universe 
of interpretation, Y, as 
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On the basis of the foregoing, we can call �.���D�� �Q�D�W�X�U�D�O�� �O�D�Q�J�X�D�J�H�� �Y�D�U�L�D�E�O�H�� �Z�K�R�V�H�� �µ�µ�Y�D�O�X�H�¶�¶�� �L�V��
defined by the fuzzy set ( )y�D�P  �+�H�U�H�L�Q�D�I�W�H�U���� �W�K�H�� �µ�µ�Y�D�O�X�H�¶�¶�� �R�I�� �D�� �O�L�Q�J�X�L�V�W�L�F�� �Y�D�U�L�D�E�O�H�� �Z�L�O�O�� �E�H��

synonymous with its interpretation. 

As suggested before, a composite is a collection, or set of atomic terms combined by various 
linguistic connectives such as and, or, and not. Define two atomic terms �D and �E on the 
universe X. The interpretation of the composite, defined on universe Y can be defined by the 
following set-theoretic operations [Zadeh, (1975b)], 

  �� ��: ( ) max ( ), ( ) ,oror y y y�D �E �D �E�D �E �P �P �P�  (3.2.2)  
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  �� ��: ( ) min ( ), ( ) ,andand y y y�D �E �D �E�D �E �P �P �P�  (3.2.3) 

  : ( ) 1 ( ).Not y y�D�D
�D �D �P �P� � ��  (3.2.4) 

These operations are analogous to those proposed earlier in this chapter (standard fuzzy 
operations), where the natural language connectives and, or, and not were logical 
connectives. In linguistics, fundamental atomic terms are often modified with adjectives 
(nouns) or adverbs (verbs) like very, low, slight, more or less, fairly, slightly, almost, barely, 
mostly, roughly, approximately, and so many more that it would be difficult to list them all. 
�:�H���Z�L�O�O���F�D�O�O���W�K�H�V�H���P�R�G�L�I�L�H�U�V���µ�µ�O�L�Q�J�X�L�V�W�L�F���K�H�G�J�H�V�¶�¶�����W�K�D�W���L�V�����W�K�H���V�L�Q�J�X�O�D�U���P�H�D�Q�L�Q�J���R�I���D�Q���D�W�R�P�L�F��
term is modified, or hedged, from its original interpretation. Using fuzzy sets as the calculus 
of interpretation, these linguistic hedges have the effect of modifying the membership 
function for a basic atomic term [Zadeh, (1972)]. As an example, let us look at the basic 

linguistic atom, �., and subject it to some hedges. Define ( ) ; then
Y

y y�D� D � P� �³  

  
�> �@22 ( )

" " ,
Y

y
Very

y
�D�P

� D � D�  �  �³        (3.2.5) 

  4" , " ,Very very � D � D�        (3.2.6) 

  1.25" " ,Plus � D � D�        (3.2.7) 

  

�> �@0.5
( )

" " ,
Y

y
Slightly

y
�D�P

� D � D�  �  �³
     

(3.2.8) 

  0.75" " .Minus � D � D�        (3.2.9) 

The expressions shown in (3.2.5)-(3.2.7) are linguistic hedges known as concentrations 
[Zadeh, 1972]. Concentrations tend to concentrate the elements of a fuzzy set by reducing the 
�G�H�J�U�H�H���R�I���P�H�P�E�H�U�V�K�L�S���R�I���D�O�O���H�O�H�P�H�Q�W�V���W�K�D�W���D�U�H���R�Q�O�\���µ�µ�S�D�U�W�O�\�¶�¶��in the set. The less an element is 
in a set (i.e., the lower its original membership value), the more it is reduced in membership 
through concentration. For example, by using (3.2.5) for the hedge very, a membership value 
of 0.9 is reduced by 10% to a value of 0.81, but a membership value of 0.1 is reduced by an 
order of magnitude to 0.01. This decrease is simply a manifestation of the properties of the 

membership value itself; for 0 1,�P� d � d then 2.� P � P�t  Alternatively, the expressions given in 
(3.2.8) and (3.2.9) are linguistic hedges known as dilations (or dilutions in some 
publications). Dilations stretch or dilate a fuzzy set by increasing the membership of elements 
�W�K�D�W���D�U�H���µ�µ�S�D�U�W�O�\�¶�¶���L�Q���W�K�H���V�H�W���>�=�D�G�H�K�������������@�����)�R�U���H�[�D�Pple, using (3.2.8) for the hedge slightly, a 
membership value of 0.81 is increased by 11% to a value of 0.9, whereas a membership value 
of 0.01 is increased by an order of magnitude to 0.1. 

Another operation on linguistic fuzzy sets is known as intensification. This operation acts in a 
combination of concentration and dilation. It increases the degree of membership of those 
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elements in the set with original membership values greater than 0.5, and it decreases the 
degree of membership of those elements in the set with original membership values less than 
0.5. This also has the effect of making the boundaries of the membership function steeper. 
Intensification can be expressed by numerous algorithms, one of which, proposed by Zadeh 
(1972) is 

  
�> �@

2

2

2 ( ), for 0 ( ) 1
"intensify"

1 2 1 ( ) , for 0.5 ( ) 1

y y

y y

� D � D

� D � D

� P � P
�D

� P � P

�­ � d � d�°
� �®

�� �� �d �d�°�¯
   (3.2.10) 

Intensification increases the contrast between the elements of the set that have more than 
half-membership and those that have less than half-membership. Fig. 3.11 (a) and (b), and 
3.12 illustrate the operations of concentration, dilation, and intensification, respectively, for 
fuzzy linguistic hedges on a typical fuzzy set .A  

 

Figure 3.11: (a) Fuzzy concentration (b) Fuzzy dilation 

 

Figure 3.12: Fuzzy intensification 

Composite terms can be formed from one or more combinations of atomic terms, logical 
connectives, and linguistic hedges. Since an atomic term is essentially a fuzzy mapping from 
the universe of terms to a universe of fuzzy sets represented by membership functions, the 
implementation of linguistic hedges and logical connectives is manifested as function-
theoretic operations on the values of the membership functions. In order to conduct the 
function-theoretic operations, a precedence order must be established. For example, suppose 
we have two atomic �W�H�U�P�V�� �µ�µ�V�P�D�O�O�¶�¶�� �D�Q�G���µ�µ�U�H�G���¶�¶���D�Q�G���W�K�H�L�U���D�V�V�R�F�L�D�W�H�G���P�H�P�E�H�U�V�K�L�S�� �I�X�Q�F�W�L�R�Q�V����
�D�Q�G���Z�H���S�R�V�H���W�K�H���I�R�O�O�R�Z�L�Q�J���O�L�Q�J�X�L�V�W�L�F���H�[�S�U�H�V�V�L�R�Q�����D���µ�µ�Q�R�W���V�P�D�O�O�¶�¶��and �µ�µ�Y�H�U�\���U�H�G�¶�¶���I�U�X�L�W�����:�K�L�F�K��
of the operations, i.e., not, and, very, would we perform first, which would we perform 
second, and so on? In the literature, the following preference table (Table 3.1) has been 
suggested for standard Boolean operations. 
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Parentheses may be used to change the precedence order and ambiguities may be resolved by 
the use of association-to-the-righ�W���� �)�R�U�� �H�[�D�P�S�O�H���� �µ�µ�S�O�X�V�� �Y�H�U�\�� �P�L�Q�X�V�� �Y�H�U�\�� �V�P�D�O�O�¶�¶�� �V�K�R�X�O�G�� �E�H��
interpreted as 

  �� ��plus very(minus(very(small))) 

Table 3.1: Precedence for linguistic hedges and logical operations 

Precedence Operation 

First 

Second 

Third 

Hedge. Not 

And 

Or 

 

Every atomic term and every composite term has a syntax represented by its linguistic label 
and a semantics, or meaning (interpretation),which is given by a membership function. The 
use of a membership function gives the flexibility of an elastic meaning to a linguistic term. 
On the basis of this elasticity and flexibility, it is possible to incorporate subjectivity and bias 
into the meaning of a linguistic term. These are some of the most important benefits of using 
fuzzy mathematics in the modelling of linguistic variables. This capability allows us to 
encode and automate human knowledge, which is often expressed in natural language 
propositions. 

�,�Q�� �R�X�U�� �H�[�D�P�S�O�H���� �D�� �µ�µ�Q�R�W�� �V�P�D�O�O�¶�¶��and �µ�µ�Y�H�U�\�� �U�H�G�¶�¶�� �I�U�X�L�W���� �Z�H�� �Z�R�X�O�G�� �S�H�U�I�R�U�P�� �W�K�H�� �K�H�G�J�H�V�� �µ�µ�Q�R�W��
�V�P�D�O�O�¶�¶�� �D�Q�G�� �µ�µ�Y�H�U�\�� �U�H�G�¶�¶�� �I�L�U�V�W���� �W�K�H�Q�� �Z�H�� �Z�R�X�O�G�� �S�Hrform the logical operation and on the two 
phrases as suggested in Table 3.2.1. To further illustrate Table 3.2.1, consider the following 
numerical example. 

Example 3.2.1: Suppose we have a universe of integer, �^ �`1, 2, 3, 4, 5 .Y �  We define the 

following linguistic terms as a mapping onto Y: 

1 0.8 0.6 0.4 0.2
" "

1 2 3 4 5
Small � ­ � ½� �� �� �� ��� ® � ¾

� ¯ � ¿
 and 

0.2 0.4 0.6 0.8 1
"Large"

1 2 3 4 5
� ­ � ½� �� �� �� ��� ® � ¾
� ¯ � ¿

  

Now we modify these two linguistic terms with hedges, 

 2 1 0.64 0.36 0.16 0.04
" " " "

1 2 3 4 5
Very small small � ­ � ½� � �� �� �� ��� ® � ¾

� ¯ � ¿
 

 2 0 0.36 0.64 0.84 0.96
" " 1 " " " " .

1 2 3 4 5
Not very small Very small small � ­ � ½� �� � � �� �� �� ��� ® � ¾

� ¯ � ¿
 

Then we construct a phrase or a composite term: 

  "not verysmalland not very large"�D�  
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which involves the following set-theoretic operations: 

0 0.36 0.64 0.84 0.96 1 1 0.9 0.6 0.36 0.64 0.6
.

1 2 3 4 5 1 2 3 4 2 3 4
�D �­ �½ �­ �½ �­ �½� �� �� �� �� �ˆ �� �� �� � �� ���® �¾ �® �¾ �® �¾

�¯ �¿ �¯ �¿ �¯ �¿
 

In summary, the foregoing material introduces the idea of a linguistic variable (atomic term), 
which is a variable whose values (interpretation) are natural language expressions referring to 
the contextual semantics of the variable. Zadeh [Zadeh (1975b)] described this notion quite 
well: 

A linguistic variable differs from a numerical variable in that its values are not numbers but 
words or sentences in a natural or artificial language. Since words, in general, are less precise 
than numbers, the concept of a linguistic variable serves the purpose of providing a means of 
approximate characterization of phenomena which are too complex or too ill-defined to be 
amenable to description in conventional quantitative terms. More specifically, the fuzzy sets 
which represent the restrictions associated with the values of a linguistic variable may be 
viewed as summaries of various subclasses of elements in a universe of discourse. This, of 
course, is analogous to the role played by words and sentences in a natural language. For 
example, the adjective handsome is a summary of a complex of characteristics of the 
appearance of an individual. It may also be viewed as a label for a fuzzy set which represents 
a restriction imposed by a fuzzy variable named handsome. From this point of view, then, the 
terms very handsome, not handsome, extremely handsome, quite handsome, etc., are names 
of fuzzy sets which result from operating on the fuzzy set handsome with the modifiers 
named very, not, extremely, quite, etc. In effect, these fuzzy sets, together with the fuzzy set 
labelled handsome, play the role of values of the linguistic variable Appearance. 

Fuzzy (Rule-Based) Systems 

In the field of artificial intelligence (machine intelligence) there are various ways to represent 
knowledge. Perhaps the most common way to represent human knowledge is to form it into 
natural language expressions of the type 

  IF premise (antecedent), THEN conclusion (consequent)                                 (3.2.11) 

The form in Expression (3.2.11) is commonly referred to as the IF�±THEN rule-based form; 
this form generally is referred to as the deductive form. It typically expresses an inference 
such that if we know a fact (premise, hypothesis, antecedent), then we can infer, or derive, 
another fact called a conclusion (consequent). This form of knowledge representation, 
characterized as shallow knowledge, is quite appropriate in the context of linguistics because 
it expresses human empirical and heuristic knowledge in our own language of 
communication. It does not, however, capture the deeper forms of knowledge usually 
associated with intuition, structure, function, and behavior of the objects around us simply 
because these latter forms of knowledge are not readily reduced to linguistic phrases or 
representations; this deeper form, as described in Chapter 1, is referred to as inductive. 
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Table 3.2: The canonical form for a fuzzy rule-based system 

Rule 1 : IF condition C1, THEN restriction R1 

Rule 2 : IF condition C2, THEN restriction R2 

Rule r : IF condition Cr, THEN restriction Rr 

 

The fuzzy rule-based system is most useful in modelling some complex systems that can be 
observed by humans because it makes use of linguistic variables as its antecedents and 
consequents; as described here these linguistic variables can be naturally represented by 
fuzzy sets and logical connectives of these sets. 

By using the basic properties and operations defined for fuzzy sets, any compound rule 
structure may be decomposed and reduced to a number of simple canonical rules as given in 
Table 3.2. These rules are based on natural language representations and models, which are 
themselves based on fuzzy sets and fuzzy logic. The fuzzy level of understanding and 
describing a complex system is expressed in the form of a set of restrictions on the output 
based on certain conditions of the input (see Table 3.2). Restrictions are generally modelled 
by fuzzy sets and relations. These restriction statements are usually connected by linguistic 

�F�R�Q�Q�H�F�W�L�Y�H�V�� �V�X�F�K�� �D�V�� �µ�µ�D�Q�G���¶�¶�� �µ�µ�R�U���¶�¶�� �R�U�� �µ�µ�H�O�V�H���¶�¶�� �7�K�H�� �U�H�V�W�U�L�F�W�L�R�Q�V��1 2, ,..., rR R R apply to the 
output actions, or consequents of the rules. The following illustrates a couple of the most 
common techniques [Ross (1995)] for decomposition of linguistic rules involving multiple 
antecedents into the simple canonical form illustrated in Table 3.2. 

Multiple conjunctive antecedents 

  1 2is and ...and isL sIF x A A A THEN y B 

Assuming a new fuzzy subset sA  as 

  1 2 ... ,s LA A A A� �ˆ �ˆ �ˆ  

expressed by means of membership function 

  1 2( ) min ( ), ( ),..., ( )s LA A A A
x x x x�P �P �P �P� ª � º� � ¬ � ¼ 

based on the definition of the standard fuzzy intersection operation, the compound rule may 
be rewritten as 

  s sIF A THEN B  
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Multiple conjunctive antecedents 

  1 2is ... isL sIF x A or A or A THEN y B 

Could be rewritten as 

  ,s sIF A THEN B  

where fuzzy set sA  is defined as 

  1 2 ... ,s LA A A A� �‰ �‰ �‰  

  1 2( ) max ( ), ( ),..., ( ) .s LA A A A
x x x x�P �P �P �P� ª � º� � ¬ � ¼ 

This is based on the definition of the standard fuzzy union operation. 

3.2.1  Fuzzy Expert Systems 

�$�Q���H�[�S�H�U�W���V�\�V�W�H�P���L�V���D���S�U�R�J�U�D�P���Z�K�L�F�K���F�R�Q�W�D�L�Q�V���K�X�P�D�Q���H�[�S�H�U�W�¶�V���N�Q�R�Z�O�H�G�J�H���D�Q�G���J�L�Y�H�V���D�Q�V�Z�H�U�V��
�W�R���W�K�H���X�V�H�U�¶�V���T�X�H�U�\���E�\���X�V�L�Q�J���D�Q���L�Q�I�H�U�H�Q�F�H���P�H�W�K�R�G�����7�K�H���N�Q�R�Z�O�H�G�J�H���L�V���R�I�W�H�Q���V�W�R�U�Hd in the form 
�R�I���U�X�O�H���E�D�V�H�����D�Q�G���W�K�H���P�R�V�W���S�R�S�X�O�D�U���I�R�U�P���L�V���W�K�D�W���R�I���³�,�)-�7�+�(�1�´�� 

A fuzzy expert system is an expert system which can deal uncertain and fuzzy information. In 
our real world, a human expert has his knowledge in the form of linguistic terms. Therefore it 
is natural to represent the knowledge by fuzzy rules and thus to use fuzzy inference methods. 

Table 3.3: Lookup table 
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The structure of a fuzzy expert system is similar to that of the fuzzy logic controller. Its 
configuration is shown in Fig. 3.13. As in the fuzzy logic controller, there can be fuzzification 
interface, knowledge base, and inference engine (decision making logic). Instead of the 
defuzzification module, there is the linguistic approximation module. 

 

Fuzzification Interface 

This modu�O�H���G�H�D�O�V���X�V�H�U�¶�V���U�H�T�X�H�V�W�����D�Q�G���W�K�X�V���Z�H���K�D�Y�H���W�R���G�H�W�H�U�P�L�Q�H���W�K�H���I�X�]�]�L�I�L�F�D�W�L�R�Q���V�W�U�D�W�H�J�\�����,�I��
we want to make the fuzzy expert system receive linguistic terms, this module has to have an 
ability to handle such fuzzy information. The fuzzification strategy, if necessary, is similar to 
that of the fuzzy logic controller. 

In contradiction to the fuzzy logic controller, it is not needed to consider the discretization or 
normalization. But the fuzzy partition and assigning fuzzy linguistic terms to each sub region 
are necessary. 

�7�K�H�� �H�[�S�H�U�W�¶�V�� �N�Q�R�Z�O�H�G�J�H�� �P�D�\�� �E�H�� �U�H�S�U�H�V�H�Q�W�H�G�� �L�Q�� �W�K�H�� �I�R�U�P�� �R�I�� �³�,�)-�7�+�(�1�´�� �E�\�� �X�V�L�Q�J�� �I�X�]�]�\��
linguistic terms. Each rule can have its certainty factor which represents the certainty level of 
the rule. This certainty factor is used in the aggregation of the results from each rule. 

 

Inference Engine (Decision Making Logic) 

The fuzzy expert systems can use the inference methods of the fuzzy logic controller. The 
system does not deal with a machine or process, and thus it is difficult to have a fuzzy set 
with monotonic membership function in the consequent part of a rule. Therefore especially, 
Mamdani method and Larsen method are often used. 

 

Linguistic Approximation  

As we stated before, a fuzzy expert system does not control a machine nor a process, and 
thus, in general, the defuzzification is not necessary. Instead of the defuzzification module, 
sometimes we need a linguistic approximation module. 

This module finds a linguistic term which is closest to the obtained fuzzy set. To do it, we 
may use a measuring technique of distance between fuzzy sets. 

 

Scheduler 

This module controls all the processes in the fuzzy expert system. It determines the rules to 
be executed and sequence of their executions. It may also provide an explanation function for 
the result. For example, it can show the reason how the result was obtained. 
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Figure 3.13: Configuration of fuzzy expert system 

3.3. FUZZY MODELLING  

Modelling, in a general sense, refers to the establishment of a description of a system (a plant, 
a process, etc.) in mathematical terms, which characterizes the input-output behaviour of the 
underlying system. 

To describe a physical system, such as a circuit or a microprocessor, we have to use a 
mathematical formula or equation that can represent the system both qualitatively and 
quantitatively. Such a formulation is a mathematical representation, called a mathematical 
model, of the physical system. 

Most physical systems, particularly those complex ones, are extremely difficult to model by 
an accurate and precise mathematical formula or equation due to the complexity of the 
system structure, nonlinearity, uncertainty, randomness, etc. Therefore, approximate 
modelling is often necessary and practical in real world applications. 

Intuitively, approximate modelling is always possible. However, the key questions are what 
�N�L�Q�G�� �R�I�� �D�S�S�U�R�[�L�P�D�W�L�R�Q�� �L�V�� �J�R�R�G���� �Z�K�H�U�H�� �W�K�H�� �V�H�Q�V�H�� �R�I�� �³�J�R�R�G�Q�H�V�V�´�� �K�D�V�� �W�R�� �E�H�� �I�L�U�V�W�� �G�H�I�L�Q�H�G���� �R�I��
course, and how to formulate such a good approximation in modelling a system such that it is 
mathematically rigorous and can produce satisfactory results in both theory and applications. 

From the detailed studies in the last two chapters, it is clear that interval mathematics and 
fuzzy logic together can provide a promising alternative to mathematical modelling for many 
physical systems that are too vague or too complicated to be described by simple and crisp 
mathematical formulas or equations. When interval mathematics and fuzzy logic are 
employed, the interval of confidence and the fuzzy membership functions are used as 
approximation measures, leading to the so-called fuzzy systems modelling. 

Following the traditional classification in the field of control systems, a system that describes 
the input-output behaviour in a way similar to a mathematical mapping without involving a 
differential operator or equation is called a static system. In contrast, a system described by a 
differential operator or equation is called a dynamic system. In this chapter, static fuzzy  
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systems modeling is first discussed, including its stability analysis, and the dynamic fuzzy 
systems modeling will then follow, along with its stability and controllability analyses. 

