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Abstract
In this paper we present a novel constraint
based structural learning algorithm for causal
networks. A set of conditional independence
and dependence statements (CIDS) is derived from the data which describes the relationships among the variables. Although
we implicitly assume that there exists a perfect map for the true, yet unknown, distribution, there does not need to be a perfect map
for the CIDSs derived from the limited data.
The reason is that the distribution of limited
data might di er from the true probability
distribution due to sampling noise. We derive a necessary condition for the existence
of a perfect map given a set of CIDSs and
utilize it to check for inconsistencies. If an
inconsistency is detected, the algorithm nds
all Bayesian networks with a minimum number of edges such that a maximum number of
CIDSs is represented in each of the multiple
solutions. The advantages of our approach
are illustrated using the alarm network data
set.

1 INTRODUCTION
A Bayesian belief network represents conditional independences in the underlying probability distribution
of the data in the form of a directed acyclic graph
(DAG). The DAG: A ! B C states, for example,
that A and C are independent if B is not known, but
A and C become dependent as soon as the state of B is
xed. If all conditional independences in the probability distribution are represented in the DAG and vice
versa, then the Bayesian network is said to be a perfect map of the probability distribution, and is called a
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causal network [Pearl 1988]. Typically a Bayesian network is constructed from expert knowledge although
recently there has been an increasing interest in learning the structure of Bayesian networks from data for
data mining applications. The basic idea is to display
probabilistic dependences and independences derived
from the data in a concise way by a Bayesian network which has the potential of providing much more
information about a domain than visualizations solely
based on correlations and distance measures. Bayesian
networks can be used to display causal models which
can be understood by humans more intuitively than
models with undirected edges like Markov networks.
Model uncertainty is a serious problem in structural
learning of Bayesian network models and comes into
play if there does not exist a perfect map of the probability distribution of the data. If a limited data set is
given, its probability distribution might di er from the
true one due to sampling noise. For structural learning we assume that the true probability distribution is
such that there exists a perfect map.
It is important to present to the user truefully the
structural uncertainties since otherwise he or she might
draw incorrect conclusions from the presented structure. In a Bayesian approach, structural uncertainty
can be represented to the user by presenting multiple
solutions which have obtained a high score. The disadvantage is that one can never be sure that one has
found all solutions with a high score. Furthermore, it
is very dicult for a user to study multiple solutions
visually and to draw meaningful conclusions. In addition, the computationally cost of nding the K-best
solutions is even higher than for nding only the network with the best score. Therefore we have focused
on an approximate way of structural learning without
losing model uncertainty in the result.
In the next section, we give a short summary of structural learning. Then we present a proposition which
serves as a necessary condition for the existence of a
perfect map given a set of conditional independence

and dependence statements (CIDS). This proposition
will be used to check for inconsistencies among the estimated CIDSs which then might lead to multiple solutions. Then we present the algorithm utilizing this
proposition when checking the CIDSs for consistency
and comment on its complexity. We close with results
of the computer experiments.

2 STRUCTURAL LEARNING
There are two main approaches to structural learning
of Bayesian belief networks. In the Bayesian approach
[Cooper and Herskovits 1992, Heckerman et al. 1994,
Heckerman 1995] a global cost function { the posterior probability of the (entire) network { is maximized.
This approach requires an involved search for the best
structure and is therefore computationally very expensive and not directly applicable to data mining applications.
In this paper we pursue a constraint based approach
similar to the ones in [Wermuth and Lauritzen 1983,
Fung and Crawford 1990,
Spirtes et al. 1993,
Suzuki 1996, Cheng et al. 1997]. The basic idea of
those algorithms is to derive a set of CIDSs from the
data without taking into account the Bayesian network
structure. The Bayesian network is then constructed
from the CIDSs in a later step. This is done in standard algorithms by removing an edge in the Bayesian
network whenever the corresponding pair of variables
is found conditional independent. There can, however,
occur inconsistencies among the CIDSs derived from
limited data when reconstructing the entire network
(up to equivalence), i.e. not all CIDSs can be represented in a perfect map simultaneously. These inconsistencies re ect model uncertainty, i.e. there might
exist more than one Bayesian network model describing the probability distribution of the data well (according to some measure). This indicates how reliable
one particular structure learned from the database is.
These multiple solutions have usually many edges in
common and di er in the presence of a few edges only
which we call inconsistent edges, since they are related
to inconsistencies among the CIDSs. The set of inconsistent edges can further be divided into subsets
such that the presence or absence of edges belonging
to di erent subsets is independent of each other in the
multiple solutions. Such a subset we call an ambiguous
region. Hence, we visualize the set of solutions in a single graph (cf. Figure 3), in which the edges common
to all networks are sketched by solid lines, whereas the
edges belonging to the same ambiguous region are depicted by dashed lines of the same style. The possible
structures in each of the ambiguous regions cannot be
depicted in such a graph. They are hence stated in the