Basic Concepts of Systems Modelling 

The fundamental concept of systems modelling can be illustrated as follows: 

Suppose that we have an unkn�R�Z�Q�� �V�\�V�W�H�P�� ���³�E�O�D�F�N�� �E�R�[�´������ �I�R�U�� �Z�K�L�F�K�� �R�Q�O�\�� �D�� �V�H�W�� �R�I�� �L�W�V�� �L�Q�S�X�W�V��

1 2, ,..., nx x x  and outputs 1 2, ,..., my y y  can be measured (or observed) and so these data are 

available. Here, both inputs and outputs can be either discrete-time series or continuous 
signals. We want to find a mathematical description to qualitatively and quantitatively 

characterize this unknown system, in the sense that by inputting 1 2, ,..., nx x x  into the 

mathematical description we can always obtain the corresponding outputs 1 2, ,..., .my y y  

Establishing such a mathematical description is called mathematical modelling for the 
unknown system (Fig. 3.14). As usual, the mathematical description can be a mathematical 
formula, such as a mapping or a functional that relates the inputs to the outputs in the form 

  

1 1 1 2

1 1 2

( , ,..., ),

.

.

( , ,..., ),

n

m n

y f x x x

y f x x x

� �­
�°
�°
�®
�°
�° � �¯

                                                                                         (3.3.1) 

or a set of differential equations (assuming proper conditions) in the form 

  

. .

11 1 1

. .

11 1

( ,..., , ,..., ),

.

.

( ,..., , ,..., ),

nn

nm n

y f x x x x

y f x x x x

�­ � �°
�°�°
�®
�°
�°

� �°�¯

                                                                       (3.3.2) 

or a logical linguistic statement, which can be quantified mathematically, in the form 

IF (input 1x ) AND ... AND (input nx ) THEN (output 1y ) AND ... AND (output my ). (3.3.3) 

 

Figure 3.14: �$�Q���X�Q�N�Q�R�Z�Q���V�\�V�W�H�P���D�V���D���³�E�O�D�F�N���E�R�[�´ 

Fuzzy system modelling is to quantify the logical linguistic form (3.4.3) by using fuzzy logic 
and the mathematical functional model (3.4.1), or by using fuzzy logic together with the 
differential equation model (3.4.2). The result of the former is called a static fuzzy system 
and the latter, a dynamic fuzzy system. 
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3.4  MODELLING OF STA TIC FUZZY SYSTEMS  

�5�H�W�X�U�Q�� �W�R�� �W�K�H�� �³�E�O�D�F�N�� �E�R�[�´�� �V�K�R�Z�Q�� �L�Q�� �)�L�J���� ������������ �6�L�Q�F�H�� �D�O�O�� �W�K�H�� �L�Q�S�X�W�V��1 2, ,..., nx x x and outputs 

1 2, ,..., my y y are assumed to be available the logical linguistic statement (3.3.3) has actually 

described the unknown system on the basis of the available data. Yet this is not the ultimate 
purpose of mathematical modelling, since if a new input 1nx �� �F�R�P�H�V���L�Q�����Z�H���G�R�Q�¶�W���N�Q�R�Z���Z�K�D�W��

the corresponding output should be. The main purpose of mathematical modelling, therefore, 
is not only to correctly describe the existing input-output relations through the unknown 
system but also to enable the established model to approximately describe other possible 
hidden input-output relations of the system. Thus, a general approach is to first quantify the 
linguistic statement (3.3.3) and then to relay the quantified logical input-output relations by 
using the mathematical functional (3.3.1), or differential equations (3.3.2). 

Recall that a finite fuzzy logic implication statement can always be described by a set of 
general fuzzy IF-THEN rules containing only the fuzzy logic AND operation, in the 
following multi-input single-output form: 

(1)   IF ( 1x  is 11X ) AND ... AND ( nx  is 1nX ) THEN ( 1y  is 1Y ). 

(2)   IF ( 1x  is 21X ) AND ... AND ( nx  is 2nX ) THEN ( 1y  is 2Y ). 

        (N)  IF (x1 is  XN1)  AND ... AND (xn is XNn) THEN (y1 is YN). 

Here, we should recall that the phrase " is "x X  is an abbreviation of the complete statement 

�³x belongs to the fuzzy subset X with a corresponding membership value ( ).X x�P �´�� �:�H��

should now restrict our discussion on closed intervals for the fuzzy subsets 11 12, ,..., NnX X X

and 1 2, ,..., ,NY Y Y so that interval arithmetic can be applied. 

For simplicity of discussion, we first consider the simplest case where N = 1 with only one 
fuzzy IF-THEN rule: 

  1 :R  IF ( 1x  is 1X ) AND ... AND ( nx  is nX ) THEN is .y Y  

An example is the following rule with constants �^ �`0 1, ,..., :na a a  

  
1 :R  IF ( 1x  is 1X ) AND ... AND ( nx  is nX ) THEN 0 1 1 ... .n ny a a x a x� �� �� ��  

When a set of particular inputs are available: 

  0 0
1 1 1,..., n n nx x X x x X� �• � �•  with 

1

0 0
1( ),..., ( ),

nX X nx x� P � P 

the output y will assume the value 

  
0 0 0

0 1 1 ... ,n ny a a x a x� �� �� ��  (3.4.1) 
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with membership value given by the following general rule 

  
�^ �`0 0 0 1

0 1 1

0 0 0
1

...
( ) ( ) ... ( ) .

n
n n

Y X X n
y a a x a x

y x x�P �P �P
� �� �� ��

� �› �š �š                          (3.4.2) 

If there are more than one fuzzy IF-THEN rule: 

  :iR  IF ( 1x  is 1iX ) AND ... AND ( nx  is inX )  

THEN 0 1 1 ... , 1,2,..., .i i i in ny a a x a x i N� �� �� �� �  

In this case, with the given set of inputs 0 0
1 1 1,..., n n nx x X x x X� �• � �•  namely, the same 

inputs applied to all the different rules, one will have 

  
0 0 0
1 10 11 1 1... ,n ny a a x a x� �� �� ��  

  
0 0 0
2 20 21 1 2... ,n ny a a x a x� �� �� �� .              (3.4.3) 

  
0 0 0

0 1 1 ... .N N N Nn ny a a x a x� �� �� ��  

The corresponding membership values for these outputs are given as 

�^ �`0 0 0 1
0 1 1

0 0 0
1

...
( ) ( ) ... ( ) , 1,..., .

n
i i in n

Y i X X n
y a a x a x

y x x i N�P �P �P
� �� �� ��

� �› �š �š �           (3.4.4) 

In a typical modelling approach, the final single output, y, is usually obtained via the 
following weighted average formula: 

  

0 0

1

0

1

( )
,

( )

N

Y i i
i

N

Y i
i

y y
y

y

�P

�P

� 

� 

�˜
� 

�¦

�¦
                                                                                           (3.4.5) 

�Z�K�H�U�H���³���´���L�V���W�K�H���R�U�G�L�Q�D�U�\���D�O�J�H�E�U�D�L�F���P�X�O�W�L�S�O�L�F�D�W�L�R�Q�� 

For the most general situation, we assume that all the coefficients 

�^ �`0 1, ,..., : 1,2,...,i i ina a a i N�  are uncertain and belong to certain intervals: 

  0 0,..., , 1,2,..., ,i in na A a A i N�• �• �  

where, for example, 

  
�^ �` �^ �`0 10 20 0 10 20 0min , ,..., ,max , ,..., ,N NA a a a a a a� � ª � º� ¬ � ¼ 

  
�^ �` �^ �`1 11 21 1 11 21 1min , ,..., ,max , ,..., ,N NA a a a a a a� � ª � º� ¬ � ¼ 

  
�^ �` �^ �`1 2 1 2min , ,..., ,max , ,..., ,n n n Nn n n NnA a a a a a a� � ª � º� ¬ � ¼ 
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Thus, with the given inputs 1 1 2 2, ,..., ,n nx X x X x X�• �• �•  the output becomes 

  0 1 1 ... ,n nY A A X A X� �� �˜ �� �� �˜
              (3.4.6) 

which yields the fuzzy subset (interval) for y with the membership functions given by the 
general rule as 

  
�^ �`

1
0

0 0
, 1...
( ) ( ) ... ( ) , 1,..., .

n
i i in n

Y i i X X ny a a x
y x x i N�P �P �P

� �� ��
� �› �š �š �          

 
(3.4.7) 

Finally, the output y is computed by the weighted average formula 

  

,
,1

1
, ,

1 1

( )
( )

, where .
( ) ( )

N

Y i i i N
Y i ii

i i iN N
i

Y i i Y i i
i i

y y
y

y y
y y

�P �P
� E � E

� P � P

� 

� 

�  �  

�˜
� � �˜ � 

�¦
�¦

� ¦ � ¦
          (3.4.8) 

This is a convex combination of the outputs , 1,2,..., .iy i N�  

The three formulas (3.4.6) to (3.4.8) are sometimes called the input-output algorithm for 

static fuzzy system modeling under the fuzzy IFTHEN rules , 1,2,..., ,iR i N�  where the 
former has constant coefficients, while the latter has interval coefficients. 

Example 3.4.1: Consider an unknown system with two inputs, 1 2,x x  and one output, y, as 

shown in Figure 3.5.1(a). Let inputs 1x be within the range 1 [0,20]X � = [0,20] and 2x  in 

2 [0,10].X � Suppose that 1X  has two associate membership functions, 
1
( )s�P �˜  and 

1
( )L�P �˜  

�G�H�V�F�U�L�E�L�Q�J���³�V�P�D�O�O�´���D�Q�G���³�O�D�U�J�H���´���U�H�V�S�H�F�W�L�Y�H�O�\�����D�Q�G 

Similarly 2X  has 
2
( )s�P �˜  and 

2
( )L�P �˜  as shown in Fig. 3.15 (b)-(c). 

 
 

Figure 3.15: The unknown system and its two inputs 
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Now, suppose that from experiments, the following input-output relations (fuzzy IF-THEN 
implication rules): 

  
1 :R  IF ( 1x  is small) AND ( 2x  is small) THEN 1 2y x x�  � � 

  
2 :R  IF 1x  is large THEN 1

1
2

y x�  

  
3 :R  IF 2x  is large THEN 2

1
3

y x�  

Otherwise, 0.y �  

Here, we assume that 1 2andx x  will not both be large in this example, just for simplicity of 

discussion with consistence. 

Let 0 0
1 213 and 4x x�  �  be given, for instance. It can be found from Figures 3.5.1 (b)-(c) that 

  
1 1 2 2

0 0 0 0
1 1 2 2( ) 2 15, ( ) 3 10, ( ) 1 5, ( ) 1 7.s L s Lx x x x�P �P �P �P� � � �  

Then, applying the input-output algorithm, we compute the following: 

(1) The corresponding outputs: 

   
0 0 0
1 1 2 13 4 17,y x x� �� � �� �  

   
0 0
2 1

1 13
,

2 2
y x�  �   and 0 0

3 2

1 4
.

3 3
y x�  �    

(2) The fuzzy set :Y  

   11 12 21 22 31 321, 1, 1 2, 0, 0, 1 3a a a a a a� � � � � �  

   1

1 1
min 1, ,0 ,max 1, ,0 [0, 1],

2 2
A

� ª � º�­ �½ �­ �½�  �  �® �¾ �® �¾� « � »�¯ �¿ �¯ �¿� ¬ � ¼ 

   2

1 1
min 1,0, ,max 1,0, [0, 1],

3 3
A

� ª � º�­ �½ �­ �½�  �  �® �¾ �® �¾� « � »�¯ �¿ �¯ �¿� ¬ � ¼ 

   1 1 1 1 [0,1] [0,20] [0,1] [0,10] [0,30].Y A X A X� �˜ �� �˜ � �˜ �� �˜ �  

(3) The fuzzy membership values of the outputs: 

   
�^ �`

0 0 0 1 2
1 1 2

0 0 0
,1 1 1 2( ) ( ) ( )Y S S

y x x
y x x�P �P �P

�  � �
� �› �š

 

   �^ �`�^ �`1 2

0 0
1 2

2 1 2
max min ( ) ( ) max min , .

15 5 15S Sx x� P � P
� ­ � ½� ­ � ½�š � � �® �® �¾�¾

� ¯ � ¿� ¯ � ¿
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�^ �`�^ �`10 0

1 1

0 0
,2 2 11

2

3 3
( ) min ( ) max .

10 10Y L
y x

y x� P � P
� 

� ­ � ½� �› � � � ® � ¾
� ¯ � ¿ 

   
�^ �`�^ �`20 0

1 2

0 0
,3 3 21

3

1 1
( ) min ( ) max .

7 7Y L
y x

y x� P � P
� 

� ­ � ½� �› � � � ® � ¾
� ¯ � ¿  

(4) The average value of the final output, corresponding to the input 
0 0
1 213 and 4 :x x�  �   

   

0 0
,

0 1

0
,

1

2 3 13 1 4( ) 17
15 10 2 7 3 7.649.

2 3 1
( )

15 10 7

N

Y i i i
i

N

Y i i
i

y y
y

y

�P

�P

� 

� 

�˜ �˜ �� �˜ �� �˜
� � � 

� � � �

�¦

�¦
 

(5) �7�K�H���W�K�U�H�H���P�H�P�E�H�U�V�K�L�S���I�X�Q�F�W�L�R�Q�V�����R�Q�H���³�V�P�D�O�O�´���D�Q�G���W�Z�R���³�O�D�U�J�H���´���I�R�U���W�K�H���I�L�Q�D�O���R�X�W�S�X�W�� 

   
1, 0 20,

( ) 20
0, 20 30,

S

y
y

y
y

�P
�­�� �� �d �d�°

� �®
�° � d � d�¯

  
1

0, 0 5,

( ) 1, 5 10,
5
1, 10 30,

L

y

y
y y

y

�P

� d � d�­
�°�°

� �� �d �d�®
�°

� d � d�°�¯

 

   
2

0, 0 1,

3 3 10
( ) , 1 ,

7 7 3
10

1, 30,
3

L

y

y
y y

y

�P

�­
�° � d � d
�°
�°

� �� �d �d�®
�°
�°

� d � d�°�¯

 

However, ( )S y�P  can also be computed from 
1
( )S y�P  and 

2
( )S y�P  by the �D-cut operations 

and similarly, 
1
( )L y�P from 

1

0
1( )L x�P and 

2
( )L y�P  from 

2

0
2( ),L x�P  respectively. Here, to find 

1
( )L y�P  from 

1

0
1( )L x�P , for instance, we use �D-cut on the membership function curve 

1
( ) : ( 10) 10,L y x� P � D�  � �  and obtain 11 10 10,x �D�  � � while 12 20x �  is obtained from Fig. 

3.16. Thus, we have �> �@�> �@11 12, 10 10, 20 .x x �D�  � � It follows from the implication rule 

2
2 1

1
2

R y x� § � ·� � ¨ � ¸
� © � ¹

 that the output interval is �> �@�> �@21 22, 5 5, 10 .y y �D�  � � Then, by setting 

21 5 5,y �D�  � � we have 21 5 1y�D�  � � on [5, 10] (since 
1
( 5) 0L y�P �  �  and

1
( 10) 1L y�P �  �  ). 

These membership functions are finally extended to the interval Y = [0, 30]. The resulting 
three output membership functions are shown in Fig. 3.16. 
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Figure 3.16: The three output membership functions 

3.5  MODELLING OF DYNAMICS FUZZY SYSTEMS 

A static fuzzy model given by a set of fuzzy IF-THEN rules in the form 

   :iR IF ( 1x  is 1iX ) AND ... AND ( nx  is inX )  

   THEN 0 1 1 ... , 1,2,..., ,i i i in ny a a x a x i N� �� �� �� � 
                                      (3.5.1) 

and the final output is 

  

,
1

,
1

( )
, 1,2,..., .

( )

N

Y i i i
i

N

Y i i
i

y y
y i N

y

�P

�P

� 

� 

�˜
�  �  

�¦

�¦
                                                             (3.5.2) 

This fuzzy modeling by its nature is static. If the input-output relations are such that 

  1 ( ),x x k�  

  2 ( 1),x x k�  � � 

  
( ( 1)),nx x k n� �� ��  

and  

  ( ), 1,2,..., ,i iy y k i N�  �   
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so that 

  0 1 2( ) ( ) ( 1) ... ( ( 1)), 1,..., ,i i i i iny k a a x k a x k a x k n i N� �� �� �� �� �� �� �� �   (3.5.3) 

then this new system is considered to be dynamic, since it is described by a set of difference 
equations rather than a simple input-output mapping. This case is special in that all the inputs 

1 2, ,..., nx x x are related (each state is the delay of its previous one) and the output is given at 

the last step of the process. (3.5.3) is a typical discrete-time dynamic system in the classical 
systems theory if all quantities involved are crisp. 

Dynamic Fuzzy Systems without Control 

It is interesting to study the stability of a discrete-time dynamic (fuzzy) system described by 
(3.6.3) because that when we are doing system modelling, we would like that the resulting 
model works well in the sense that it approximates the unknown system closely (preferably, 
optimal in some sense). It performs its actions stably, particularly for dynamic processes. In 
other words, stability is one criterion or one of the few most important issues in dynamic 
system modelling as is in common practice of system engineering. 

Definition 3.5.1: A typical single-input/single-output (SISO), discrete-time dynamic fuzzy 
system is a fuzzy model described by a set of fuzzy IF-THEN rules of the form as follows: 

  :iR IF ( ( )x k  is 1iX ) AND ... AND ( ( ( 1))x k n� � � � is inX )  

  THEN 0 1( ) ( ) ... ( ( 1)), 1,2,..., ,i i i iny k a a x k a x k n i N� �� �� �� �� �� � 
 

With ( 1) ( 1), 0,1,2,...,kx k c y k k�� � �� �  where 

  

1

1

( 1)
( 1) , 0,1,2,...

N

i i
i

N

i
i

w y k
y k k

w

� 

� 

� ˜ � �
�� � � 

�¦

�¦
 

Here, the fuzzy sets consist of intervals �^ �`: 1,...,jX j n� with the associate fuzzy 

membership functions �^ �`: 1,...,
jX j n�P �  and �^ �`: 1,...,iw i N�  is a set of weights satisfying 

1
0, 1,..., , 0.

N

i ii
w i N w

� 
�t � �!�¦  

In all the rules , 1,2,..., ,iR i N�  in this definition ijX share the same fuzzy subset jX  and 

the same membership function 
jX�P  for each 1,2,..., .j n�  
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It may be noted that, similar to formula (3.6.1), the weights �^ �`: 1,...,iw i N� usually are 

chosen to be equal to ( ).
jY iy�P  Moreover, for simplicity of notation and discussion in the 

following, we will always let 1kc �  for all 0,1,2,...k �  and 0 0, 1,2,..., ,ia i N� �� � for all 

1,...,N, although this is not necessary in general. 

Next, we define some standard concepts and stability results in classical systems theory. 

Definition 3.5.2: A multi-input/multi-output (MIMO), nonlinear, discrete-time, dynamic 
system of the form 

  ( 1) ( ( )), ( ) , 0,1,2,...,mx k f x k x k R k�� � �• �  

is said to be asymptotically stable about an equilibrium point ,ex  or ex  is an asymptotically 

stable equilibrium point of the system, if  

  ( )e ex f x�  

and, starting from any (0) ,mx R�• all ( )x k are bounded and 

  ( ) ( )ex k x k�o �o �f  

In this definition, the convergence ( ) ( )ex k x k�o �o �f  is usually measured by the 2l -norm 

���W�K�H���³�O�H�Q�J�W�K�´���R�I���D���Y�H�F�W�R�U�������Q�D�P�H�O�\�� 

2
lim ( ) 0,ek

x k x
�o�f

� � �   where �> �@ 2 2
1 1

2
... ...

T

m mx x x x� �� ��  is the length vector. 

The following stability criterion is well known in classical systems theory. 

Theorem 3.5.1: Suppose that the multi-input/multi-output (MIMO), nonlinear, discrete-time, 
dynamic system of the form 

  ( 1) ( ( )), ( ) , 0,1,2,...,mx k f x k x k R k�� � �• �  

has an equilibrium point ,ex  or ex  is and that there exist a scalar valued function ( ( ))V x k
satisfying 

(i) (0) 0;V �  
(ii)  ( ( )) 0 ( ) 0;V x k for all x k� ! � z 

(iii)  
2

( ( )) ( ) ; andV x k as x k�o �f �o �f  

(iv) ( ( 1)) ( ( )) 0 ( ) 0, 0,1,2,...V x k V x k for all x k and all k�� �� �� �z �  

Then this system is asymptotically stable about the equilibrium point 0. 

In theorem 3.5.1, the function V(x(k)), if it exists, is called a Lyapunov function. 
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Note that this theorem particularly applies to all linear time-invariant state-space systems of 
the form 

  ( 1) ( ), ( ) , 0,1,2,...mx k Ax k x k R k�� � �• �              (3.5.4) 

For this linear time-invariant system, however, there is a very simple criterion for the 
determination of its asymptotic stability. 

Theorem 3.5.2: Let , 1,2,..., ,j j m�O � be Eigen values, counting multiple ones, of the 

constant matrix A in the linear time-invariant system (3.5.4). Then the system is 
asymptotically stable about the equilibrium point 0 if and only if  

  1, for all 1,2,..., .j j m�O � � �   

Now, return to the single-input/single-output, linear, discrete-time dynamic fuzzy system 
described in Definition 3.5.1. To apply the classical stability theorem 3.5.1 or 3.5.2 to it, we 
first reformulate it in the state-space setting as discussed below: 

Let 01, 0,1,2,..., and 0, 1,..., ,k ic k a i N� � � �  in the system (for simplicity, as mentioned 

above). Define 

  �> �@( ) ( ) ( 1) ( 2)... ( ( 1)) ,
T

k x k x k x k x k n� �� �� �� ��x  

  

1 2 1...

1 0 ... 0 0

.0 1 ... 0 0

0

0 0 ... 1 0

i i in in

i

a a a a

A

��� ª � º
� « � »
� « � »
� « � »� 
� « � »
� « � »
� « � »� ¬ � ¼

 

Although this (canonical) formulation has some redundancy (only the first equation is 
essential), yet it is convenient to use for stability analysis. The system can be rewritten as 

  

1

1

( )
( 1) , 0,1,2,...

N

i i
i

N

i
i

w A k
x k k

w

� 

� 

�� � � 
�¦

�¦

x
                                                             

 

(3.5.5) 
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Corollary 3.5.1: In the dynamic fuzzy system (3.5.5), let 

  

1

1

( 1) ,
n

i
in

i
i

i

w
x k A

w� 

� 

� � �  �¦
�¦

 

and assume that �^ �`iw are constants independent of k. Then, the system is asymptotically 

stable if and only if all Eigen values of A, , for all 1,2,...,i i n�O �  satisfy 

  1, for all 1,2,..., .i j n�O� � �   

Next, we state a theorem whether proof related to fuzzy system (3.5.5). 

Theorem 3.5.3: The discrete-time dynamic fuzzy system (3.5.5) is asymptotically stable 
about the equilibrium point 0 if there exists a common positive definite matrix P such that 

  0, 1,2,..., .T
i iA PA P for all i N�� �� �  

Dynamic Fuzzy Systems with Control 

Let us consider, again, the typical single-input/single-output (SISO) linear discrete-time 
dynamic fuzzy system discussed and defined in the last subsection and taking consideration. 

Definition 3.5.3: An SISO, discrete-time, dynamic fuzzy control system is a fuzzy control 
model described by a set of fuzzy IF-THEN rules of the form 

:iR (IF ( ( )x k  is 1iX ) AND ... AND ( ( ( 1))x k n� � � � is inX )) AND (IF ( ( )u k  is 1iU ) AND 

... AND (( ( 1))k m� � � � is imU )) 

  THEN 
0 1

0 1

( ) ( ) ... ( ( 1))

( ) ... ( ( 1)), 1,2,..., ,
i i i in

i i im

y k a a x k a x k n

b b u k b x k m i N

� �� �� �� �� ��

�� �� �� �� �� �� � 
 

with m n�d  and 

  ( 1) ( 1), 0,1,2,...,kx k c y k k�� � �� �  where 

  

1

1

( 1)
( 1) , 0,1,2,...

N

i i
i

N

i
i

w y k
y k k

w

� 

� 

��
�� � � 

�¦

�¦
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In this system the fuzzy sets consist of intervals �^ �`: 1,...,jX j n�  and �^ �`: 1,..., ,jU j m�  

and their associate fuzzy membership functions �^ �`: 1,...,
jX j n�P � and �^ �`: 1,..., ,

jX j m�P �  

respectively, and �^ �`: 1,...,iw i N�  is a set of weights satisfying 

1
0, 1,..., , 0.

N

i ii
w i N w

� 
�t � �!�¦  

Here, we note again that for each rule : 1,2,... ,iR i N�  all the ijX share the same fuzzy 

subset jX and the same membership function 
jX�P for each 1,2,..., .j n�  Also, the weights 

are usually quantified by the output membership functions in the same way as in (3.5.1). For 
simplicity of notation and discussion, we assume 1kc �  for all 0,1,2,...,k � and 

0 0 0i ia b�  �  for all 1,2,... ,i N� in this model. 

It is clear that Definitions 3.5.1 and 3.5.3 have no essential difference if the control inputs 
{ u(k)} in Definition 3.5.3 are independent of the states {x(k)}. In engineering control 
systems, however, most of the time we would like to have negative state-feedback controllers 
of the form: 

  

11 12 1

22 2

( ) ( ) ( 1) ... ( ( 1)),

( 1) ( 1) ... ( ( 1)),

( ) ( ) ... ( ( 1)),

n

n

mm mn

u k K x k K x k K x k n

u k K x k K x k n

u k m K x k m K x k n

� �� �� �� �� �� �� ��

�� � �� �� �� �� �� ��

�� � �� �� �� �� �� ��

 

where ijK  are constant control gains to be determined. 

To facilitate our discussion, let us consider a simple example. Suppose that a fuzzy control 
system is given by 

  

1
SR :  IF x(k) is X1 AND u(k) is U1 

 THEN x1(k + 1) = a1x(k) + b1u(k). 

  2
SR : IF x(k) is X2 AND u(k) is U2 

 THEN x2(k + 1) = a2x(k) + b2u(k) 

Assume also that a state-feedback fuzzy controller is designed to be one described by 

 1
CR : IF x(k) is X1 AND x(k �± 1) is X1 

 THEN u1(k) = -K11x(k) �± K12x(k �± 1) 

  2
CR : IF x(k) is X2 AND x(k �± 1) is X2 

 THEN u2(k) = -K21x(k) �± K22x(k �± 1) 
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�7�K�H�Q���� �Z�H�� �F�D�Q���F�R�P�E�L�Q�H�� �D�O�O���S�R�V�V�L�E�L�O�L�W�L�H�V���� �Z�K�H�U�H�� �L�W���L�V�� �L�P�S�R�U�W�D�Q�W���W�R���Q�R�W�H���W�K�D�W���I�R�U���³��( )x k  is 1X  

and ( )u k  is 1U �´���W�K�H�U�H���D�U�H���W�Z�R���S�R�V�V�L�E�L�O�L�W�L�H�V���I�R�U���W�K�H���S�U�H�Y�L�R�X�V���F�R�Q�W�U�R�O���L�Q�S�X�W��( 1)u k ��  �H�L�W�K�H�U���³�L�V��

1U �´���R�U���³�L�V��2.U �´���7�K�H���V�D�P�H���L�V���W�U�X�H���I�R�U���³( )x k  is 2X and ( )u k  is 1.U �´���7�K�X�V�����Z�H���K�D�Y�H 

  R11 : (IF x(k) is X1) AND (IF u(k) is U1 AND u(k �± 1) is U1) 

 THEN x11(k + 1) :  = a1x(k) + b1u1(k) 

      = (a1 �± b1K11) x(k) �± b1K12x(k �± 1) 

  R12 :  (IF x(k) is X1) AND (IF u(k) is U1 AND u(k �± 1) is U2) 

  THEN  x12 (k + 1) :  = a1x(k) + b1u2(k) 

   = (a1 �± b1K21) x(k) �± b1K22x(k �± 1) 

 R21 : (IF x(k) is X2) AND (IF u(k) is U2 AND u(k �± 1) is U2) 

  THEN x21 (k + 1) :  = a2x(k) + b2u1(k) 

      = (a2 �± b2K11) x(k) �± b2K12x(k �± 1) 

 R22 : (IF x(k) is X2) AND (IF u(k) is U2 AND u(k �± 1) is U2) 

  THEN x22(k + 1) : = a2x(k) + b2u2(k) 

      = (a2 �± b2K21) x(k) �± b2K22x(k �± 1) 

On using all state feedback inputs, the fuzzy system, described by Definition 3.6.3 reduces to 
a new closed-loop dynamic fuzzy system, given by the rules 11 12 21, , ,R R R  and 22,R  

containing no more control variables ( ).u k  Thus, the stability conditions obtained in 
Theorem 3.5.3 can be applied, namely, the designer can choose the feedback control gains 

11 12 21, ,K K K and 22K  to ensure the asymptotic stability of the overall controlled system. 

Example 3.5.3: Consider a fuzzy control system described by the following rule base: 

 1
SR : IF x(k) is X1 AND x(k -1) is X1 

 THEN x1(k + 1) = 2.178x(k) �± 0.588x(k �± 1) + 0.603u(k) 

  2
SR : IF x(k) is X2 AND x(k �± 1) is X2 

 THEN x2(k + 1) = 2.256x(k) �± 0.361x(k -1) + 1.120u(k) 

Let the fuzzy state-feedback controller be described by 

  1
CR :  IF x(k) is X1 AND x(k �± 1) is X1 

 THEN u1(k) = r(k) �± K11x(k) �± K12x(k �± 1) 

  2
CR : IF x(k) is X2 AND x(k �± 1) is X2 

 THEN u2(k) = r(k) �± K21x(k) �± K22x(k �± 1)  
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where, �^ �`( )r x  is a reference signal (set-points).  

Since the control input ( )u k does not appear in the condition parts, we consider its 
membership values to be identically equal to 1 therein. The resulting closed-loop dynamic 
fuzzy system is then obtained as follows: 

  R11 :  IF x(k) is X1 AND x(k �± 1) is X1 

 THEN x11 (k + 1) = (2.178 �± 0.603K11) x(k)  

      + (-0.588 �± 0.603 K12) x(k �± 1) + 0.603 r(k) 

  R12 : IF x(k) is X1 AND x(k �± 1) is X2 

 THEN x12 (k + 1) = (2.178 �± 0.603 K21) x(k) 

      + (-0.588 �± 603 K22) x(k �± 1) + 0.603 r(k) 

 R21 :  IF x(k) is X2 AND x(k �± 1) is X1 

 THEN x21 (k + 1) = (2.256 �± 1.120 K11) x(k) 

      + (-0.361 �± 1.120 K12) x(k �± 1) + 1.120 r(k) 

 R22 :  IF x(k) is X2 AND x(k �± 1) is X2 

 THEN x22 (k + 1) = (2.256 �± 1.120 K21) x(k) 

      + (-0.361 �± 1.120 K22) x(k �± 1) + 1.120 r(k) 

The overall state output ( 1)x k ��  is computed by 

  1 11 2 12 3 21 4 22

1 2 3 4

( 1) ( 1) ( 1) ( 1)
( 1)

w x k w x k w x k w x k
x k

w w w w
�� �� �� �� �� �� ��

� � �  
�� �� ��

 

for some weights satisfying 
1

0, 1,..., , 0.
N

i ii
w i N w

� 
�t � �!�¦  

Then, the weights can be determined by using these membership functions on the same line. 
For simplicity we assume that the reference signal r(k) = 0 for all k = 0,1,2,..., and that the 
controller in both 1

CR and 2
CR  are as given below: 

  1 2( ) ( ) ( ), 0,1,2,...u k u k K x k k� � �� �  

Then, the closed-loop fuzzy system reduces to the following simple one: 

  R1 : IF x(k) is X1 AND x(k �± 1) is X1 

  THEN x1(k + 1) = (2.178 �± 0.603K) x(k) �± 0.588 x(k �± 1) 

 R2 : IF x(k) is X2 AND x(k �± 1) is X2 

  THEN x2(k + 1) = (2.256 �± 1.120K) x(k) �± 0.361 x(k �± 1) 

Finally, by applying the above stability theorems, we can verify that this system is stable. 
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EXERCISE- 3 

1. Determine crisp �D�� cut relation for 0.2;�D�  for 1,2,...,10j �  for the following 

fuzzy relation matrix :R  

  

0.3 0.8 0.7 0.9

1 0.7 0.6 0.2
.

0.1 0.7 1 0.9

0.5 0.6 0.2 0.5

R

� ª � º
� « � »
� « � »� 
� « � »
� « � »
� ¬ � ¼

 

2. By using centroid method of defuzzification convert fuzzy value z  to precise value 
*Z for the following graph. 

 

3. Find the defuzzified value by weighted average method shown in figure. 

 

4. Find the defuzzified values using (a) center of sums methods and (b) center of largest 
area for the figure shown. 
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5. In reference to car speeds we hav�H���W�K�H���O�L�Q�J�X�L�V�W�L�F���Y�D�U�L�D�E�O�H�V���µ�µ�I�D�V�W�¶�¶���D�Q�G���µ�µ�V�O�R�Z�¶�¶���I�R�U��
speed: 

  Fast
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0 10 20 30 40 50 60 70 80 90 100

� ­ � ½� �� �� �� �� �� �� �� �� �� ��� ® � ¾
� ¯ � ¿

 

  Slow
1 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0
0 10 20 30 40 50 60 70 80 90 100

� ­ � ½� �� �� �� �� �� �� �� �� �� ��� ® � ¾
� ¯ � ¿

 

Using these variables, compute the membership function for the following linguistic  
terms: 

  (a) Very fast     (b) Very, very fast 

  (c) Highly fast (= minus very, very fast) 

  (d) Plus very fast 

  (e) Fairly fast �> �@�� ��2 3
fast�  

  (f) Not very slow and not very fast 

  (g) Slow or not very slow 

6. Consider an unknown SISO system shown in Figure 

 

  Suppose that this system is described by the following two rules: 

  1 2
1 1: is small ,R IF x THEN y a x b x�  � � 

  2 2
2 2: is large ,R IF x THEN y a x b x�  � � 

  where the small and large membership functions are given by Figures, respectively. 

 

  Now, a set of experimental data on the system input-output relation is available: 

  

0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0

0.4 0.8 1.5 2.1 2.8 3.4 4.0 4.7 5.5 6.4 7.3

x

y
 

Use the least-squares approach to determine the unknown constant coefficients  

1 2 1, ,a a b  and 2.b  
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7. Consider a fuzzy system of the form ,z x y� �� ��  

 

where the fuzzy inputs x and y have membership functions as shown in Figures, 
respectively. Find the interval Z and membership function z�P for the fuzzy output z. 

8. Consider the discrete-time SISO linear dynamic fuzzy system described by the rules 

  1 1
: ( 1) is small ( 1) ( ) ( 1),

4
R IF x k THEN x k x k x k�� �� � �� �� ��  

  2 1
: ( 1) is large ( 1) ( ) ( 1),

4
R IF x k THEN x k x k x k�� �� � �� ��  

where the small and large membership functions for inputs are the same as those 
given in Exercise Q.6 above, and the weights for the output average are all equal to 1. 
Suppose that the system initial conditions are ( 1) (0) 1.0.x x�� � �  Let the weights in 
the output average be all identically equal to 1. Is this system asymptotically stable? 
Why? (or why not?) 
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Chapter-4 

Fuzzy Control  

4.1  INTRODUCTION  

The ''fuzzy wave" reached Europe after success stories in Japanese white goods and home 
electronics, popular but also industrial interest in fuzzy control. It was not being recognized as a 
serious discipline, but had been dramatically increasing since 1990. There are still, however, two 
predominant, extreme positions with respect to the benefits of fuzzy control. On one hand, 
many proponents of this technology claim that fuzzy control will revolutionize control 
engineering which promises major breakthrough and will be able to solve complex engineering 
problems with very little effort. On the other hand, many representatives of the control 
engineering community still proclaim the philosophy that "everything that can be done in fuzzy 
control can be done conventionally as well and announce a breakdown of the "fuzzy hype" in 
the near future. 

 The insight that neither of the two positions accounts for the real potential of fuzzy control is 
only gradually increasing. In this preface, we will try and explain that many of the expectations 
triggered mainly by popular press articles are exaggerated, but the fuzzy control has its 
advantages in many respects, and that it is here to stay: in most cases as an add-on to 
conventional technology, in some cases as an enabling technology. The main reason why it will 
become an integral part, of control engineering is that fuzzy control is a useful technology from 
an industrial, business oriented point of view, which is the one we are taking here. 

 When confronted with a control problem for a complicated physical process, a control 
engineer generally follows a relatively systematic design procedure. A simple example of a 
�F�R�Q�W�U�R�O�� �S�U�R�E�O�H�P�� �L�V�� �D�Q�� �D�X�W�R�P�R�E�L�O�H�� �³�F�U�X�L�V�H�� �F�R�Q�W�U�R�O�´�� �W�K�D�W�� �S�U�R�Y�L�G�H�V�� �W�K�H�� �D�X�W�R�P�R�E�L�O�H�� �Z�L�W�K�� �W�K�H��
capability of regulating its own speed at a driver-specified set-point (e.g., 55 mph). One 
solution to the automotive cruise control problem involves adding an electronic controller 
that can sense the speed of the vehicle via the speedometer and actuate the throttle position so 
as to regulate the vehicle speed as close as possible to the driver-specified value (the design 
objective). Such speed regulation must be accurate even if there are road grade changes, head 
winds, or variations in the number of passengers or amount of cargo in the automobile. After 
gaining an intuitive understanding of the plants dynamics and establishing the design 
objectives, the control engineer typically solves the cruise control problem by doing the 
following:  
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1.  Developing a model of the automobile dynamics (which may model vehicle and power 
train dynamics, tire and suspension dynamics, the effect of road grade variations, etc.). 

2.  Using the mathematical model, or a simplified version of it, to design a controller (e.g., 
via a linear model, develop a linear controller with techniques from classical control). 

3. Using the mathematical model of the closed-loop system and mathematical or 
simulation-based analysis to study its performance (possibly leading to redesign). 

4.  Implementing the controller via, for example, a microprocessor, and evaluating the 
performance of the closed-loop system (again, possibly leading to redesign). 

This procedure is concluded when the engineer has demonstrated that the control objectives 
�K�D�Y�H�� �E�H�H�Q�� �P�H�W���� �D�Q�G�� �W�K�H�� �F�R�Q�W�U�R�O�O�H�U�� ���W�K�H�� �³�S�U�R�G�X�F�W�´���� �L�V�� �D�S�S�U�R�Y�H�G�� �I�R�U�� �P�D�Q�X�I�D�F�W�X�U�L�Q�J�� �D�Q�G��
distribution.  

In the present chapter we first provide an overview of the standard approach to constructing a 
control system and identify a wide variety of relevant conventional control ideas and 
techniques in Section 4.2. We assume that the reader has at least some familiarity with 
conventional control. Our focus in this chapter is not only on introducing a variety of 
approaches to fuzzy control but also on comparing these to conventional control approaches 
to determine when fuzzy control offers advantages over conventional methods. Hence, to 
understand this chapter reader need to understand several ideas from conventional control e.g. 
classical control, state-space based design, the linear quadratic regulator, stability analysis, 
feedback linearization, adaptive control, etc. In section 3, we explain the benefits of fuzzy 
control from two technology perspectives.  

The reader not familiar with conventional control to this extent will still find the chapter quite 
useful. In fact, we expect to what the appetite of such readers so that they become interested 
�L�Q�� �O�H�D�U�Q�L�Q�J�� �P�R�U�H�� �D�E�R�X�W�� �F�R�Q�Y�H�Q�W�L�R�Q�D�O�� �F�R�Q�W�U�R�O���� �,�Q�� �6�H�F�W�L�R�Q�� �������� �Z�H�� �R�X�W�O�L�Q�H�� �D�� �³�S�K�L�O�R�V�R�S�K�\�´�� �R�I��
fuzzy control where we explain the design methodology for fuzzy controllers, relate this to 
the conventional control design methodology, and highlight the importance of analysis and 
verification of the behavior of closed-loop fuzzy control systems. At the end of this chapter 
we will provide a list of books that can serve to teach such readers about these areas. 

Further, we show how the fuzzy control designed methodology can be used to construct fuzzy 
controllers for challenging real-�Z�R�U�O�G�� �D�S�S�O�L�F�D�W�L�R�Q�V���� �$�V�� �R�S�S�R�V�H�G�� �W�R�� �³�F�R�Q�Y�H�Q�W�L�R�Q�D�O�´�� �F�R�Q�W�U�R�O��
approaches (e.g., proportional-integral-derivative (PID), lead-lag, and state feedback control) 
where the focus is on modeling and the use of this model to construct a controller that is 
described by differential equations, in fuzzy control we focus on gaining an intuitive 
understanding of how to best control the process, then we load this information directly into 
the fuzzy controller. 

�)�R�U���D�Q���H�[�D�P�S�O�H�����L�Q���W�K�H���F�U�X�L�V�H���F�R�Q�W�U�R�O���Z�H���P�D�\���J�D�W�K�H�U���U�X�O�H�V���D�E�R�X�W���K�R�Z���W�R���U�H�J�X�O�D�W�H���W�K�H���Y�H�K�L�F�O�H�¶�V��
�V�S�H�H�G���I�U�R�P���D���K�X�P�D�Q���G�U�L�Y�H�U�����2�Q�H���V�L�P�S�O�H���U�X�O�H���W�K�D�W���D���K�X�P�D�Q���G�U�L�Y�H�U���P�D�\���S�U�R�Y�L�G�H���L�V���³�,�I���V�S�H�H�G���L�V��
lower than the set-point, then press �G�R�Z�Q���I�X�U�W�K�H�U���R�Q���W�K�H���D�F�F�H�O�H�U�D�W�R�U���S�H�G�D�O���´���2�W�K�H�U���U�X�O�H�V���P�D�\��
depend on the rate of the speed error increase or decrease, or may provide ways to adapt the 
rules when there are significant plant parameter variations (e.g., if there is a significant 
increase in the mass of the vehicle, tune the rules to press harder on the accelerator pedal). 
For more challenging applications, control engineers typically have to gain a very good 
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understanding of the plant to specify complex rules that dictate how the controller should 
react to the plant outputs and reference inputs. 