gure caption. The directions of the edges are speci ed in a later stage by this kind of constraint based
approach.
These possibly multiple solutions for the network
structures do not belong to the same equivalence class,
since they di er in the presence or absence of certain
edges. So the multiple solutions have to be distinguished from networks belonging to the same equivalence class.
The advantage of our constraint based approach is that
it can systematically construct the set of all Bayesian
networks. Furthermore, it can take advantage of the
fact that the multiple solutions typically have many
edges in common and di er only in a few inconsistent
edges which can be partitioned into independent ambiguous regions.
Regarding the derivation of the CIDSs from the data
set, the computation time of this approach relative to
the global Bayesian approach is appreciably shorter for
sparse network structures, i.e. when the probability
distribution exhibits many conditional independences.
For dense networks, this may not hold, but Bayesian
network models might not be the most suitable model
in such a situation, anyway. The computation time
can additionally be reduced by carrying it out in parallel. This can be realized in a simple master and slave
scheme.

3 NECESSARY PATH CONDITION
The algorithm we depict in this paper makes use of
the following proposition as a necessary condition for
the existence of a perfect map given a set of CIDSs
derived from the data. Essentially, the proposition
requires that if two variables1 a, b only become independent by conditioning on an additional variable c,
then there must be a path connecting them via c in
the graph. Otherwise the dependence without conditioning on c would be unexplained. If there were no
necessary condition at all, then one would arrive at the
SGS or PC algorithm [Spirtes et al. 1993].
Proposition: Let V be the set of variables and P a
probability distribution with the perfect map G: If two
variables a; b 2 V are conditionally independent in P
given a set of variables S  V nfa; bg and they are dependent given any (proper) subset S 0  S , then there
is no edge between a and b in G and there exist (undirected) paths between each s 2 S and a not crossing b
as well as between each s 2 S and b not crossing a.
1
For brevity, we use nodes and variables synonymously
and denote both with small letters, since there is a one-toone correspondence.
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Figure 1: From the original network (A) we randomly generate data sets of various sizes (sample size between
10 and 10000). The distribution of the variables is given by b = "b , a = mab b + "a and c = mcb b + "c with
the parameters mab = 3, mcb = 0:3 and with Gaussian distributed noise "i for i 2 fa; b; cg of unit variance and
zero mean. For comparison with the SGS and PC algorithms we used the test on vanishing partial correlations
with a signi cance level of 0:01 in this example in order to derive the conditional independence and dependence
statements (CIDSs) from the data sets. For details see section (3).

Proof: This proposition follows immediately from the
de nitions of the perfect map and of the d-separation
(see for instance [Pearl 1988]). Given two variables a
and b and a set S  V nfa; bg, assume that there is
a variable v 2 S such that there is no (undirected)
path between a and v not crossing b in the perfect
map G. Then, if a and b are d-separated given S, they
are also d-separated given S nfvg. Hence, considering
the probability distribution P, if a and b are independent conditional on S, then they are also independent
conditional on S nfvg. QED.
Necessary Path Condition:

In general one cannot expect that an arbitrary set of
CIDSs can be represented in a perfect map, since a perfect map implies certain relations among the CIDSs to
hold. Therefore it is desirable to have necessary and
sucient conditions at hand for eciently checking the
CIDSs for consistency, i.e. if all the CIDSs can simultaneously be displayed in one perfect map.
Since we like to retain the property of the learning
algorithm to sequentially learn the skeleton of the
Bayesian network, i.e. rst the presence of its edges,
then the orientations of the edges and nally the parameters of the model, a sucient condition for the
existence of a perfect map when constructing the skeleton cannot be available. The above proposition provides, however, a necessary condition for the existence
of a perfect map which means that it can be used to
check for inconsistencies among the CIDS in the sense
that if an inconsistency is found there cannot exist a
perfect map representing all the CIDSs.