Basically, while differential equations are the language of conventional control, heuristics and 
�³�U�X�O�H�V�´���D�E�R�X�W���K�R�Z���W�R���F�R�Q�W�U�R�O���W�K�H���S�O�D�Q�W���D�U�H���W�K�H���O�D�Q�J�X�D�J�H���R�I���I�X�]�]�\���F�R�Q�W�U�R�O�����7�K�L�V���L�V���Q�R�W���W�R���V�D�\���W�K�D�W��
differential equations are not needed in the fuzzy control methodology. Indeed, one of the 
�P�D�L�Q���I�R�F�X�V�H�V�� �R�I���W�K�L�V�� �&�K�D�S�W�H�U���Z�L�O�O���E�H�� �R�Q���K�R�Z�� �³�F�R�Q�Y�H�Q�W�L�R�Q�D�O�´�� �W�K�H�� �I�X�]�]�\�� �F�R�Q�W�U�R�O���P�H�W�K�R�G�R�O�R�J�\��
really is and how many ideas from conventional control can be quite useful in the analysis of 
the new class of control systems. 

4.2 CONVENTIONAL CONTROL SYSTEM DESIGN  

�$�� �E�D�V�L�F�� �F�R�Q�W�U�R�O�� �V�\�V�W�H�P�� �L�V�� �V�K�R�Z�Q�� �L�Q�� �)�L�J�X�U�H�� ���������� �7�K�H�� �S�U�R�F�H�V�V�� ���R�U�� �³�S�O�D�Q�W�´���� �L�V�� �W�K�H�� �R�E�M�H�F�W�� �W�R�� �E�H��
controlled. Its inputs are u(t), its outputs are y(t), and the reference input is r(t). In the cruise 
control problem, u(t) is the throttle input, y(t) is the speed of the vehicle, and r(t) is the 
desired speed that is specified by the driver. The plant is the vehicle itself. The controller is 
the computer in the vehicle that actuates the throttle based on the speed of the vehicle and the 
desired speed that was specified. In this section we provide an overview of the steps taken to 
design the controller shown in Figure 4.1. Basically, these are modeling, controller design, 
and performance evaluation. 

 

Figure 4.1 Control systems. 

4.2.1 Mathematical Modeling 

When a control engineer is given a control problem, often one of the first tasks that she or he 
undertakes is the development of a mathematical model of the process to be controlled, in 
order to gain a clear understanding of the problem. Basically, there are only a few ways to 
�D�F�W�X�D�O�O�\���J�H�Q�H�U�D�W�H���W�K�H���P�R�G�H�O�����:�H���F�D�Q���X�V�H���I�L�U�V�W���S�U�L�Q�F�L�S�O�H���R�I���1�H�Z�W�R�Q�¶�V���O�D�Z���L�Q���S�K�\�V�L�F�V�����H���J������F = 
ma�����W�R���Z�U�L�W�H���G�R�Z�Q���D���P�R�G�H�O�����$�Q�R�W�K�H�U���Z�D�\���L�V���W�R���S�H�U�I�R�U�P���³�V�\�V�W�H�P���L�G�H�Q�W�L�I�L�F�D�W�L�R�Q�´���Y�L�D���W�K�H���X�V�H���R�I��
real plant data to produce a model of the system. Sometimes a combined approach is used 
where we use physics to write down a general differential equation that we believe represents 
the plant behavior, and then we perform experiments on the plant to determine certain model 
parameters or functions.  

Ofte�Q���� �P�R�U�H�� �W�K�D�Q�� �R�Q�H�� �P�D�W�K�H�P�D�W�L�F�D�O�� �P�R�G�H�O�� �L�V�� �S�U�R�G�X�F�H�G���� �$�� �³�W�U�X�W�K�� �P�R�G�H�O�´�� �L�V�� �R�Q�H�� �W�K�D�W�� �L�V��
developed to be as accurate as possible so that it can be used in simulation based evaluations 
of control systems. It must be understood, however, that there is never a perfect mathematical 
model for the plant. The mathematical model is an abstraction and hence cannot perfectly 
represent all possible dynamics of any physical process (e.g., certain noise characteristics or 
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failure conditions). This is not to say that we cannot pr�R�G�X�F�H�� �P�R�G�H�O�V�� �W�K�D�W�� �D�U�H�� �³�D�F�F�X�U�D�W�H��
�H�Q�R�X�J�K�´���W�R���F�O�R�V�H�O�\���U�H�S�U�H�V�H�Q�W���W�K�H���E�H�K�D�Y�L�R�U���R�I���D���S�K�\�V�L�F�D�O���V�\�V�W�H�P���� 

Usually, control engineers keep in mind that for control design they only need to use a model 
that is accurate enough to be able to design a controller that will work. Then, they often also 
need a very accurate model to test the controller in simulation (e.g., the truth model) before it 
is tested in an experimental setting. Hence, lower-�R�U�G�H�U�� �³�G�H�V�L�J�Q�� �P�R�G�H�O�V�´�� �D�U�H�� �D�O�V�R�� �R�I�W�H�Q��
developed that may satisfy certain assumptions (e.g., linearity or the inclusion of only certain 
forms of nonlinearities) yet still capture the essential plant behavior. Indeed, it is quite an art 
(and science) to produce good low-order models that satisfy these constraints. We emphasize 
that the reason we often need simpler models is that the synthesis techniques for controllers 
often require that the model of the plant satisfy certain assumptions (e.g., linearity) or these 
methods generally cannot be used. 

Linear models such as the one in Equation (4.1) have been used extensively in the past and 
the control theory for linear systems is quite mature 

  x�Ú��� ��Ax + Bu         (4.1) 

  y = Cx + Du 

In this case u is the m-dimensional input; x is the n-dimensional state (x�Ú�� � �� �G�L�I�I�H�U�H�Q�W�L�D�W�L�R�Q��
with respect to t); y is the p dimensional output; and A, B, C, and D are matrices of 
appropriate dimension. Such models, or transfer functions (G(s) = C(sI �í A)�í1B + D where s 
is the Laplace variable), are appropriate for use with frequency domain design techniques, the 
root-locus method, state-space methods, and so on. Sometimes it is assumed that the 
parameters of the linear model are constant but unknown, or can be perturbed from their 
�Q�R�P�L�Q�D�O���Y�D�O�X�H�V�����W�K�H�Q���W�H�F�K�Q�L�T�X�H�V���I�R�U���³�U�R�E�X�V�W���F�R�Q�W�U�R�O�´���R�U���D�G�D�S�W�L�Y�H���F�R�Q�W�U�R�O���D�U�H���G�H�Y�H�O�R�S�H�G������ 

Much of the current focus in control is on the development of controllers using nonlinear 
models of the plant of the form 

  x�Ú��� ��f(x, u)         (4.2) 

  y = g(x, u) 

where the variables are defined as for the linear model and f and g are nonlinear functions of 
their arguments. One form of the nonlinear model that has received significant attention is 

  x�Ú��� ��f(x) + g(x)u        (4.3) 

since it is possible to exploit the structure of this model to construct nonlinear controllers 
(e.g., in feedback linearization or nonlinear adaptive control). Of particular interest with both 
of nonlinear models is the case where f and g are not completely known and subsequent 
research focuses on robust control of nonlinear systems. 

Discrete time versions of the above models are also used, and stochastic effects are often 
taken into account via the addition of a random input or other stochastic effects. Under certain 
assumptions we can linearize the nonlinear model in Equation (4.2) to obtain a linear one. In 
this case we sometimes think of the nonlinear model as the truth model, and the linear models 
are generated from it as control design models. 
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There are certain properties of the plant that the control engineer often seeks to identify early 
in the design process. For instance, the stability of the plant may be analyzed (e.g., to see if 
certain variables remain bounded). The effects of certain nonlinearities are also studied. The 
�H�Q�J�L�Q�H�H�U�� �P�D�\�� �Z�D�Q�W�� �W�R�� �G�H�W�H�U�P�L�Q�H�� �L�I�� �W�K�H�� �S�O�D�Q�W�� �L�V�� �³�F�R�Q�W�U�R�O�O�D�E�O�H�´�� �W�R�� �V�H�H���� �I�R�U�� �H�[�D�P�S�O�H���� �L�I�� �W�K�H��
�F�R�Q�W�U�R�O���L�Q�S�X�W�V���Z�L�O�O���E�H���D�E�O�H���W�R���S�U�R�S�H�U�O�\���D�I�I�H�F�W���W�K�H���S�O�D�Q�W�����D�Q�G���³�R�E�V�H�U�Y�D�E�O�H�´���W�R���V�H�H�����I�R�U���H�[�D�P�S�O�H����
if the chosen sensors will allow the controller to observe the critical plant behavior so that it 
�F�D�Q���E�H���F�R�P�S�H�Q�V�D�W�H�G���I�R�U�����R�U���L�I���L�W���L�V���³�Q�R�Q���P�L�Q�L�P�X�P���S�K�D�V�H���´�� 

The above mentioned properties will have a fundamental impact on our ability to design 
effective controllers for the system. In addition, the engineer will try to make a general 
assessment of how the plant behaves under various conditions, how the plant dynamics may 
�F�K�D�Q�J�H�� �R�Y�H�U�� �W�L�P�H���� �D�Q�G�� �Z�K�D�W�� �U�D�Q�G�R�P�� �H�I�I�H�F�W�V�� �D�U�H�� �S�U�H�V�H�Q�W���� �2�Y�H�U�D�O�O���� �W�K�L�V�� �D�Q�D�O�\�V�L�V�� �R�I�� �W�K�H�� �S�O�D�Q�W�¶�V��
behavior gives the control engineer a fundamental understanding of the plant dynamics. This 
will be very valuable when it comes time to synthesize a controller. 

4.2.3 Performance Objectives and Design Constraints 

Controller design entails constructing a controller to meet the specifications. Often the first 
issue to address is whether to use open- or closed-loop control. If we can achieve our 
objectives with open-loop control, why turn to feedback control? Often, we need to pay for a 
sensor for the feedback information and there needs to be justification for this cost. Moreover, 
feedback can destabilize the system. Since open-loop controller may provide adequate 
performance, so we do not develop a feedback controller just because we used to developing 
feedback controllers. 

Assuming we use feedback control, the closed-�O�R�R�S�� �V�S�H�F�L�I�L�F�D�W�L�R�Q�V�� ���R�U�� �³�S�H�U�I�R�U�P�D�Q�F�H��
�R�E�M�H�F�W�L�Y�H�V�´�����F�D�Q���L�Q�Y�R�O�Y�H���W�K�H���I�R�O�O�R�Z�L�Q�J���I�D�F�W�R�U�V�� 

Disturbance rejection properties (e.g., for the cruise control problem, that the control system 
will be able to dampen out the effects of winds or road grade variations). Basically, the need 
for disturbance rejection creates the need for feedback control over open-loop control; for 
many systems it is simply impossible to achieve the specifications without feedback (e.g., for 
the cruise control problem, if we have no measurement of vehicle velocity, how well could 
�Z�H���U�H�J�X�O�D�W�H���W�K�H���Y�H�O�R�F�L�W�\���W�R���W�K�H���G�U�L�Y�H�U�¶�V���V�H�W-point?). 

�‡�� Insensitivity to plant parameter variations (e.g., for the cruise control problem, that 
the control system will be able to compensate for changes in the total mass of the 
vehicle that may result from varying the numbers of passengers or the amount of 
cargo). 

�‡�� Stability (e.g., in the cruise control problem, to guarantee that on a level road the 
actual speed will converge to the desired set-point). 

�‡�� Rise-time (e.g., in the cruise control problem, a measure of how long it takes for the 
actual speed to get close to the desired speed when there is a step change in the set-
point speed). 

�‡�� Overshoot (e.g., in the cruise control problem, when there is a step change in the set-
point, how much the speed will increase above the set-point). 
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�‡�� Settling time (e.g., in the cruise control problem, how much time it takes for the 
speed to reach to within 1% of the set-point). 

�‡�� Steady-state error (e.g., in the cruise control problem, if we have a level road, can the 
error between the set-point and actual speed actually go to zero; or if there is a long 
positive road grade, can the cruise controller eventually achieve the set-point). 

�‡  While these factors are used to characterize the technical conditions that indicate 
whether or not a control system is performing properly, there are other issues that 
must be considered that are often of equal or greater importance. These include the 
following: 

�‡�� Cost: How much money will it take to implement the controller, or how much time 
will it take to develop the controller? 

�‡�� Computational complexity: How much processor power and memory will it take to 
implement the controller? 

�‡�� Manufacturability : Does our controller have any extraordinary requirements with 
regard to manufacturing the hardware that is to implement it? 

�‡�� Reliability : �:�L�O�O�� �W�K�H�� �F�R�Q�W�U�R�O�O�H�U�� �D�O�Z�D�\�V�� �S�H�U�I�R�U�P�� �S�U�R�S�H�U�O�\�"�� �:�K�D�W�� �L�V�� �L�W�V�� �³�P�H�D�Q�� �W�L�P�H��
�E�H�W�Z�H�H�Q���I�D�L�O�X�U�H�V�"�´ 

�‡�� Maintainability : Will it be easy to perform maintenance and routine adjustments to 
the controller? 

�‡�� Adaptability : Can the same design be adapted to other similar applications so that 
the cost of later designs can be reduced? In other words, will it be easy to modify the 
cruise controller to fit on different vehicles so that the development can be done just 
once? 

�‡ Understandability: Will the right people be able to understand the approach to 
control? For example, will the people that implement it or test it be able to fully 
understand it? 

�‡�� Politics: Is your boss biased against your approach? Can you sell your approach to 
your colleagues? Is your approach too novel and does it thereby departs too much 
from standard company practice? 

Remarks: Most often not only must a particular approach to control satisfy the basic 
technical conditions for meeting the performance objectives, but the above issues must also 
be taken into consideration �²  and these can often force the control engineer to make some 
very practical decisions that can significantly affect how, for example, the ultimate cruise 
controller is designed. It is important then that the engineer has these issues in mind early in 
the design process.  
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4.2.4 Controller Design 

Conventional control has provided numerous methods for constructing controllers for 
dynamic systems. Some of these are listed below, and we provide a list of references at the 
end of this chapter for the reader who is interested in learning more about any one of these 
topics. 

�‡�� Proportional-integral-derivative (PID) control: Over 90% of the controllers in 
operation today are PID controllers (or at least some form of PID controller like a P 
or PI controller). This approach is often viewed as simple, reliable, and easy to 
understand. Often, like fuzzy controllers, heuristics are used to tune PID controllers 
(e.g., the Zeigler-Nichols tuning rules). 

�‡�� Classical control: Lead-lag compensation, Bode and Nyquist methods, root-locus 
design, and so on. 

�‡�� State-space methods: State feedback, observers, and so on. 

�‡�� Optimal control: �/�L�Q�H�D�U�� �T�X�D�G�U�D�W�L�F�� �U�H�J�X�O�D�W�R�U���� �X�V�H�� �R�I�� �3�R�Q�W�U�\�D�J�L�Q�¶�V�� �P�L�Q�L�P�X�P�� �S�U�L�Q�F�L�S�O�H��
or dynamic programming, and so on. 

�‡�� Robust control: H2 or H�’��methods, quantitative feedback theory, loop shaping, and 
so on. 

�‡�� Nonlinear methods: Feedback linearization, Lyapunov redesign, sliding mode 
control, back stepping, and so on. 

�‡�� Adaptive control: Model reference adaptive control, self-tuning regulators, nonlinear 
adaptive control, and so on. 

�‡�� Stochastic control: Minimum variance control, linear quadratic gaussian (LQG) 
control, stochastic adaptive control, and so on. 

�‡�� Discrete event systems: Petri nets, supervisory control, infinitesimal perturbation 
analysis, and so on. 

Basically, these conventional approaches to control system design offer a variety of ways to 
utilize information from mathematical models on how to do good control. Sometimes they do 
not take into account certain heuristic information early in the design process, but use 
heuristics when the controller is implemented to tune it (tuning is invariably needed since the 
model used for the controller development is not perfectly accurate). Unfortunately, when 
using some approaches to conventional control, some engineers become somewhat removed 
from the control problem (e.g., when they do not fully understand the plant and just take the 
mathematical model as given), and sometimes this leads to the development of unrealistic 
control laws. Sometimes in conventional control, useful heuristics are ignored because they 
do not fit into the proper mathematical framework, and this can cause problems. 
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4.2.5 Performance Evaluation 

The next step in the design process is to perform analysis and performance evaluation. 
Basically, we need performance evaluation to test that the control system that we design does 
in fact meet the closed-�O�R�R�S�� �V�S�H�F�L�I�L�F�D�W�L�R�Q�V�� ���H���J������ �I�R�U�� �³�F�R�P�P�L�V�V�L�R�Q�L�Q�J�´�� �W�K�H�� �F�R�Q�W�U�R�O�� �V�\�V�W�H�P������
This can be particularly important in safety-critical applications such as a nuclear power plant 
control or in aircraft control. However, in some consumer applications such as the control of 
a washing machine or an electric shaver, it may not be as important in the sense that failures 
will not imply the loss of life (just the possible embarrassment of the company and cost of 
warranty expenses), so some of the rigorous evaluation methods can sometimes be ignored. 
Basically, there are three general ways to verify that a control system is operating properly: 

(1) Mathematical analysis based on the use of formal models. 

(2) simulation-based analysis that most often uses formal models. 

(3) Experimental investigations on the real system. 

Next, we discuss these ways one by one 

(1) Mathematical Analysis 

In mathematical analysis we may seek to prove that the system is stable, that it is 
controllable, or that other closed-loop specifications such as disturbance rejection, rise-time, 
overshoot, settling time, and steady state errors have been met. Clearly, however, there are 
several limitations to mathematical analysis. First, it always relies on the accuracy of the 
mathematical model, which is never a perfect representation of the plant, so the conclusions 
that are reached from the analysis are in a sense only as accurate as the model that they were 
developed from and second, there is a need for the development of analysis techniques for 
even more sophisticated nonlinear systems since existing theory is somewhat lacking for the 
analysis of complex nonlinear (e.g., fuzzy) control systems, particularly when there are 
significant nonlinearities, a large number of inputs and outputs, and stochastic effects. These 
limitations do not make mathematical analysis useless for all applications, however. Often it 
can be viewed as one more method to enhance our confidence that the closed-loop system 
will behave properly, and sometimes it helps to uncover fundamental problems with a control 
design. 

(2) Simulation-Based Analysis 

In simulation-based analysis we seek to develop a simulation model of the physical system. 
This can entail using physics to develop a mathematical model and perhaps real data can be 
used to specify some of the parameters of the model (e.g., via system identification or direct 
parameter measurement). The simulation model can often be made quite accurate, and we can 
even include the effects of implementation considerations such as finite word length 
�U�H�V�W�U�L�F�W�L�R�Q�V���� �$�V�� �G�L�V�F�X�V�V�H�G�� �D�E�R�Y�H���� �R�I�W�H�Q�� �W�K�H�� �V�L�P�X�O�D�W�L�R�Q�� �P�R�G�H�O�� ���³�W�U�X�W�K�� �P�R�G�H�O�´���� �Z�L�O�O�� �E�H�� �P�R�U�H��
�F�R�P�S�O�H�[���W�K�D�Q���W�K�H���P�R�G�H�O���W�K�D�W���L�V���X�V�H�G���I�R�U���F�R�Q�W�U�R�O���G�H�V�L�J�Q���E�H�F�D�X�V�H���W�K�L�V���³�G�H�V�L�J�Q���P�R�G�H�O�´���Q�H�H�G�V���W�R��
satisfy certain assumptions for the control design methodology to apply (e.g., linearity or 
linearity in the controls). Often, simulations are developed on digital computers, but there are 
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occasions where an analog computer is still quite useful (particularly for real time simulation 
of complex systems or in certain laboratory settings). 

 Regardless of the approach used to develop the simulation, there are always limitations on 
what can be achieved in simulation-based analysis. First, as with the mathematical analysis, 
the model that is developed will never be perfectly accurate. Also, some properties simply 
cannot be fully verified via simulation studies. For instance, it is impossible to verify the 
asymptotic stability of an ordinary differential equation via simulations since a simulation can 
only run for a finite amount of time and only a finite number of initial conditions can be 
tested for these finite length trajectories. Basically, however, simulation-based studies can 
enhance our confidence that properties of the closed-loop system hold, and can offer valuable 
insights into how to redesign the control system before you spend time implementing the 
control system. 

(3) Experimental Investigations 

To conduct an experimental investigation of the performance of a control system, you 
implement the control system for the plant and test it under various conditions. Clearly, 
implementation can require significant resources (e.g., time, hardware), and for some plants 
you would not even consider doing an implementation until extensive mathematical and 
simulation-based investigations have been erformed. 

However, the experimental evaluation does shed some light on some other issues involved in 
control system design such as cost of implementation, reliability, and perhaps maintainability. 
The limitations of experimental evaluations are, first, problems with the repeatability of 
experiments, and second, variations in physical components, which make the verification 
only approximate for other plants that, are manufactured at other times. On the other hand, 
experimental studies can go a long way toward enhancing our confidence that the system will 
actually work since if you can get the control system to operate, we will see one real example 
of how it can perform. 

4.3 FUZZY CONTROL FROM AN INDUSTRIAL PERSPECTIVE  

In order to be able to explain what, the benefits of fuzzy control are, we first will reconsider it from 
two different technological perspectives. 

4.3.1 Fuzzy Control: Real-time Expert Systems or Nonlinear Control 
Systems? 

Out of the many possible ways of looking at fuzzy control, we consider the following two as most 
appropriate. A fuzzy control system is a real-time expert system, implementing a part of a 
human operator's or process engineers expertise which does not lend itself to being easily 
expressed in PID-parameters or differential equations but rather in situation/action rules. This 
view is introduced in the next sections of this chapter. However, fuzzy control differs from main-
stream expert system technology in several aspects. One main feature of fuzzy control systems 
is their existence at two distinct levels: first, there are if-then rules and qualitative, fuzzy 
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variables and values such as if pressure is high and slightly increasing Then energy supply is 
medium negative.  

These fuzzy values such as "slightly increasing" and fuzzy operators such as "and" are 
compiled into very elementary numerical objects and algorithms: function tables, 
interpolation, comparators, etc. The existence of this compiled level is the basis for fast, real-
time implementations, as well as for embedding fuzzy control into the essentially numerical 
environment of conventional control. In artificial intelligence, the field of qualitative physics 
follows a similar approach, using qualitative variables and so-called "'qualitative differential 
equations," too. A main technical difference is their usage of crisp intervals corresponding 
to rectangular fuzzy membership functions for representing qualitative values.  
The major difference between fuzzy control and qualitative physics, however, can be found in 
their relationship to classical engineering discipline a: while the "Qualitative Physics Manifesto" 
aims at replacing differential equation-based techniques and solving the whole problem with 
artificial intelligence methods, fuzzy control has right from the beginning been considered an 
extension to existing technology, seeking hybrid solutions by enhancing control engineering 
where it is needed and where it makes sense.  
In fact, most of the inventors of fuzzy control have a strong control engineering or systems 
theory background. From their perspective, fuzzy control can be seen as a heuristic, and modular 
way for defining nonlinear, table-based control systems. Reconsider the rule above: it is 
nothing but an informal "nonlinear PD-element." A collection of such rules can be used and, in 
fact, results in the definition of a nonlinear transition function, without the need for defining 
each entry of the table individually, and without necessarily knowing the closed form 
representation of that function. 
One way to combine fuzzy and PID-control then is to use a linear PID system round the set 
point, where it does its job, and to "delinearize" the system in other areas by describing the 
desired behavior or control strategy with fuzzy rules. A representation theorem due to Kosko 
[120] state that any continuous nonlinear function can be approximated as exactly as needed 
with a finite set of fuzzy variables, values, and rules. This theorem describes the 
representational power of fuzzy control in principle, but it does not answer the questions, how 
many rules are needed and how they can be found, which are of, Course essential to real-world 
problems and solutions. In many cases, relatively small and simple systems will do, and that is 
why already several hundreds of real, industrial applications of fuzzy control exist. What exactly 
are the benefits of using fuzzy control? 

4.3.2 The Benefits of Fuzzy Control 

Considering the existing applications of fuzzy control, which range from very small, 
micro-controller based systems in home appliances to large-scale process control systems, 
the advantages of using fuzzy control usually fall into one of the following four categories: 

(1)  To implement expert knowledge for a higher degree of automation 

In many cases of industrial process control, e.g., in chemical industries, the degree of automation 
is quite low. There is a variety of basic, conventional control loops, but a human operator is 
needed during the starting or closing phase, for parametrizing the controllers, or for switching 
between different control modules. The knowledge of this operator is usually based on 
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experience and does not lend itself to being expressed in differential equations. It is often rather 
of the type "if the situation is such and such, I should do the following." In this case, fuzzy 
control offers a method for representing and implementing the expert's knowledge. As an 
example, consider digester management in paper industries. A Portuguese company has 
implemented a fuzzy based digester management system on top of its process control software. 
Some twenty-five rules are used for expressing the core of the operator's control strategy.  
 
 The main advantage of the higher degree of automation that has been achieved this way is the 
resulting consistent control strategy around the clock, yielding a substantial reduction (up to 
60%) of the variation of product quality. Kurt her more, subsequent optimizations of the 
software system led to a significant reduction of energy and base material consumption. All in 
all, a return on the investment needed for the fuzzy control software package ant) the 
knowledge base of the actual control system was achieved after only a few months. 

(2)  Robust nonlinear control 

Consider the following problem: a robot arm with several links has to move objects with 
different masses along a predefined path. Since there are good and exact models of this system 
available, it is not too big a problem to realize a PID-controller that works pretty well for known 
masses within a narrow range. Substantial parameter changes, however, or major external 
disturbances, lead to a sharp decrease in performance. In the presence of such disturbances, 
PID-systems usually are faced with a trade-off between fast reactions with significant overshoot 
or smooth but slow reactions, or they even run into problems in stabilizing the system at all.  
In this case, fuzzy control offers ways in implement simple but robust solutions that cover a 
wide range of system parameters and that can cope with major disturbances. Its particular case 
is called fuzzy gliding mode controller and its implementation is discussed in chapter 5. It 
exhibits similar performance for a given mass only slight variations, but that outperforms the 
PID-solution as soon as major variations are imposed. 
There are two other advantages which can be achieved by using fuzzy or rather hybrid 
solutions which do not relate tn the performance of the control system but rather to other 
aspects - I hat are nevertheless important from a business standpoint. 

(3)  Reduction of development and maintenance time 

In some cases, two different groups of experts are involved in the development of a control 
system. Field experts know the application problem and how to design appropriate control 
strategies. Often, however, they are not electronics experts who know the bits and bytes of 
numerical algorithms and micro-controller implementations. The actual system realization then 
is carried out by electronics and systems programming engineers, who on the other hand arc 
not familiar with the application problem. This often results in communication problems 
between these two groups of people, and hence in delays and extended development times. Fuzzy 
control, which was pointed out above "lives"1 at two levels of abstraction, offers languages at 
both levels of expertise: the symbolic level is appropriate for describing the application 
engineer?' strategies, while the compiled level is well understood by the electronic engineers. 
Since there is a well-defined, formal translation between those levels, a fuzzy based approach can 
help reducing communication problems. 
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As an example, consider idle-speed control in automotive electronics, where sophisticated control 
strategies have to be implemented and run in time-critical situations on simple 8-bit micro-
controllers. Besides major variations in system parameters due to mass series production and to 
aging problems, which require extensive system tuning, communication problems between engine 
and microcontroller specialists lead to very long development times.  

We recently had the chance to drive an experimental car with two idle-speed controllers, a 
conventional PID-system, and a fuzzy control system. The major control goal was to keep a 
constant idle-speed of 8130 rpm. Independently of disturbances imposed by different road 
conditions or additional power consumers such as power steering and air conditioning. Practically 
no differences could be observed concerning the system's behavior, but while almost two man-
years went into the development of the conventional solution, development time for the fuzzy 
solution was around six months only. 

(4)  Marketing and patents 

In Japan, "fuzzy" has become one of the most popular words. In particular in the realm of 
home appliances, the label "fuzzy-controlled" raises positive associations in the sense of 
modern, high quality, or user friendly. As a matter of fact, the use of fuzzy control has 
contributed heavily to the functionality of quite a few home appliances. The "one-touch-
button"1 washing machine, for example, constitutes a major advance with respect to the large 
control panels of the older washing machines. In this machine, an additional infrared sensor is 
used to assess the quality and the quantity of dirt in the laundry, and a fuzzy evaluation procedure 
for these sensor data and subsequent fuzzy rule based inference is used to determine the details 
of the washing program. In 1990, Japanese manufacturers reported sales of fuzzy controlled 
home appliances in the range of several billion US dollars. 

This and other successful applications of fuzzy control, however, have led to a state where 
merely using fuzzy control - whether or not it really makes sense from a technological point of 
view has become a marketing argument. Therefore, the majority of newly introduced home 
appliances are labeled fuzzy or "neuro-fuzzy." We do not believe that the mere use of fuzzy 
control, independently of its actual merits, will play a role as a marketing argument for industrial 
applications. In a few cases, we expect fuzzy control to be used in industrial applications even 
when it is not actually needed, just to enable companies to demonstrate their technological 
competence in fuzzy control. 

There is yet another mason, however, for using fuzzy control even if it does not improve system 
performance or reduce development costs. In some business areas, the patent situation is such 
that it is hard to come up with new solutions using conventional technology without violating or 
at least interfering with a competitor's patent. Even if the patent turns out to be untenable, this 
usually leads to significant delays in introducing new products. In some cases, using fuzzy 
control for a qualitatively equivalent solution will - and actually does -help io by-pass 
existing patents. 

So far, we have listed several success stories of fuzzy control, highlighting the benefits. It 
should be clear that in most cases, these are no pure fuzzy solutions but rather hybrid solutions, 
using fuzzy control to augment conventional technology. We should, however, address the 
question: where are the limits? 
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4.3.3 The Limits of Fuzzy Control 

In some articles in the popular press, examples such as those above are overly generalized to 
statements about much logic, as a really fabulous technique. Some of these statements are 
definitely misleading, for some others we simply need a much broader basis for induction in 
terms of many more applications in order to verify or deny such general statements. So let us 
reconsider the examples above and their erroneous generalizations as discussed below: 

(i) Fuzzy control leads to a higher degree of automation for complex, ill -structured 
processes 

This is true in many cases, but only if there is relevant knowledge about the process and its 
control available that can be well expressed in terms of fuzzy logic. There are processes for 
which that kind of knowledge simply is not at all or not to the necessary extent available. 

(ii)  Fuzzy controllers are more robust than conventional controllers 

Again, there are many applications, where the use of fuzzy control - pure or in combination with, 
say, FID-control - resulted in simple yet highly robust control systems. There are other cases, 
too. We know of two attempts to control air conditioning system? With fuzzy logic, with only 
minor differences in structure and knowledge base: one turned out to be highly robust even in 
the presence of major disturbances, the other one was unstable. It is not yet fully understood 
for which kinds of control engineering problems fuzzy control really leads to improved 
robustness and stability, and which are the relevant design choices that affect these 
properties. 

It is not true, however, as opponents of fuzzy control often argue, that there are no 
stability criteria available for fuzzy control systems. Such criteria are discussed in 
several different places in this hook. We also have to realize that in this respect, fuzzy 
control competes with nonlinear conventional control, where stability issues are not as 
easy to handle as for simple linear systems. 

(iii)  Fuzzy control reduces development time 

Again, yes in many cases it does, and the example above in automotive electronics is a 
real one. It cannot he expected, however, as claimed in a number of publications, that 
using fuzzy control will help to solve really complex problems within a couple of weeks. 
The reduction of development time for results from the fact that there is often 
knowledge about a process or about control strategies available which ran he naturally 
expressed in fuzzy control but which is hard to encode in differential equations or 
conventional control algorithms. This knowledge remains to be acquired, encoded, tested, 
arid debugged, and for all but the simplest problems, a strong control engineering 
background will be needed to realize good solutions. 

In many ongoing projects in European industries, using fuzzy instead of conventional 
control will actually increase development time, just because the application engineers 
working on those projects are not yet familiar with the new technology. The shortage of 
well-trained personnel in fuzzy control is one of the major bottlenecks that prevent a 
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broader exploitation of th is new technology at this time. Fuzzy control is only 
beginning to be integrated into the academic: curricula, and it will take several years 
until a sufficient number of engineers familiar with Uv/r/y control will he available from 
tin: universities. Suite in dust ry cannot wait for this to happen - in particular because 
the situation in Japan is completely different an increasing number of special seminars 
and in-house training programs have been started. 

(iv) Products using fuzzy control sell better 

It is true for home appliances in Japan, however, we do not expect that th is phenomenon 
will carry over to Europe. Marketing arguments will have to focus on user-friendliness, 
additional functionality, and environmental aspects such as energy savings or say, 
reduction of fresh water consumption of washing machines. Since fuzzy logic can in many 
cases contribute to these points, we expect the technology to become positively 
associated with these advantages, but merely labeling a product "fuzzy-controlled'1 will 
not become a major sales argument, in some cases, in particular in home electronics and 
video equipment, the use of fuzzy control is not being mentioned at all.  

A fuzzy auto-focus system, for example, does not seem to be a quality label Therefore; 
most suppliers of such systems use the term digital or intelligent auto-focus, even if it is 
implemented in fuzzy logic. In the realm of industrial process control and related fields, 
marketing strategies differ from those in mass markets such as home appliances. While it is 
important to companies to demonstrate their technological competence in fuzzy control, the 
actual decisions for using fuzzy control or any other technique will be made in terms of its 
contribution to a higher degree of automation, better product quality, cost reduction, or other 
business-relevant aspects. 

4.3.4 On When to Use Fuzzy Control 

Having gone through a few examples where fuzzy control is being successfully used, we 
immediately cautioned about unjustified, too high expectations. But when, then, should fuzzy 
control be considered? 

A satisfactory answer to this question cannot yet be formulated. What we would like to have at 
our disposal is a systematic decision procedure for analyzing a given problem and inferring 
whether and if so which variant of fuzzy control should be used based on problem 
characteristics. At this time, the statistical basis in terms of number of successful applications is 
not yet broad enough to generate useful generalizations. This should not be a surprise because 
the industrial and commercial use of fuzzy control did not really start until the late 1980s, 
compared to the immense number of existing conventional control systems with an 
accumulated experience of many decades. At tins point, we can only formulate a few 
guidelines on whether to use fuzzy control or not. 

First, it is clear that if there exists already a successful fuzzy control baser) solution to a 
problem similar to the one at hand, you are on the safe side. In terms of business advantages, 
however, these are the less interesting cases since somebody else might, already commercially 
exploit that solution. 
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Next, if we have a good PlD-solution, where system performance, development and 
maintenance costs as well as marketing policy are really satisfactory, stick to it. 

Finally, if we are not satisfied with our existing solution with respect to any one of these; 
criteria, or if you have to deal with a problem that could not be solved so far, it is 
important to analyze the reason why. If there is knowledge available about the system or 
process that could be used to improve your solution but that is hard to encode in terms of 
conventional control such as differential equations and PID-parameters and give fuzzy control a 
try. 

 In many cases, this knowledge is of a more heuristic and qualitative nature and is easily 
expressible in terms of fuzzy if-then rules. We know of many cases of exactly this kind. 

Just to name one there is no exact and complete mathematical understanding of the processes 
going on in cooling systems in power generation devices. Hence, algorithmic solutions to infer 
diagnoses such as system leakage from sensor data exist only to a very limited extent, and the 
expertise of system operators and engineers is always needed to monitor such cooling systems 
both the evaluation of data such as pressure and change of pressure and the combination of 
symptoms to proper situation identification however can be naturally expressed in fuzzy terms 
such as "normal pressure, but quickly increasing'1 and corresponding if-then rules. In this 
particular case, it took only a matter of months to design and implement a fuzzy logic 
based monitoring system for cooling system leakage that outperforms the existing 
classical solutions. It is important to note, however, that the fuzzy operators and 
membership functions being used in this system differ from the very simple min/max-
inference and triangular membership functions that are predominant in most of the ele-
mentary control applications. We will come back to that issue later on. 

4.3.5 The Market Place 

So far, public interest in fuzzy control has been raised mainly by llic  immense number of 
fuzzy-controlled Japanese home appliances and the corresponding number of sales, 
ranging far above one billion US dollars. We expect fuzzy control to penetrate into 
European and US-American white good markets in 1993, presumably to a lower degree 
than that which can be observed in Japan. Another main area of current commercial 
activities in fuzzy control is automotive electronics. Here again, mainly Japanese 
suppliers have already brought fuzzy controlled anti-skid modules and engine 
management systems into the stage of series production. We expect this trend to 
continue, and major European and American car manufacturers have significant ongoing 
activities in fuzzy control, though we do not know of any product originating from 
Europe or the US that has already reached the market place. 

Focusing on such spectacular products as "one-touch-button washing machines," 
however, it is often overlooked that, the first real applications, of fuzzy control were 
realized in the realm of industrial process control, such as cement kiln operation. An 
increasing number of applications are being reported in this area, and several major 
suppliers of process control hardware and software are now offering fuzzy control 
capabilities, for example, in programmable logic controllers or higher level process 
control systems. In the long run, we see the major application potential in this area, 



4.16 | Fuzzy Logic Models and Fuzzy Control: An Introduction 

while in terms of market share and commercial benefits, home appliances, automotive 
electronics, and other microcontroller based applications will dominate the fuzzy control 
business for the next couple of years. As the technology matures, however, we foresee an 
increasing number of applications in complex systems engineering, the focus of fuzzy 
control moving from elementary control problems to higher levels in the system hierarchy 
such as supervisory control, monitoring and diagnosis, and logistics problems. It is 
important to note that also one of the major future industries, telecommunications, has 
started investigating fuzzy control for communication systems, and that several pilot 
projects have been started concerning, for example, routing and overload handling 
problems. 
An increasing number of market growth studies are trying to estimate and forecast the 
economic relevance of fuzzy control. While these studies are worthwhile to carry out, it is 
very hard to delineate exactly the contribution of fuzzy control to the monetary value of a 
product. Consider the example of a washing machine, where a major part of the electronic 
control is realized in fuzzy logic. It is certainly not correct to take the price of the whole 
washing machine, but it also would be misleading to consider just the - usually standard - 
microcontroller or the number of lines of code realizing the fuzzy part of the system. Our 
assessment of the contemporary and future market relevance of fuzzy control is the following: 
we estimate that about 10-15% of all electric and electronic engineering applications will benefit 
from the use of fuzzy control, being roughly evenly split into fuzzy control as an enhancing and 
as an enabling technology. Considering the huge market volume of this area, and also its 
expected further growth, it becomes evident that fuzzy control is a major technology from a 
business point of view. In addition to that, there is a still small but increasing number of 
applications of fuzzy logic in other, purely information technology oriented fields such as 
databases, expert systems in the financial sector, and so on. 
We should not, however, commit the same error as was done with "classical" artificial 
intelligence systems, whereafter some initial success in relatively narrow application areas it 
was believed that artificial intelligence could be used as a universal stand-alone technology 
to solve just about every problem in information processing. We expect that for a long time 
the main application potential of fuzzy logic will stay within the realm of fuzzy control, in an 
increasingly broader sense of "control." This is not to say that the relevance of fuzzy logic will 
not expand to other areas, where there are already a few spots such as data compression, but this 
is still mainly research-oriented work, whereas fuzzy control has already gained a significant 
role in daily industrial practice and its full potential in this area is by no means yet exploited 
or even known. 
 So far, we have discussed the relevance of fuzzy control applications as a business. There is yet 
another business area in fuzzy control, relating to the technology itself as a product, in terms 
of special hardware and software. So far, the majority of all existing applications is purely 
software-based. Although there are a large number of special fuzzy logic processors available 
and offered by semiconductor firms or small specialized companies, yet we expect that this 
situation will not change within the next years.  
Using special hardware in the sense of general-purpose fuzzy logic processors or coprocessors is 
and will only be justified in the following situations; the application is extremely time-critical, 
and the extra costs for an additional fuzzy processor can be recovered either from the sheer 
number of items (such as in automotive electronics) or from the fact that the system as a whole 
is large and expensive enough that the costs for a special processor are negligible (this might be 
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the case when using a fuzzy processor for, say, a pattern recognition task in a complex plant 
automation system). Therefore, most suppliers of micro-controllers, PLCs, and other control 
equipment focus on developing specialized fuzzy control software for standard devices, and on 
integrating these packages into the existing development environments. 
Besides major electric/electronic and industrial automation companies, an increasing number 
of small and specialized software companies is offering fuzzy control development tool kits 
for a broad range of standard processors. Our advice in general is to use as long as possible 
pure software solutions, even in higher programming languages such as C. The reason for this is 
that software offers a much higher degree of flexibility and, in most cases, the solutions are 
hybrid, i.e., there is always and for a standard processor to implement the "non-fuzzy" parts of 
the system. Experience so far has shown also that the elementary fuzzy operations such as 
function table look-up and interpolation, comparators, and basic arithmetic functions are simple 
enough that fuzzy control algorithms can be optimized to run even very lime-critical 
applications without specialized hardware. It may be the case that the role of hardware will 
become more important in the future, when more complex operators will be needed, to 
adequately express and implement the expertise for control strategies. This might trigger the 
development of more sophisticated fuzzy processors and also semi- and full-custom integrated 
hardware designs. The point is, however, that it is not yet obvious which operators will be 
needed and that existing special hardware does not support any but the simplest fuzzy 
algorithms. 

4.3.6 What Needs to Be Done? 

Reconsider the example of the cooling system monitoring problem discussed above. During the 
system design and knowledge acquisition phase, it turned out that the human expert's usage of, 
for example, the AND-operation when combining symptoms could not be adequately expressed 
with the usual fuzzy logic interpretation of AND as a minimum operation. Also the fuzzy 
membership functions representing values such as "normal pressure" turned out to be more -
sophisticated than the simple triangular functions predominant in elementary control 
applications. 