In networks involving a large number of variables,
there might be several estimated conditional independence statements (CIS) for each pair of variables a,
b. Therefore we propose the following Necessary Path
Condition to be used to check for inconsistencies in the
algorithm: For each absent edge [a; b] in the network
there has to be represented at least one { not all {
CIS I(a; bjS) { with the corresponding D(a; bjS 0) for
all S 0  S { in the perfect map according to the above
proposition. This is less strict than the proposition
itself, but makes the algorithm more robust, since an
inconsistency is only detected if there is an edges for
which no CIDSs can be found consistent.

Example (cf. Figure 1):

In Figure 1 it is shown in a toy model of three variables a, b and c that it is essential to check the set of
CIDSs derived from limited data on consistency with
the Bayesian network model, since each conditional
independence statement (CIS) or conditional dependence statement (CDS) is derived from the data without taking into account the model at all. In (B) we
compare the resulting networks constructed from (possibly inconsistent) sets of CIDSs by two di erent algorithms: First, the SGS and PC algorithms (dashed
arrows) which assumes an edge absent in the model
whenever a conditional independence is derived from
the data without checking for consistency. Second, the
proposed algorithm (solid arrows) checking for consistency.
In the rst scenario (cf. network (I) in (B)), assume
that the only conditional independence statement de-

rived from the data is I(a; cjfbg) (together with the
(conditional) dependence statements D(a; b), D(a; c),
D(b; c), D(a; bjfcg), D(b; cjfag)). According to the
proposition this requires that there must exist a path
between a and b as well as between b and c, whereas
the edge [a; c]2 must be absent. Apparently, there exists a perfect map, namely comprising the edges [a; b]
and [b; c], i.e. the set of CIDSs is consistent.
In the second scenario (cf. networks (II) in (B)), assume the two CISs I(a; cjfbg) and I(b; cjfag) { and the
CDSs D(a; b), D(a; c), D(b; c), D(a; bjfcg) { are found
from the data. The edge [a; b] is required by these
CIDSs, but the CIS I(a; cjfbg) together with D(a; c)
additionally requires the presence of the edge [b; c] and
the absence of the edge [a; c], whereas the other CIS
requires just the contrary. Hence, there cannot exist
a perfect map ful lling all the CIDSs simultaneously.
For example, the set of CIDSs corresponding to a perfect map containing only the edge [a; b] (as found by
the SGS or PC algorithm) comprises I(a; c) and I(b; c)
which violates both D(a; c) and D(b; c). If one assumes now that the inconsistencies among the CIDSs
are solely due to sampling noise in the limited data
set, it makes sense to search for all possible Bayesian
networks with a minimum number of edges each of
which constructed from a maximal consistent subset
of the CIDSs derived from the data. In this example,
it is apparent that exactly one of the two CISs cannot
be represented in a perfect map. Consequently, one
nds two possible network structures: the edge [a; b] is
common to both, and they contain edge [a; c] or [b; c],
respectively. Neither of the two networks represents
all the CISs which were derived from the data. Note
that the correct causal network, i.e. the perfect map of
the { in general unknown { true set of CIDSs is among
the multiple solutions in this example.
Finally, the set of CIDSs comprising the unconditional
CISs I(a; c) and I(b; c) are consistent and lead to a network with only the edge [a; b] being present (cf. network (III) in (B)), i.e. the original network structure
could not be recovered from these CIDSs which tend
to be derived from small data sets.
In (C) and (D) the resulting network structures depending on the sample size is shown. While our approach yields multiple solutions (cf. (II) in (D)) for
"medium sized" data sets (sample size between ca. 70
and ca. 700), the SGS or PC algorithms nd the network comprising the single edge [a; b] (cf. (C)).

In this notation for undirected edges, the order of the
variables does not matter, i.e. [a; b] = [b; a].
2

4 ALGORITHM
Before we go into details of the proposed algorithm, we
give a short overview of its main steps. After the set of
conditional independence and dependence statements
(CIDS) has been derived from the data the proposed
algorithm applies the Necessary Path Condition presented above in order to check, if a perfect map can
exist given the set of CIDSs. If inconsistencies are detected, the algorithm searches for all possible Bayesian
networks as described in detail in section 4.3. For each
of the multiple solutions, the directions of the edges are
xed in the last step. All these networks contain the
same number of edges. Among those are all the edge
resulting from the the SGS algorithm3. Each of the
minimal solutions found by the algorithm represents
an equivalence class, and is a candidate for being a
perfect map of the (unknown) true probability distribution of the data set.