Several conclusions can be inferred from this example: first of all, it was extremely helpful to 
have a software tool available which supports experimental system implementation, evaluation, 
and tuning, and which offers the user ways to combine predefined standard operations with his 
or her own special code. There is an increasing number of such software tools available which - 
though not yet completely matured provide valuable support. They are being steadily improved 
and are being integrated into standard software development packages for automatic control. 

Secondly, considering the major pact of existing applications of fuzzy control, it can be realized 
that the "application-proven" part, let us say the "first generation" of fuzzy control, exploits only 
a very small fragment of fuzzy logic theory. In many cases of more complex, ill-structured 
problems, this first generation technology is not sufficiently strong to represent and implement the 
knowledge needed for powerful solutions. It is often possible, though, to improve the technology 
additively by exploiting a larger part of the readily available theory. 

The example above and many others make clear that the development of a mature, more 
powerful second generation technology still requires basic and experimental research. This 
research will have to focus on the questions of which parts of the still unused theory will 
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eventually gain practical relevance, where does the theory itself need extensions, and which are 
useful ways of integrating fuzzy control with conventional and also other modern control 
algorithms such as neural network based approaches. We are convinced that only application-
driven, experimental research can be sufficiently focused and guided in the right directions lo 
make good progress. It simply does not make any sense to define a new operator "Fuzzy-And. 
Version 137'' and to discuss its mathematical properties without being triggered by the fact 
that none of the existing operators can be used for a particular application. 

Thus, we believe that industrial research - as opposed to pure university-based research - will play 
a major role. Only industrial research labs have direct access to real-world problems, which is 
essential for proceeding in this field. This is not to say that the universities are not needed: 
most importantly, fuzzy control has to become an integral part of educational curricula in 
electronic and control engineering. Furthermore, academic people can and must contribute to 
the long-term, fundamental issues in fuzzy control theory. But the major push in fuzzy control 
within the next years will be application-driven and will necessarily have to be carried out in 
industrial research labs. 

Also considering first generation technology, there are still a few bottle-necks hindering industry 
from a broader exploitation of the application potential of fuzzy control, in the first place, we 
need a bettor and more systematic design and analysis methodology for fuzzy control 
applications, supporting the whole life-cycle from init ial  decision making all the way through to 
deployment and maintenance, focusing on the following issue: which are the proper design choices 
given an analysis of the problem, and how do variations of system parameters affect the 
system's performance. It should be clear that we cannot expect a universal design and 
optimization strategy for fuzzy control which is of any practical use. Such a universal theory 
does not exist for conventional control engineering either. Instead, we have to proceed from the 
few isolated spots where we already know exactly how to design a fuzzy control algorithm to 
clusters of problems and related design methodologies. 

Besides the necessary paper and experimental work which is needed to advance this 
methodology, we need a much broader basis of experience in terms of successful and of 
unsuccessful applications. We expect this methodology to gradually emerge as experience is 
being accumulated. 

The absence of such a coherent and systematic methodology makes another main problem for 
first-generation fuzzy control even more serious: the lack of well-trained and experienced 
"fuzzy control engineers.'' It means that engineers who want to or have to get into this new 
technology have only limited support and guidance and must by and large rely on their own 
experience gained through experimental work. 

4.4 FUZZY CONTROL SYSTEM DESIGN 

What, then, is the motivation for turning to fuzzy control? Basically, the difficult task of 
modeling and simulating complex real-world systems for control systems development, 
especially when implementation issues are considered, is well documented. Even if a 
relatively accurate model of a dynamic system can be developed, it is to be often too complex 
to use in controller development, especially for many conventional control design procedures 
that require restrictive assumptions for the plant (e.g., linearity). It is for this reason that in 
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practice conventional controllers are often developed via simple models of the plant behavior 
that satisfy the necessary assumptions, and via the ad-hoc tuning of relatively simple linear or 
nonlinear controllers. It is well understood (although sometimes forgotten) that heuristics 
enter the conventional control design process as long as you are concerned with the actual 
implementation of the control system. It must be acknowledged, moreover, that conventional 
control engineering approaches that use appropriate heuristics to tune the design have been 
relatively successful. You may ask the following questions: 

 How much of the success can be attributed to the use of the mathematical model and 
conventional control design approach? And how much should be attributed to the clever 
heuristic tuning that the control engineer uses upon implementation? And if we exploit the 
use of heuristic information throughout the entire design process, can we obtain higher 
performance control systems? 

Fuzzy control provides a formal methodology for representing, manipulating, and 
�L�P�S�O�H�P�H�Q�W�L�Q�J���D���K�X�P�D�Q�¶�V���K�H�X�U�L�V�W�L�F���N�Q�R�Z�O�H�G�J�H���D�E�R�X�W���K�R�Z���W�R���F�R�Q�W�U�R�O���D���V�\�V�W�H�P���� �,�Q�� �W�K�L�V���V�H�F�W�L�R�Q��
we seek to provide a philosophy of how to approach the design of fuzzy controllers. This will 
lead us to provide a motivation for, and overview of, the entire book. The fuzzy controller 
block diagram is given in Figure 4.2, where we show a fuzzy controller embedded in a 
closed-loop control system. The plant outputs are denoted by y(t), its inputs are denoted by 
u(t), and the reference input to the fuzzy controller is denoted by r(t). 

 

Fig. 4.2 design of fuzzy controllers 

The fuzzy controller has four main components:  

(1)  �7�K�H�� �³�U�X�O�H-�E�D�V�H�´�� �K�R�O�G�V�� �W�K�H�� �N�Q�R�Z�O�H�G�J�H���� �L�Q�� �W�K�H�� �I�R�U�P�� �R�I�� �D�� �V�H�W�� �R�I�� �U�X�O�H�V���� �R�I�� �K�R�Z�� �E�H�V�W�� �W�R��
control the system.  

(2)  The inference mechanism evaluates which control rules are relevant at the current 
time and then decides what the input to the plant should be.  

(3)  The fuzzification interface simply modifies the inputs so that they can be interpreted 
and compared to the rules in the rule-base. And  

(4)  The defuzzification interface converts the conclusions reached by the inference 
mechanism into the inputs to the plant. 

Basically, we will view the fuzzy controller as an artificial decision maker that operates in a 
closed-loop system in real time. It gathers plant output data y(t), compares it to the reference 
input r(t), and then decides what the plant input u(t) should be to ensure that the performance 
objectives will be met. 
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To design the fuzzy controller, the control engineer must gather information on how the 
artificial decision maker should act in the closed-loop system. Sometimes this information 
can come from a human decision maker who performs the control task, while at other times 
the control engineer can come to understand the plant dynamics and write down a set of rules 
about how to control the system without outside help.  

�7�K�H�V�H���³�U�X�O�H�V�´���E�D�V�L�F�D�O�O�\���V�D�\�����³�,�I���W�K�H���S�O�D�Q�W���R�X�W�S�X�W���D�Q�G���U�H�I�H�U�H�Q�F�H���L�Q�S�X�W���D�U�H���E�H�K�D�Y�L�Q�J���L�Q���D���F�H�U�W�D�L�Q��
manner, then the plant input should be some v�D�O�X�H���´���$�� �Z�K�R�O�H�� �V�H�W���R�I�� �V�X�F�K�� �³�,�I-�7�K�H�Q�´�� �U�X�O�H�V���L�V��
loaded into the rule-base, and an inference strategy is chosen, then the system is ready to be 
tested to see if the closed-loop specifications are met. 

 This brief description provides a very high-level overview of how to design a fuzzy control 
system. Below we will expand on these basic ideas and provide more details on this 
procedure and its relationship to the conventional control design procedure.  

4.4.1 Modeling Issues and Performance Objectives 

�3�H�R�S�O�H�� �Z�R�U�N�L�Q�J�� �L�Q�� �I�X�]�]�\�� �F�R�Q�W�U�R�O�� �R�I�W�H�Q�� �V�D�\�� �W�K�D�W�� �³�D�� �P�R�G�H�O�� �L�V�� �Q�R�W�� �Q�H�H�G�H�G�� �W�R�� �G�H�Y�H�O�R�S�� �D�� �I�X�]�]�\��
�F�R�Q�W�U�R�O�O�H�U���� �D�Q�G�� �W�K�L�V�� �L�V�� �W�K�H�� �P�D�L�Q�� �D�G�Y�D�Q�W�D�J�H�� �R�I�� �W�K�H�� �D�S�S�U�R�D�F�K���´�� �+�R�Z�H�Y�H�U���� �Z�L�O�O�� �D�� �S�U�R�S�H�U��
understanding of the plant dynamics be obtained without trying to use first principles of 
physics to develop a mathematical model? And will a proper understanding of how to control 
the plant be obtained without simulation-based evaluations that also need a model? We 
always know roughly what process we are controlling (e.g., we know whether it is a vehicle 
or a nuclear reactor), and it is often possible to produce at least an approximate model, so 
why not do this?  

For a safety-critical application, if we do not use a formal model, then it is not possible to 
perform mathematical analysis or simulation-based evaluations. Is it wise to ignore these 
analytical approaches for such applications? Clearly, there will be some applications where 
�Z�H�� �F�D�Q�� �V�L�P�S�O�\�� �³�K�D�F�N�´�� �W�R�J�H�W�K�H�U�� �D�� �F�R�Q�W�U�R�O�O�H�U�� ���I�X�]�]�\�� �R�U�� �F�R�Q�Y�H�Q�W�L�R�Q�D�O���� �D�Q�G�� �J�R�� �G�L�U�H�F�W�O�\�� �W�R��
implementation. In such a situation there is no need for a formal model of the process; 
however, is this type of control problem really so challenging that fuzzy control is even 
�Q�H�H�G�H�G�"�� �&�R�X�O�G�� �D�� �F�R�Q�Y�H�Q�W�L�R�Q�D�O�� �D�S�S�U�R�D�F�K�� ���V�X�F�K�� �D�V�� �3�,�'�� �F�R�Q�W�U�R�O���� �R�U�� �D�� �³�W�D�E�O�H�� �O�R�R�N-�X�S�´�� �V�F�K�H�P�H��
work just as well or better, especially considering implementation complexity? 

Overall, when we carefully consider the possibility of ignoring the information that is 
frequently available in a mathematical model, it is clear that it will often be unwise to do so. 
Basically, then, the role of modeling in fuzzy control design is quite similar to its role in 
conventional control system design. In fuzzy control there is a more significant emphasis on 
the use of heuristics, but in many control approaches (e.g., PID control for process control) 
there is a similar emphasis. Basically, in fuzzy control there is a focus on the use of rules to 
represent how to control the plant rather than ordinary differential equations (ODE). This 
approach can offer some advantages in that the representation of knowledge in rules seems 
more lucid and natural to some people. For others, though, the use of differential equations is 
�P�R�U�H���F�O�H�D�U���D�Q�G���Q�D�W�X�U�D�O�����%�D�V�L�F�D�O�O�\�����W�K�H�U�H���L�V���V�L�P�S�O�\���D���³�O�D�Q�J�X�D�J�H���G�L�I�I�H�U�H�Q�F�H�´���E�H�W�Z�H�H�Q���I�X�]�]�\���D�Q�G��
conventional control: ODEs are the language of conventional control, and rules are the 
language of fuzzy control. 
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The performance objectives and design constraints are the same as the ones for conventional 
control that we summarized above, since we still want to meet the same types of closed-loop 
specifications. The fundamental limitations that the plant provides affect our ability to 
achieve high-performance control, and these are still present just as they were for 
conventional control (e.g., non minimum phase or unstable beh�D�Y�L�R�U���V�W�L�O�O���S�U�H�V�H�Q�W�¶�V���F�K�D�O�O�H�Q�J�H�V��
for fuzzy control). 

4.4.2 Fuzzy Controller Design 

Fuzzy control system design essentially amounts to  

(1)  Choosing the fuzzy controller inputs and outputs,  

(2)  Choosing the preprocessing that is needed for the controller inputs and possibly post 
processing that is needed for the outputs, and 

(3)  Designing each of the four components of the fuzzy controller shown in Figure 4.2. 
As we will see in the next chapter, there are standard choices for the fuzzification and 
defuzzification interfaces. Moreover, most often the designer settles on an inference 
mechanism and may use this for many different processes. Hence, the main part of 
the fuzzy controller that we focus on for design is the rule-base.  

The rule-base is constructe�G�� �V�R�� �W�K�D�W�� �L�W�� �U�H�S�U�H�V�H�Q�W�V�� �D�� �K�X�P�D�Q�� �H�[�S�H�U�W�� �³�L�Q-the-�O�R�R�S���´�� �+�H�Q�F�H���� �W�K�H��
information that we load into the rules in the rule-base may come from an actual human 
expert who has spent long time learning how best to control the process. In other situations 
there is no such human expert, and the control engineer will simply study the plant dynamics 
(perhaps using modeling and simulation) and write down a set of control rules that makes 
sense. As an example, in the cruise control problem discussed above it is clear that anyone 
who has experience driving a car can practice regulating the speed about a desired set-point 
and load this information into a rule-base. For instance, one rule that a human driver may use 
�L�V���³�,�I���W�K�H���V�S�H�H�G���L�V���O�R�Z�H�U���W�K�D�Q���W�K�H���V�H�W-point, then press down �I�X�U�W�K�H�U���R�Q���W�K�H���D�F�F�H�O�H�U�D�W�R�U���S�H�G�D�O���´ 

A rule that would represent even more detailed information about how to regulate the speed 
�Z�R�X�O�G���E�H���³�,�I���W�K�H���V�S�H�H�G���L�V���O�R�Z�H�U���W�K�D�Q���W�K�H���V�H�W-point AND the speed is approaching the set-point 
very fast, and then release the acc�H�O�H�U�D�W�R�U�� �S�H�G�D�O�� �E�\�� �D�� �V�P�D�O�O�� �D�P�R�X�Q�W���´�� �7�K�L�V�� �V�H�F�R�Q�G�� �U�X�O�H��
characterizes our knowledge about how to make sure that we do not overshoot our desired 
goal (the set-point speed). Generally speaking, if we load very detailed expertise into the rule-
base, we enhance our chances of obtaining better performance. 

4.4.3 Performance Evaluation of Fuzzy Control 

Each and every idea presented in Section 4.2.5 on performance evaluation for conventional 
controllers applies here as well. The basic reason for this is that a fuzzy controller is a 
nonlinear controller �²  so many conventional modeling, analysis (via mathematics, 
simulation, or experimentation), and design ideas apply directly. 

Since fuzzy control is a relatively new technology, it is often quite important to determine 
what value it has relative to conventional methods. Unfortunately, few have performed 
detailed comparative analyses between conventional and intelligent control that have taken 
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into account a wide array of available conventional methods (linear, nonlinear, adaptive, etc.); 
fuzzy control methods (direct, adaptive, supervisory); theoretical, simulation, and 
experimental analyses; computational issues; and so on. 

Moreover, most work in fuzzy control to date has focused only on its advantages and has not 
taken a critical look at what possible disadvantages there could be to using it (hence the 
reader should be cautioned about this when reading the literature). For example, the following 
questions are cause for concern when you employ a strategy of gathering heuristic control 
knowledge: 

�‡�� Will the behaviors that are observed by a human expert and used to construct the 
fuzzy controller include all situations that can occur due to disturbances, noise, or 
plant parameter variations? 

�‡�� Can the human expert realistically and reliably foresee problems that could arise 
from closed-loop system instabilities or limit cycles? 

�‡�� Will the human expert be able to effectively incorporate stability criteria and 
performance objectives (e.g., rise-time, overshoot, and tracking specifications) into a 
rule-base to ensure that reliable operation can be obtained? 

These questions may seem even more troublesome in view of the following: 

(1)  If the control problem involves a safety-critical environment where the failure of the 
control system to meet performance objectives could lead to loss of human life or an 
environmental disaster, or 

(2)  �,�I�� �W�K�H�� �K�X�P�D�Q�� �H�[�S�H�U�W�¶�V�� �N�Q�R�Z�O�H�G�J�H�� �L�P�S�O�H�P�H�Q�W�H�G�� �L�Q�� �W�K�H�� �I�X�]�]�\�� �F�R�Q�W�U�R�O�O�H�U�� �L�V�� �V�R�P�H�Z�K�D�W��
inferior to that of the very experienced specialist we would expect to design the 
control system (different designers have different levels of expertise) 

Clearly, then, for some applications there is a need for a methodology to develop, implement, 
and evaluate fuzzy controllers to ensure that they are reliable in meeting their performance 
specifications. This is the basic theme and focus of this book. 

4.4.4 Application Areas 

Fuzzy systems have been used in a wide variety of applications in engineering, science, 
business, medicine, psychology, and other fields. For instance, in engineering some potential 
application areas include the following: 

�‡�� Aircraft/spacecraft: Flight control, engine control, a vionic systems, failure diagnosis, 
navigation, and satellite attitude control. 

�‡�� Automated highway systems: Automatic steering, braking, and throttle control for 
vehicles. 

�‡�� Automobiles: Brakes, transmission, suspension, and engine control. 

�‡�� Autonomous vehicles: Ground and underwater. 

�‡�� Manufacturing systems: Scheduling and deposition process control. 
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�‡�� Power industry: Motor control, power control/distribution, and load estimation. 

�‡�� Process control: Temperature, pressure, and level control, failure diagnosis, 
distillation column control, and desalination processes. 

�‡�� Robotics: Position control and path planning. 

This list is only representative of the range of possible applications for the methods of this 
book. Others have already been studied, while still others are yet to be identified. 

4.5  CONCLUSIONS 

In this chapter we have provided an overview of the approaches to conventional and fuzzy 
control system design and have showed how they are quite similar in many respects. In this 
chapter our focus will be not only on introducing the basics of fuzzy control, but also on 
performance evaluation of the resulting closed-loop systems. Moreover, we will pay 
particular attention to the problem of assessing what advantages fuzzy control methods have 
over conventional methods. Generally, this must be done by careful comparative analyses 
involving modeling, mathematical analysis, simulation, implementation, and a full 
engineering cost-benefit analysis (which involves issues of cost, reliability, maintainability, 
flexibility, lead-time to production, etc.).  

Some of our comparisons will involve many of these dimensions while others will necessarily 
be more cursory. Although it is not covered in this book, we would expect the reader to have 
as prerequisite knowledge of the basic ideas in conventional control (at least, those typically 
covered in a first course on control). After completion of this chapter, the reader should then 
understand the following: 

�‡�� �7�K�H���G�L�V�W�L�Q�F�W�L�R�Q���E�H�W�Z�H�H�Q���D���³�W�U�X�W�K���P�R�G�H�O�´���D�Q�G���D���³�G�H�V�L�J�Q���P�R�G�H�O���´�� 

�‡�� The basic definitions of performance objectives (e.g., stability and overshoot). 

�‡�� The general procedure used for the design of conventional and fuzzy control systems, 
which often involves modeling, analysis, and performance evaluation. 

�‡�� The importance of using modeling information in the design of fuzzy controllers and 
when such information can be ignored. 

�‡�� The idea that mathematical analysis provides proofs about the properties of the 
mathematical model and not the physical control system. 

�‡�� The importance, roles, and limitations of mathematical analysis, simulation-based 
analysis, and experimental evaluations of performance for conventional and fuzzy 
control systems. 

�‡�� The basic components of the fuzzy controller and fuzzy control system. 

�‡�� The need to incorporate more sophisticated reasoning strategies in controllers and the 
subsequent motivation for adaptive and supervisory fuzzy control. 
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Essentially, this is a checklist for the major topics of this chapter. The reader should be sure to 
understand each of the above concepts before proceeding to later chapters, where the 
techniques of fuzzy control are introduced. We find that if we have a solid high-level view of 
the design process and philosophical issues involved, we will be more effective in developing 
control systems. 

The more that we understand about conventional control, the more we will be able to 
appreciate some of the finer details of the operation of fuzzy control systems. We realize that 
all readers may not be familiar with all areas of control, so next we provide a list of books 
from which the major topics can be learned. There are many good texts on classical control 
[10, 20, 11, 7, 6, 2]. State-space methods and optimal and multivariable control can be 
studied in several of these texts and also in [12, 1, 4, 25]. Robust control is treated in [8, 9, 
30]. Nonlinear control is covered in [17, 5, 28, 29, 16]; stability analysis in [27, 26]; and 
adaptive control in [15, 18, 3, 13,]. System identification is treated in [24] (and in the 
adaptive control texts), and optimal estimation and stochastic control are covered in [19, 23, 
22, 14]. A relatively complete treatment of the field of control is in [21]. 

For more recent work in all these areas, see the proceedings of the IEEE Conference on 
Decision and Control, the American Control Conference, the European Control Conference, 
the International Federation on Automatic Control World Congress, and certain conferences 
in chemical, aeronautical, and mechanical engineering.  

Major journals to keep an eye on include the IEEE Transactions on Automatic Control, IEEE 
Transactions on Control Systems Technology, IEEE Control Systems Magazine, Systems and 
Control Letters, Automatica, Control Engineering Practice, International Journal of Control, 
and many others. Extensive lists of references for fuzzy and intelligent control are provided at 
the end. 
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EXERCISE -4 

1. �'�H�V�F�U�L�E�H���H�[�D�P�S�O�H���R�I���D���F�R�Q�W�U�R�O���S�U�R�E�O�H�P���R�I���D�Q���D�X�W�R�P�R�E�L�O�H���³�F�U�X�L�V�H���F�R�Q�W�U�R�O�´�����*�H�R�U�J�H��
Viote). 

2. Explain, How the fuzzy control design methodology can be used to construct fuzzy 
controllers for challenging real-world applications? 

3. Write basics of Conventional Control System Design. 
4. When a control engineer is given a control problem, how he developed  a 

mathematical model of the process? 
5. Explain Performance Objectives and Design Constraints for constructing a controller 

to meet the specifications. 
6. Write  numerous methods used for constructing controllers for dynamic systems. 
7. How we conduct an experimental investigation of the performance of a control 

system. 
8. Write the Benefits of Fuzzy Control. 
9. Write the Limits of Fuzzy Control. 
10. Write the Application Areas of Fuzzy Control. 
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Chapter-5 

Fuzzy Knowledge Base Control (FKBC)  

5.1 INTRODUCTION  

The primary goal of control engineering is to distill and apply knowledge about how to 
control a process so that the resulting control system may reliably and safely achieve high-
performance operation. In this chapter we show how fuzzy logic provides a methodology for 
representation and implementation of our knowledge about how best to control a process. 

After study of this chapter, it is expected that the reader should be able to design and simulate 
a fuzzy control system. This will move the reader a long way toward implementation of fuzzy 
controllers since we provide pointers on how to overcome certain practical problems 
encountered in fuzzy control system design and implementation (e.g., coding the fuzzy 
controller to operate in real-time, even with large rule-bases). 

�,�Q���6�H�F�W�L�R�Q�����������Z�H���E�H�J�L�Q���Z�L�W�K���D���³�J�H�Q�W�O�H�´�����W�X�W�R�U�L�D�O�����L�Q�W�U�R�G�X�F�W�L�R�Q���Y�L�D���D���V�L�P�S�O�H���L�Q�Y�H�U�W�H�G���S�H�Q�G�X�O�X�P��
control problem. We focus on the construction and basic mechanics of operation of a two-
input one-output fuzzy controller with the most commonly used fuzzy operations. In section 
5.3 we explain the difference between fuzzy and human control, building on our 
understanding of the two-input one-output fuzzy controller. Sections 5.4 and 5.5 cover the 
Fuzzy Rule for a mathematical characterization of general fuzzy system with two inputs and 
outputs. Fuzzy quantifications such as membership function and general fuzzification, 
inference, and defuzzification strategies for Fuzzy Control are discussed in section 5.6. In 
Section 5.7 fusion of fuzzy and PID controller are given for Supervision of conventional 
controllers, Correction of conventional controllers, and Coordination of control loop set-
points. In section 5.8 Inversion of fuzzy systems has been explained. In section 5.9 we 
illustrate some typical steps in the fuzzy control design process and explain how to write a 
computer program that will simulate the actions of a fuzzy controller discussed in Section 
5.5.We explain various issues encountered in implementing fuzzy controllers in Section 5.10. 
In the end designing some problems as an exercise is given. 

5.2 CLASSICAL FUZZY CONTROL IN INVERTED PENDULUM  
Basically Inverted pendulum is used to control Voltammeter Ammeter. Here, we want to 
design and analyze a fuzzy controller for the simplified version of the inverted pendulum 
system as shown in figure 5.1. The differential equation describing the system is 
   -ml2 d2�T/dt2 + (m l g) sin (�T) = �W = u (t),     ....(5.1) 
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where m is the mass of the pole located at the tip point of the pendulum, I is the length of the 
pendulum, �T is the deviation angle from vertical in the clockwise direction, �W = u (t) is the 
torque applied to the pole in the counterclockwise direction (u (t) is the control action), m 
time, and g is the acceleration due to gravity. 
Assuming x1 = �T and x2 = d�T/dt to be the state variables, the state-space representation for the 
non-linear system defined by Eq. (5.1) is given by  
  dx1 /dt = x2,   dx2/dt = (g/1) sin (x1) - (1/ml2) u (t) 

 
Fig. 5.1: Inverted pendulum control problem 

 
For very small rotation�T, we have sin (�T), where �T is measured in radians. We get   
  dx1 /dt = x2 
  dx2 / dt = (g/1) x1 - (1/ml2) u (t) 
If x1 is measured in degrees and x2 is measured in degrees per second, by choosing l = g and 
m = 180 / (�S . g2), the linearized and discrete time state-space equation can be represented as 
matrix difference equations, 
   x1 (k + 1) = x1(k) + x2(k) 
   x2 (k + 1) = x1(k) + x2(k) - u(k)  
For this problem we assume the universe of discourse for the two variables to be 
  - 2�q �”���[1 �”�����q and -�����G�S�V���”���[2 �”�������G�S�V�����G�S�V��� ���G�H�J�U�H�H�V���S�H�U���V�H�F�R�Q�G������ 
Step 1: We construct three membership functions for x1 on its universe, that is, for the values 
positive (P), zero (Z), and negative (N), as shown in following figure: 
 

 
 

Fig. 5.2 
We then construct three membership functions for x2 on its universe, that is, for the values 
positive (P), zero (Z) and negative (N), as shown below. 



Fuzzy Knowledge Base Control (FKBC) | 5.3 
 

 
 

Fig. 5.3: Input x2 partitioned 
Step 2: To partition the control space (output), we will construct five membership functions 
for u (k) on its universe, which is -�������”���X�����N�����”�����������D�V���V�K�R�Z�Q���L�Q���I�L�J�X�U�H���E�H�O�R�Z�� 

 
 

Fig. 5.4: Output, u (k), partitioned into seven partitions (only five used). 
Step 3: We then construct nine rules (even though we may not need this many) in a 3 × 3 
FAM table, as shown below, for this system, which would involve �T and d�T/dt in order to 
stabilize the inverted pendulum system. The entries in this table are the control actions, u (k). 
 

Table 5.1 FAM Table 
x2 P Z N 
x1 
P PB P Z 
Z P Z N 
N Z N NB 

Step 4: Using the rules expressed in above table, we will now conduct a simulation of this 
control problem. To start the simulation, we will use the following crisp initial conditions: 
   x1 (0) = l° and x2(0) = -4dps 
Then we will conduct four cycles of simulation using the matrix difference equations, above, 
for the discrete steps 0 < k < 3. Each simulation cycle will result in membership functions for 
the two input variables. The FAM table will produce a membership function for the control 
action, u (k). We will defuzzify the membership function for the control action using the 
centroid method and then use the recursive difference equations to solve for new values of x1 
and x2. Each simulation cycle after k = 0 will begin with the previous values of x1 and x2 as 
the input conditions to the next cycle of the recursive difference equations. Figures 5.5 and 
5.6 given below show the initial conditions for x1 and x2, respectively. From the FAM table 
 If (x1 = P) and (x2 = Z), then (u = P)   min (0.5, 0.2) = 0.2 (P)  
 If(x 1 = P) and (x2 = N), then (u = Z)  min (0.5, 0.8) = 0.5 (Z) 
 If (x1 = Z) and (x2 = Z), then (u = Z)  min (0.5, 0.2) = 0.2 (Z)  
 If (x1 = Z) an d(x2 = N), then(u = N)   min (0.5, 0.8) = 0.5 (N) 
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Fig. 5.5: Initial condition for x1 

 
 

Fig. 5.6: Initial condition for x2 
Figure 5.7 below shows the union of the truncated fuzzy consequents for the control variable, 
u. 

 
 

Fig. 5.7: Union of fuzzy consequents fired by rules 
The final form with the defuzzified control value is illustrated in the following figure (5.8): 

 
 

Fig. 5.8: Union of fuzzy consequents and defuzzified value 
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We have completed the first cycle of the simulation. Now, we take the value of the 
defuzzified control variable (i.e., u = -2). Using the system equations, we find the initial 
conditions for next iteration as 
   x1 (1) = x1(0) + x2(0) = 1 - 4 = -3 and 
   x2 (1) = x1(0) + x2(0) - u(0) = 1 - 4 - (-2) = -1 
From this, we get the initial conditions for the second cycle as x1(1) = -3 and x2 (1) = -1, 
which are shown graphically in following figures 5.9 and 5.10: 

 
Fig.5.9: Initial condition for second cycle for x1 

 
 

Fig. 5.10: Initial conditions for second cycle for x2 
  From the FAM table 5.1, we have  
if (x1 = N) and (x2 = N), then (u = NB) and min (1, 0.2) = 0.2 (NB)  
and 
if (x2 = N) and (x2 = Z), then (u = N)  and min (1, 0.8) = 0.8 (N). 
The union of the fuzzy consequents and the resulting defuzzified output are shown below. 
The defuzzified value is u = - 9.6. 

 
 

Fig. 5.11: Truncated consequents and defuzzified output for second cycle. 
We now use u = - 9.6 to find the initial conditions for third cycle iteration. 

   X1(2) = X1(1) X2(1) = - 3 - 1 = - 4 AND 
    x2 (2) = x1(1)x2(1) - u(1) = - 3 - 1 - (-9.6) = + 5.6 
Thus, we get initial conditions x1(2) = -4 and x2(2) = 5.6, which are shown graphically in 
following figures: 
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Fig. 5.12: Initial condition for third cycle for x1 

 
 

Fig. 5.13: Initial condition for third cycle for x2 
From the FAM table 5.1, if (x1 = N) and (x2 = P), then (u = Z) and min (1, 1) = 1(Z). 
 The resulting consequents and defuzzified control variable, u(z) = 0.0, are shown below 

 
 

Fig. 5.14: Defuzzified output for third cycle of simulation 
  For the next iteration 
   x1 (3) = x1(2) + x2(2) = -4 + 5.6 = 1.6 and 
   x2 (3) = x1(2) + x2(2) - u(2) = -4 + 5.6 - (0.0) = 1.6 
  Initial conditions x1(3) = 1.6 and x2(3) = 1.6 are shown graphically in figures below: 

 
 

Fig. 5.15: Initial condition for next iteration for x1 
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Fig. 5.16: Initial condition for next iteration for x2 

 

From FAM table 5.1, we get 
if (x1 = Z) and (x2 = P), then (u = P)  and min (0.25, 0.3) = 0.3 (P), 
if (x1 = Z) and (x2 = Z), then (u = Z) and min (0.25, 0.7) = 0.25 (Z), 
if (x1 = P) and (x2 = P), then (u = PB) and min (0.75, 0.3) = 0.3 (PB), 
and 
if (x1 = P) and (x2 = Z), then (u = P)and min (0.75, 0.7) = 0.7 (P) 
These conditions are shown graphically in following figure and the defuzzified value is u = 
5.28. 

 
Fig. 5.17: Defuzzified output for next iteration. 

 

5.3  FUZZY AND HUMAN CONTROL AN INTRODUCTION  

A block diagram of a fuzzy control system discussed in Chapter 4 is shown in Figure 5.18. 
�6�R�P�H�W�L�P�H�V�� �D�� �I�X�]�]�\�� �F�R�Q�W�U�R�O�O�H�U�� �L�V�� �F�D�O�O�H�G�� �D�� �³�I�X�]�]�\�� �O�R�J�L�F�� �F�R�Q�W�U�R�O�O�H�U�´�� ���)�/�&���� �R�U�� �H�Y�H�Q�� �D�� �³�I�X�]�]�\��
�O�L�Q�J�X�L�V�W�L�F���F�R�Q�W�U�R�O�O�H�U�´���V�L�Q�F�H���L�W���X�V�H�V���I�X�]�]�\���O�R�J�L�F���L�Q���W�K�H���T�X�D�Q�W�L�I�L�F�D�W�L�R�Q���R�I���O�L�Q�J�X�L�V�W�L�F���G�H�V�F�U�L�S�W�L�R�Q�V�� 
The fuzzy controller is composed of the following four elements: 

1.  A rule-base (a set of If-Then rules), which contains a fuzzy logic quantification of the 
�H�[�S�H�U�W�¶�V���O�L�Q�J�X�L�V�W�L�F���G�H�V�F�U�L�S�W�L�R�Q���R�I���K�R�Z���W�R���D�F�K�L�H�Y�H���J�R�R�G���F�R�Q�W�U�R�O�� 

2.  An inference mechanism (also �F�D�O�O�H�G�� �D�Q�� �³�L�Q�I�H�U�H�Q�F�H�� �H�Q�J�L�Q�H�´�� �R�U�� �³�I�X�]�]�\�� �L�Q�I�H�U�H�Q�F�H�´��
�P�R�G�X�O�H������ �Z�K�L�F�K�� �H�P�X�O�D�W�H�V�� �W�K�H�� �H�[�S�H�U�W�¶�V�� �G�H�F�L�V�L�R�Q�� �P�D�N�L�Q�J�� �L�Q�� �L�Q�W�H�U�S�U�H�W�L�Q�J�� �D�Q�G�� �D�S�S�O�\�L�Q�J��
knowledge about how best to control the plant. 

3.  A fuzzification interface, which converts controller inputs into information that the 
inference mechanism can easily use to activate and apply rules. 

4.  A defuzzification interface, which converts the conclusions of the inference mechanism 
into actual inputs for the process. 
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Fig. 5.18 Fuzzy control 

�:�H�� �L�Q�W�U�R�G�X�F�H�� �H�D�F�K�� �R�I�� �W�K�H�� �F�R�P�S�R�Q�H�Q�W�V�� �R�I�� �W�K�H���� �³�L�Q�Y�H�U�W�H�G�� �S�H�Q�G�X�O�X�P�� �R�Q�� �D�� �F�D�U�W�´�� �E�\�� �I�X�]�]�\�� �D�Q�G��
human controller for a simple problem of balancing as shown in Figure 5.19 and 5.20 
respectively.  

 

 

Fig. 5.19 Inverted pendulum Fuzzy control  

 

 
Fig. 5.20 Inverted pendulum human control 

Here, y denotes the angle that the pendulum makes with the vertical (in radians), l is the half-
pendulum length (in meters), and u �L�V���W�K�H���I�R�U�F�H���L�Q�S�X�W���W�K�D�W���P�R�Y�H�V���W�K�H���F�D�U�W�����L�Q���1�H�Z�W�R�Q�¶�V�������:�H��
will use r to denote the desired angular position of the pendulum. The goal is to balance the 
pendulum in the upright position (i.e., r = 0) when it initially starts with some nonzero angle 
off the vertical (i.e., y = 0). This is a very simple and academic nonlinear control problem, 
and many good techniques already exist for its solution. Indeed, for this standard 
configuration, a simple PID controller works well even in implementation.  
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Consider a human-in-the-loop whose responsibility is to control the pendulum, as shown in 
Figure 5.20. The fuzzy controller is to be designed to automate how a human expert who is 
successful at this task would control the system. First, the expert tells us (the designers of the 
fuzzy controller) what information she or he will use as inputs to the decision-making 
process. Suppose that for the inverted pendulum, the expert (this could be you!) says that she 

or he will use e (t) = r (t) �± y (t) and 
�b���c�:�r�;

�b�r
 as the variables on which to base decisions.  

Certainly, there are many other choices (e.g., the integral of the error e could also be used) but 
this choice makes good intuitive sense. Next, we identify the controlled variable. For the 
inverted pendulum, we are allowed to control only the force that moves the cart, so the choice 
here is simple. 
Once the fuzzy controller inputs and outputs are chosen, we will determine what the reference 
inputs are. For the inverted pendulum, the choice of the reference input r = 0 is clear. In some 
situations, r is some nonzero constant to balance the pendulum in the off-vertical position. To 
do this, the controller must maintain the cart at a constant acceleration so that the pendulum 
will not fall. 
 After all the inputs and outputs are defined for the fuzzy controller, we can specify the fuzzy 
control system. The fuzzy control system for the inverted pendulum, with our choice of 
inputs and outputs, is shown in Figure 5.21. Now, within this framework we seek to obtain a 
description of how to control the process.  
 

 

Fig. 5.21 Fuzzy controller for Inverted pendulum 
Suppose that the human expert shown in Figure 5.20 provides a description of how best to 
�F�R�Q�W�U�R�O�� �W�K�H�� �S�O�D�Q�W�� �L�Q�� �V�R�P�H�� �Q�D�W�X�U�D�O�� �O�D�Q�J�X�D�J�H�� ���H���J������ �(�Q�J�O�L�V�K������ �:�H�� �V�H�H�N�� �W�R�� �W�D�N�H�� �W�K�L�V�� �³�O�L�Q�J�X�L�V�W�L�F�´��
description and load it into the fuzzy controller, as indicated by the arrow in Figure 5.21. 

The linguistic description provided by the expert can generally be broken into several parts. 

�)�R�U�� �W�K�H�� �L�Q�Y�H�U�W�H�G�� �S�H�Q�G�X�O�X�P���� �³�H�U�U�R�U�´�� �G�H�V�F�U�L�E�H�V��e (t������ �³�F�K�D�Q�J�H-in-�H�U�U�R�U�´�� �G�H�V�F�U�L�E�H�V��
�b�c�:�r�;

�b�r
 and 

�³�I�R�U�F�H�´���G�H�V�F�U�L�E�H�V��u (t). 

Note that we use quotes to emphasize that certain words or phrases are linguistic descriptions. 
Regardless, the choice of the linguistic variable has no impact on the way that the fuzzy 
controller operates; it is simply a notation that helps to facilitate the construction of the fuzzy 
controller via fuzzy logic. Just as e (t) takes on a value of, for example, 0.1 at t = 2 �Ÿ e (2) = 
0.1, �³�O�L�Q�J�X�L�V�W�L�F���Y�D�O�X�H�V���´���7�K�D�W���L�V�����W�K�H���Y�D�O�X�H�V���W�K�D�W���O�L�Q�J�X�L�V�W�L�F���Y�D�U�L�D�E�O�H�V���W�D�N�H���R�Q���R�Y�H�U���W�L�P�H���F�K�D�Q�J�H��
dynamically. Suppose for the p�H�Q�G�X�O�X�P���H�[�D�P�S�O�H���W�K�D�W���³�H�U�U�R�U���´���³�F�K�D�Q�J�H-in-�H�U�U�R�U���´���D�Q�G���³�I�R�U�F�H�´��
�W�D�N�H�� �R�Q�� �W�K�H�� �I�R�O�O�R�Z�L�Q�J�� �Y�D�O�X�H�V���� �³�1�H�J�D�W�L�Y�H�� �/�D�U�J�H�� ���1�/������ �1�H�J�D�W�L�Y�H�� �6�P�D�O�O�� ���1�6���� Zero (ZE), 
Positive Small (PS) and Positive Large (PL). For an even shorter description we could use 
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integers: -2, -1, 0, 1 and 2 to represent Negative Large (NL), Negative Small (NS), Zero (Z), 
Positive Small (PS) and Positive Large (PL) respectively. 

This is a particularly appealing choice for the linguistic values since the descriptions are short 
and nicely represent that the variable we are concerned with has a numeric quality. We shall 
find the use of this type of linguistic value quite convenient and hence will give it the special 
�Q�D�P�H�����³�O�L�Q�J�X�L�V�W�L�F-�Q�X�P�H�U�L�F���Y�D�O�X�H���´ 

In the next subsection we shall study how to quantify knowledge about how to control the 
pendulum using linguistic descriptions is controlled. 

For the inverted pendulum each of the following statements quantifies a different 
configuration of the pendulum (refer back to Figure 5.19): 

�‡�� �7�K�H�� �V�W�D�W�H�P�H�Q�W�� �³�H�U�U�R�U�� �L�V�� �3�/�´�� �F�D�Q�� �U�H�S�U�H�V�H�Q�W�� �W�K�H�� �V�L�W�X�D�W�L�R�Q�� �Z�K�H�U�H�� �W�K�H�� �S�H�Q�G�X�O�X�P�� �L�V�� �D�W�� �D��
significant angle to the left of the vertical. 

�‡�� �7�K�H�� �V�W�D�W�H�P�H�Q�W�� �³�H�U�U�R�U�� �L�V�� �1�6�´�� �F�D�Q�� �U�H�S�U�H�V�H�Q�W�� �W�K�H�� �V�L�W�X�D�W�L�R�Q�� �Z�K�H�U�H�� �W�K�H�� �S�H�Q�G�X�O�X�P�� �L�V�� �M�X�V�W��
slightly to the right of the vertical, but not too close to the vertical to justify 
�T�X�D�Q�W�L�I�\�L�Q�J���L�W���D�V���³�]�H�U�R�´���D�Q�G���Q�R�W���W�R�R���I�D�U���D�Z�D�\���W�R���M�X�V�W�L�I�\���T�X�D�Q�W�L�I�\�L�Q�J���L�W���D�V���³�1�/���´ 

�‡�� �7�K�H���V�W�D�W�H�P�H�Q�W���³�H�U�U�R�U���L�V�� �=�(�´�� �F�D�Q���U�H�S�U�H�V�H�Q�W���W�K�H�� �V�L�W�X�D�W�L�R�Q���Z�K�H�U�H�� �W�K�H�� �S�H�Q�G�X�O�X�P�� �L�V�� �Y�H�U�\��
near the vertical position  

�‡�� The statement �³�H�U�U�R�U�� �L�V�� �3�/��and change-in-�H�U�U�R�U�� �L�V�� �3�6�´�� �F�D�Q�� �U�H�S�U�H�V�H�Q�W�� �W�K�H�� �V�L�W�X�D�W�L�R�Q��

where the pendulum is to the left of the vertical and, since 
�b�w

�b�r

O�r the pendulum is 

moving away from the upright position (note that in this case the pendulum is 
moving counterclockwise).  