4.1 DERIVING THE CIDSs
The algorithm builds up the set of conditional independence and dependence statements from a given data
set in the rst step. This can eciently be done by relying on asymptotic results which appear reasonably
accurate in our experiments, for example by calculating the Bayesian Information Criterion or a test statistic for each pair of variables given a subset of the remaining variables.
Considering independence tests it is apparent that
CDSs derived from the data are more reliable than
the CISs. This is because the null hypothesis of independence can only by falsi ed but not veri ed by a
test. This indicates that network structures learned
by a constraint based approach tend to remove too
many edges, in particular given small data sets. As
will be shown below, this tendency of removing too
many edges can largely be reduced by checking the
CIDSs for consistency.
For convenience we do not denote the conditional
dependence statements, i.e. if a statement is not
in the set of CISs (and cannot be inferred from it
by combining some of the CISs according to the
Faithfulness and Markov Conditions as described
In this paper, we focus on how to construct the skeleton
of a Bayesian network from the CIDSs rather than how
to derive the CIDSs themselves. The CIDS derived by
the SGS and PC algorithms can di er, since the latter
facilitates heuristics. Here, we compare our algorithm with
the SGS algorithm, because the experiments carried out
here are based on the CIDSs derived by the SGS algorithm.
Of course, our algorithm can also be applied to the CIDSs
derived by the PC algorithm, and the same statements
apply as for the SGS algorithm.
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Figure 2: The alarm network contains 37 variables and 46 edges. The numbering of the variables is chosen as
in [Cheng et al. 1997].
in [Spirtes et al. 1993]), it is understood that this implies a (conditional) dependence.

4.2 RULES
For each given CIS of the form I(a; bjS) with
D(a; bjS 0 ) 8S 0  S the proposed Necessary Path Condition requires the absence of the edge [a; b] and the
presence of the paths between a and each variable
s 2 S as well as between b and each variable s 2 S.
We represent this constraint on the absence or presence of certain edges by a rule. Such a rule is of the
form X  Y, where X denotes an edge and Y is a
(possibly empty) set of edges. According to the Necessary Path Condition, the above CIS with the CDSs
is translated
into a rule as follows: X = [a; b] and
Y = Ss2S f[a; s]; [b; s]g. It can be interpreted in the
way that edge X can only be absent in the Bayesian
network, if the edges in the set Y are present. Since
the above proposition requires certain paths rather
than certain edges to be present, this is absorbed in
the fact that new rules can be generated by substituting rules into each other as follows: Given two rules
X  Y and W  Z then a new rule can be generated
for edge X, if the edges W 2 Y and X 2= Z, namely
X  (Z [ YnfW g). Therefore an edge can be absent,
if there is at least one rule ful lled (cf. Necessary Path
Condition).
Once the set of rules is derived from the set of CIDSs,
the associated perfect map can be constructed. If there
is a Bayesian network such that for all edges a rule is
ful lled, then there might exist a perfect map associated with the estimated probability distribution. If
there are some edges for which none of the given rules
can be ful lled by a Bayesian network, we call the set
of rules and the set of CIDSs inconsistent. In this case,
there does not exist a perfect map associated with the

estimated probability distribution.