�‡�� �7�K�H�� �V�W�D�W�H�P�H�Q�W�� �³�H�U�U�R�U�� �L�V�� �1�6��and change-in-�H�U�U�R�U�� �L�V�� �3�6�´�� �F�D�Q�� �U�H�S�U�H�V�H�Q�W�� �W�K�H�� �V�L�W�X�D�W�L�R�Q��

where the pendulum is slightly to the right of the vertical and, since 
�b�w

�b�r

O�r, the 

pendulum is moving toward the upright position (note that in this case the pendulum 
is also moving counterclockwise). 

�,�W���L�V���L�P�S�R�U�W�D�Q�W���I�R�U���W�K�H���U�H�D�G�H�U���W�R���V�W�X�G�\���H�D�F�K���R�I���W�K�H���F�D�V�H�V���D�E�R�Y�H���W�R���X�Q�G�H�U�V�W�D�Q�G���K�R�Z���W�K�H���H�[�S�H�U�W�¶�V��
linguistics quantifies the dynamics of the pendulum (actually, each partially quantifies the 
�S�H�Q�G�X�O�X�P�¶�V���V�W�D�W�H���� 

Overall, we see that to quantify the dynamics of the process we need to have a good 
understanding of the physics of the underlying process we are trying to control. While for the 
pendulum problem, the task of coming to a good understanding of the dynamics is relatively 
easy; this is not the case for many physical processes. Quantifying the process dynamics with 
linguistics is not always easy, and certainly a better understanding of the process dynamics 
generally leads to a better linguistic quantification. Often, this will naturally lead to a better 
fuzzy controller provided that we can adequately measure the system dynamics so that the 
fuzzy controller can make the right decisions at the proper time. 
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5.4 RULES 
Next, we will use the above linguistic quantification to specify a set of rules (a rule-base) that 
�F�D�S�W�X�U�H�V���W�K�H���H�[�S�H�U�W�¶�V���N�Q�R�Z�O�H�G�J�H���D�E�R�X�W���K�R�Z���W�R���F�R�Q�W�U�R�O���W�K�H���S�O�D�Q�W���� 
 

 
 
 

Fig. 5.22 Fuzzy rule base for Inverted pendulum 

In particular, for the inverted pendulum in the three positions shown in Figure 5.22, we have 
the following rules: 
Rule Statement Description 

1 If error is NL and 
change-in-error is NL 
Then force is PL. 

This rule quantifies the situation in Figure 2.5(a) where the 
pendulum has a large positive angle and is moving 
clockwise 

2 If error is ZE and 
change-in-error is PS 
Then force is NS. 

 

This rule quantifies the situation in Figure 2.5(b) where the 
pendulum has nearly a zero angle with the vertical (a 
linguistic quantification of zero does not imply that e(t) = 0 
exactly) and is moving counterclockwise 

3 If error is PL and 
change-in-error is NS 
Then force is NS. 

This rule quantifies the situation in Figure 2.5(c) where the 
pendulum is far to the left of the vertical and is moving 
clockwise 

 

Action is to be taken to start the pendulum moving in the proper direction in each rule:  

Rule 1: we should apply a strong positive force (to the right)  

Rule 2: we should apply a small negative force (to the left) (a positive force could result in 
the pendulum overshooting the desired position). 

Rule 3: we should apply a small negative force (to the left) to assist the movement, but not a 
big one since the pendulum is already moving in the proper direction 
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�(�D�F�K�� �R�I�� �W�K�H�� �W�K�U�H�H�� �U�X�O�H�V�� �O�L�V�W�H�G�� �D�E�R�Y�H�� �L�V�� �D�� �³�O�L�Q�J�X�L�V�W�L�F�� �U�X�O�H�´�� �V�L�Q�F�H�� �L�W�� �L�V�� �I�R�U�P�H�G�� �V�R�O�H�O�\�� �I�U�R�P��
linguistic variables and values.  

The general form of the linguistic rules listed above is 

 

 

If premise Then consequent 

As we can see from the three rules listed above, the premises (which are sometimes called 
�³�D�Q�W�H�F�H�G�H�Q�W�V�´�����D�U�H���D�V�V�R�F�L�D�W�H�G���Z�L�W�K���W�K�H���I�X�]�]�\���F�R�Q�W�U�R�O�O�H�U���L�Q�S�X�W�V���D�Q�G���D�U�H���R�Q���W�K�H���O�H�I�W-hand-side of 
�W�K�H�� �U�X�O�H�V���� �7�K�H�� �F�R�Q�V�H�T�X�H�Q�W�V�� ���V�R�P�H�W�L�P�H�V�� �F�D�O�O�H�G�� �³�D�F�W�L�R�Q�V�´���� �D�U�H�� �D�V�V�R�F�L�D�W�H�G�� �Z�L�W�K�� �W�K�H�� �I�X�]�]�\��
controller outputs and are on the right-hand-side of the rules.  
 
5.4.1  Rule-Bases 
Using the above approach, we could continue to write down rules for the pendulum problem 
for all possible cases. For above mentioned pendulum problem, with two inputs and five 
linguistic values there are at most 52 = 25 possible rules (all possible combinations of premise 
linguistic values for two inputs). A tabular representation of one possible set of rules for the 
inverted pendulum is shown in the following Table 5.2:  
     

Table 5.2: Possible set of rules 
�µ�)�R�U�F�H���µ���X Change in error e 

-2 -1 0 1 2 
 

Error e 
-2 2 2 2 1 0 
-1 2 2 1 0 -1 
0 2 1 0 -1 -2 
1 1 0 -1 -2 -2 
2 0 -1 -2 -2 -2 

 

Notice that the body of the table lists the linguistic-numeric consequents of the rules, and the 
left column and top row of the table contain the linguistic-numeric premise terms. For 
example, 

 

 If error is PL (2) and change-in-error is NS (-1) Then force is NS (-1) which is rule 3 above.  

Table 5.2 represents abstract knowledge that the expert has about how to control the 
pendulum given the error and its derivative as inputs. The pattern of rule consequents that 
appears in the body of the table:  
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The diagonal of zeros and viewing the body of the table as a matrix we see that it has a 
certain symmetry to it. This symmetry that emerges when the rules are tabulated is no 
accident and is actually a representation of abstract knowledge about how to control the 
�S�H�Q�G�X�O�X�P�����L�W���D�U�L�V�H�V���G�X�H���W�R���V�\�P�P�H�W�U�\���L�Q���W�K�H���V�\�V�W�H�P�¶�V���G�\�Q�D�P�L�F�V�����:�H���Z�L�O�O���D�F�W�X�D�O�O�\���V�H�H���O�D�W�H�U���W�K�D�W��
similar patterns will be found when constructing rule-bases for more challenging 
applications, and we will show how to exploit this symmetry in implementing fuzzy 
controllers. The each entry output force = -2 (NL) in above table 5.2 is obtained in the 
following manner. All the remaining entry will be obtain in similar manner. 

 

 

 

5.5 FUZZY QUANTIFICATION OF KNOWLEDGE  

Up to this point we have only quantified, in an abstract way, the knowledge that the human 
expert has about how to control the plant. Next, we will show how to use fuzzy logic to fully 
quantify the meaning of linguistic descriptions so that we may automate, in the fuzzy 
controller, the control rules specified by the expert. 

 

 

 

 

Error

-2

-1

0

1

2

Change in error

-2

-1

0

1

2

force

-2

-1

0

1

2
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5.5.1 Membership Functions 

First, we quantify the meaning of the linguistic values usi�Q�J�� �³�P�H�P�E�H�U�V�K�L�S�� �I�X�Q�F�W�L�R�Q�V���´�� �)�R�U��
example, this is a plot of a function ����versus e (t) that takes on special meaning as shown in 
figure 5.23. The function ����quantifies the certainty 2 that e (t) can be classified linguistically 
�D�V���³�3�6���´���7�R���X�Q�G�H�U�V�W�D�Q�G���W�K�H���Z�D�\��that a membership function works, it is best to perform a case 
analysis where we show how to interpret it for various values of e (t): 

 

Fig. 5.23 Membership function for Inverted pendulum 

5.5.2 Matching: Determination of Rules to be Used 

It is actually the case that for most fuzzy controllers the fuzzification will explain the exact 
operations of the fuzzification process and also explain why it can be simplified and under 
certain conditions virtually ignored. The fuzzification process as the act of obtaining a value 
of an input variable (e.g., e (t)) and finding the numeric values of the membership function(s) 
that are defined for that variable. For example, if e (t) = �Œ��4 and d/ dt e (t) = �Œ��16, the 
fuzzification process amounts to finding the values of the input membership functions for 
these.  
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Next, we seek to explain how the inference mechanism in Figure 5.23 operates. The inference 
process generally involves two steps: 

1.  The premises of all the rules are compared to the controller inputs to determine which 
�U�X�O�H�V���D�S�S�O�\���W�R���W�K�H���F�X�U�U�H�Q�W���V�L�W�X�D�W�L�R�Q�����7�K�L�V���³�P�D�W�F�K�L�Q�J�´���S�U�R�F�H�V�V���L�Q�Y�R�O�Y�H�V���G�H�W�H�U�P�L�Q�L�Q�J���W�K�H��
certainty that each rule applies and we will more strongly take into account the 
recommendations of rules about which we are more certain to apply to the current 
situation. 

2.  The conclusions (what control actions to take) are determined using the rules that 
have been determined to apply at the current time. The conclusions are characterized 
with a fuzzy set (or sets) that represent the certainty that the input to the plant should 
take on various values. 

5.5.3 Premise Quantification via Fuzzy Logic 

To perform inference we must first quantify each of the rules with fuzzy logic. To do this we 
first quantify the meaning of the premises of the rules that are composed of several terms, 
each of which involves a fuzzy controller input. Consider Figure 5.24 in where we list two 
terms from the premise of the rule 

If error is ZE and change-in-error is PS, then force is NS. Thus, we had quantified the 
�P�H�D�Q�L�Q�J���R�I���W�K�H���O�L�Q�J�X�L�V�W�L�F���W�H�U�P�V���³�H�U�U�R�U���L�V���=�(�´���D�Q�G���³�F�K�D�Q�J�H-in-�H�U�U�R�U���L�V���3�6�´���Y�L�D���W�K�H���P�H�P�E�H�U�V�K�L�S��
functions shown in �)�L�J�X�U�H���������������1�R�Z���Z�H���V�H�H�N���W�R���T�X�D�Q�W�L�I�\���W�K�H���O�L�Q�J�X�L�V�W�L�F���S�U�H�P�L�V�H���³�H�U�U�R�U���L�V���=�(��
and change-in-�H�U�U�R�U���L�V���3�6���´���+�H�Q�F�H�����W�K�H���P�D�L�Q���L�W�H�P���W�R���I�R�F�X�V���R�Q���L�V���K�R�Z���W�R���T�X�D�Q�W�L�I�\���W�K�H���O�R�J�L�F�D�O��
�³�D�Q�G�´�� �R�S�H�U�D�W�L�R�Q�� �W�K�D�W�� �F�R�P�E�L�Q�H�V�� �W�K�H�� �P�H�D�Q�L�Q�J�� �R�I�� �W�Z�R�� �O�L�Q�J�X�L�V�W�L�F�� �W�H�U�P�V���� �:�K�L�O�H�� �Z�H�� �F�R�X�O�G�� �X�V�H��
standard Boolean logic to combine these linguistic terms, since we have quantified them 
more precisely with fuzzy sets (i.e., the membership functions), we can use these. 

 

 

Fig. 5.24 

5.5.4 Determining Which Rules Are On 

Determining the applicability of each ru�O�H���L�V���F�D�O�O�H�G���³�P�D�W�F�K�L�Q�J���´���:�H���V�D�\���W�K�D�W���D���U�X�O�H���L�V���³�R�Q���D�W��
time t�´���L�I���L�W�V���S�U�H�P�L�V�H���P�H�P�E�H�U�V�K�L�S���I�X�Q�F�W�L�R�Q����premise (e (t), d/dt e(t)) > 0. 
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Hence, the inference mechanism seeks to determine which rules are on to find out which 
rules are relevant to the current situation. In the next step, the inference mechanism will seek 
to combine the recommendations of all the rules to come up with a single conclusion. 
Consider, for the inverted pendulum example, how we compute the rules that are on. Suppose 
that 

  e (t) = 0 

and 

  d/dt e (t) = �Œ��8 �í �Œ��32 (= 0.294) 

Figure 5.25 shows the membership functions for the inputs and the values above for e(t) and 
d/ dt e(t) are indicated with thick black vertical lines 

 

Fig. 5.25 

5.5.5 Inference Step: Determining Conclusions 

Next, we consider how to determine which conclusions should be reached when the rules that 
are on are applied to deciding what the force input to the cart carrying the inverted pendulum 
should be. To do this, we will first consider the recommendations of each rule independently. 
Then, we will combine all the recommendations from all the rules to determine the force 
input to the cart. 

We see that ��(1)(u) is in general a time-varying function that quantifies how certain rule (1) 
,i.e., the force input u should take on certain values. It is most certain that the force input 
should lie in a region around zero (see Figure 5.26 (b)), and it indicates that it is certain that 
the force input should not be too large in either the positive or negative direction�² this makes 
sense if we consider the linguistic meaning of the rule. The membership function ��(1)(u) 
quantifies the conclusion reached by only rule (1) and only for the current e(t) and d/dt e(t). It 
is important that the reader be able to picture how the shape of the implied fuzzy set changes 
�D�V���W�K�H���U�X�O�H�¶�V���S�U�H�P�L�V�H���F�H�U�W�D�L�Q�W�\���F�K�D�Q�J�H�V���R�Y�H�U���W�L�P�H�� 
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Fig. 5.26  

5.5.6 Converting Decisions into Actions 

Next, we consider the defuzzification operation, which is the final component of the fuzzy 
controller shown in Figure 5.18. Defuzzification operates on the implied fuzzy sets produced 
�E�\�� �W�K�H�� �L�Q�I�H�U�H�Q�F�H�� �P�H�F�K�D�Q�L�V�P�� �D�Q�G�� �F�R�P�E�L�Q�H�V�� �W�K�H�L�U�� �H�I�I�H�F�W�V�� �W�R�� �S�U�R�Y�L�G�H�� �W�K�H�� �³�P�R�V�W�� �F�H�U�W�D�L�Q�´��
�F�R�Q�W�U�R�O�O�H�U�� �R�X�W�S�X�W�� ���S�O�D�Q�W�� �L�Q�S�X�W������ �6�R�P�H�� �W�K�L�Q�N�� �R�I�� �G�H�I�X�]�]�L�I�L�F�D�W�L�R�Q�� �D�V�� �³�G�H�F�R�G�L�Q�J�´�� �W�K�H�� �I�X�]�]�\�� �V�H�W��
information produced by the inference process (i.e., the implied fuzzy sets) into numeric 
fuzzy controller outputs. 

 To understand defuzzification, it is best to first draw all the implied fuzzy sets on one axis as 
shown in Figure 5.27. We want to find the one output, which we �G�H�Q�R�W�H���E�\���³ucrisp���´���W�K�D�W���E�H�V�W��
represents the conclusions of the fuzzy controller that are represented with the implied fuzzy 
sets. There are actually many approaches to defuzzification.  

 

Fig. 5.27 

5.5.7 Graphical Depiction of Fuzzy Decision Making 

For convenience, we summarize the procedure that the fuzzy controller uses to compute its 
outputs given its inputs in Figure 5.28. Here, we use the minimum operator to represent the 
�³�D�Q�G�´���L�Q���W�K�H���S�U�H�P�L�V�H���D�Q�G���W�K�H���L�P�S�O�L�F�D�W�L�R�Q���D�Q�G���&�2�*���G�H�I�X�]�]�L�I�L�F�D�W�L�R�Q�����7�K�H���U�H�D�G�H�U���L�V advised to 
study each step in this diagram to gain a fuller understanding of the operation of the fuzzy 
controller. To do this, develop a similar diagram for the case where the product operator is 
�X�V�H�G���W�R���U�H�S�U�H�V�H�Q�W���W�K�H���³�D�Q�G�´���L�Q���W�K�H���S�U�H�P�L�V�H���D�Q�G���W�K�H���L�P�S�O�L�F�Dtion, and choose values of e (t) and 
d/dt e (t) that will result in four rules being on. Then, repeat the process when center-average 
defuzzification is used with either minimum or product used for the premise. Also, learn how 
to picture in your mind how the parameters of this graphical representation of the fuzzy 
controller operations change as the fuzzy controller inputs change. 
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Fig. 5.28 

This completes the description of the operation of a simple fuzzy controller. You will find that 
while we will treat the fully general fuzzy controller in the next section, there will be little 
that is conceptually different from this simple example. We simply show how to handle the 
case where there are more inputs and outputs and show a fuller range of choices that you can 
make for the various components of the fuzzy controller.  

As evidenced by the different values obtained by using the minimum, product, and 
defuzzification operations, there are many ways to choose the parameters of the fuzzy 
controller that make sense. This presents a problem since it is almost always difficult to know 
how to first design a fuzzy controller. Basically, the choice of all the components for the 
fuzzy controller is somewhat ad hoc. What are the best membership functions? How many 
linguistic values and rules should there be? Should the minimum or product be used to 
�U�H�S�U�H�V�H�Q�W���W�K�H���³�D�Q�G�´���L�Q���W�K�H���S�U�H�P�L�V�H�² and which should be used to represent the implication? 
What defuzzification method should be chosen? These are all questions that must be 
addressed if we want to design a fuzzy controller. 

5.6. FUSION OF FUZZY AND PID  

A typical example is the conventional proportional-integral-derivative (PID) controller 
design, where the first- or second-order linear plant transfer function has to be first given. We 
will review and discuss these conventional PID controllers in Chapter 6. Here, to design a 
fuzzy logic controller, not necessarily of PID-type, for set point tracking, we suppose that the 
mathematical formulation of the plant is completely unknown. 
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Most of fuzzy control research focuses on set point regulation problem, hence, fuzzy control 
is often viewed as a form of nonlinear PID control and comparisons of fuzzy control vs. fuzzy 
control are frequent in literature.  

Conventional PID control is, however, well established and can satisfy the performance 
requirements of most set point regulation problems at minimal cost.  

Often, performance improvement offered by fuzzy control cannot compensate the increased 
complexity in computation and tuning. Consequently, fuzzy PID control is rare in commercial 
applications; commercial applications of fuzzy control are largely focused on high-level, task-
oriented control that fall outside the domain of conventional control methods Chiu [8]. 

i)  Supervision of conventional controllers  

In this configuration, the high level strategy is used for adjustments of the parameters of the 
conventional control loops. A common problem with linear PID controllers used for control 
of highly nonlinear processes is that the set of controller parameters produces satisfactory 
performance only when the process is within a small operational window. Outside this 
window, different PID controller parameters are necessary, and these adjustments may be 
done automatically by a higher level controller (Fig. 5.29). 

The control system consists of a conventional discrete PID controller of which the 
proportional, integral and derivative gains (Kp, K i, Kd) are changed by a fuzzy supervisor 
each sampling time (thus fuzzy controller is regarded a gain scheduler). The inputs of the 
supervisor might be error and the change of error Nauta Lemke and Krijgsman [9] Zhao et. 
al.[10] the supervisor is used to tune the scaling factors of the underlying fuzzy PD controller 
depending on overshoot, reaching time and amplitude of oscillation. 

 

Fig. 5.29 Supervisory control system for advanced PID control 

Alternative gain scheduling scheme may be implemented through the use of a homogeneous 
1st order TS system with the following rule format Jang and Gulley [11]: 

  IF e is A1r AND �' e is A2r THEN yr = p1r e + p2r�' e 

Each such rule represents a local PD controller (with suitable variable selection other control 
laws can be implemented) that are combined together by means of fuzzy logic. Thus it is 
possible to specify separate control law for each region of variable space that is determined 
by the selection of input MFs. Low transparency measure of the controller would be useful. 
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ii)  Correction of conventional controllers 

Normally, conventional control systems, which are based on PID controllers, are capable of 
controlling the process when the operation is smooth and close to normal conditions. 
However, if sudden changes occur or if the process enters abnormal situations, then a 
configuration that is capable of bringing the process back to normal operation as fast as 
possible may be useful. This idea can be implemented using the parallel connection of fuzzy 
and PID controllers (Fig. 5.30). For normal operation, the addition to the output of PID 
controller is zero, whereas in abnormal situations fuzzy controller develops nonzero output 
that restores the normal state. 

 

Fig. 5.30 Parallel connection of fuzzy and PID control 

iii)  Coordination of control loop set-points 

Fuzzy logic can be applied not only for calculation of control variable (i.e. direct control) but 
for modification of control strategy in general, by using a fuzzy supervisor that makes 
adjustments of the controller set point (Fig 5.31). 

 

Fig. 5.31 Supervisory control system for modifying the control strategy 

History of such fuzzy hierarchical control configuration goes back to the first industrial 
application of fuzzy control where human supervisor of the cement kiln was replaced. Such 
utilization of fuzzy logic can be very effective because high-level control strategy is often 
formulated using natural language and the translation into the language of fuzzy systems may 
be rather straightforward. Setpoint control, on the other hand, is often more effective if 
implemented with conventional tools for reasons pointed out earlier. The applications 
described in chapter 6 use this type of hierarchical control architecture exclusively. 
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