4.3 MULTIPLE SOLUTIONS
Our algorithm nds multiple solutions, when there
does not exist a perfect map of the estimated CIDSs
according to the Necessary Path Condition. If inconsistencies among the CIDS are found by the algorithm, it makes sense to consider these inconsistencies to be present due to sampling noise in the limited data set and to retain the assumption that there
exists a perfect map associated with the (unknown)
set of (true) CIDSs. Therefore the algorithm searches
for all possible minimum subsets of the set of CIDSs
which are consistent in the above sense, i.e. the algorithm searches for all possible network structures with
a minimum number of edges such that for a maximum
number of edges a rule is ful lled. Each of these possible networks is a candidate for being the perfect map
of the (unknown) set of true CIDSs.
It turns out that the edges of the resulting networks
can be divided into three main groups: If there is no
rule X  Y for an edge X, then no estimated CIS was
found, and hence this edge is present in the network.
If there can be rendered a rule X  Y for edge X
such that Y is empty or contains only edges which are
present in the perfect map, then we call it a consistent
edge which is absent. An edge for which no such rule
can be generated indicates that there does not exist
a perfect map given the set of CIDSs. Such edges we
call inconsistent and they might be present or absent in
some of the multiple solutions. The multiple solutions
di er only in the presences of the the latter edges.
As we will see from the experiments (in section 5), the
inconsistent edges can usually be further subdivided:
They can be partitioned into sets of edges whose presences depend on each other, whereas edges belonging
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Figure 3: This graph sketches the multiple solutions learned from a data set of size 10000 with the signi cance
level 0:01 before the directions of the edges are added. Solid lines denote edges which are present in all the
possible network structures. The multiple solutions di er in the edges belonging to the 4 ambiguous regions
which are depicted in di erent line styles. The possible structures for each region are as follows: In region (A)
either edge [11; 12] or edge [12; 32] is present. In region (B) either [14; 27] or [27; 33] is present. In region (C)
either [15; 22] or [22; 35] is present. In region (D) either the single edge [18; 26] or the two edges [6; 18] and [3; 26]
are present; here, the only minimum structure is the one comprising the single edge [18; 26]. Hence, there are two
minimumstructures in each of the regions (A), (B) and (C), and one minimum structure in region (D). Therefore,
the overall number of multiple solutions is 8. 41 edges have correctly been identi ed which are present in all the
multiple solutions. Additional 4 edges have been found due to the Necessary Path Condition implemented in
our algorithm. The networks among the multiple solutions which are closest to the original one contain 45 (out
of 46) correct edges, and only one edge is missing, namely either [15; 22] or [22; 35]. The resulting network of
the SGS algorithm3 contains the same 41 edges, which are common to all multiple solutions of our algorithm, so
that 5 edges are missing.
to di erent sets do not depend on each other. Each of
such a set we call an ambiguous region. There might
be several of such regions.
Technically speaking, the algorithm nds all the edges
belonging to the same ambiguous region in the following way: Only the rules for inconsistent edges are
considered. If for two inconsistent edges X and W
there can be rendered rules X  Y and W  Z such
that X 2 Z and W 2 Y, then they are grouped into
the same ambiguous region, because it might not be
possible to ful ll both of those rules simultaneously in
a Bayesian network. This can also be seen as searching
for cycles in a directed acyclic graph (DAG) which is
generated from the rules: Each node of that graph represents an inconsistent edge of the Bayesian network,
and for each rule X  Y edges are present pointing
from each node Y 2 Y to node X in that DAG.
Our algorithm takes advantage of the fact that the
multiple solutions di er only in the ambiguous regions
and that they are independent of each other. Since
each of such a region usually contains only a few edges,
searching for all possible structures such that the number of consistent CISs is maximumcan be done very efciently: Simply by carrying out an exhaustive search
in each ambiguous region separately. The number of

di erent network structures is then given by the product of the number of di erent structures in each ambiguous region.

4.4 FINDING DIRECTIONS OF EDGES
Constraint based algorithms of this kind have the
property that they can be split up into several steps.
First, the algorithm nds the (undirected) edges which
are present in the Bayesian network. We have focused
on that part in this paper. In the second step, directions are added to those edges which can be derived
from the data so that the equivalence classes are identi ed. This can be done like in [Spirtes et al. 1993],
for example.
The fact that a data set is of limited size might, however, give rise to additional inconsistencies among the
estimated CIDSs regarding the directions of the edges.
This increases additionally the number of multiple solutions which might di er in the directions of their
edges, although they have the same edges in common.
We do not present any details on that issue in this
paper.

4.5 COMPLEXITY

5 EXPERIMENTS

Calculating the Bayesian information criterion or a
test statistic for each pair of variables given every subset of the remaining variables is intractable for large
numbers of variables. Since not all of those computations are usually necessary for constructing the
Bayesian network from data, the complexity of the
problem can be reduced by applying heuristics (see
for instance [Spirtes et al. 1993]).
Carrying out the computations for all pairs of variables in ascending size of the conditioning set and up
to a certain maximum order only, reduces the complexity greatly, i.e. it becomes polynomial in jV j.
For CISs of high orders which are not computed from
the data set it is assumed that exactly those are true
which can be inferred from the CISs of lower orders
according to the Faithfulness and Markov Conditions
as described in [Spirtes et al. 1993]. Calculations relying on asymptotic results might yield more unreliable results for higher orders, anyway. Conditioning
only on neighbors of the pair of variables (in the undirected graph) is an additional heuristic to speed up the
derivation of the CIDSs.
These heuristics require the algorithm of keeping track
of the network structure when deriving the CIDSs. After nishing all calculations of a certain order of the
conditioning set, a new intermediate version of the network can be built up based on the results available so
far. Then, this version can be used to decide, if carrying out computations on higher orders is necessary,
and if so, what the neighbors of each node are.
Finding all possible structures of the network from the
set of rules is, in principal, intractable for a large number of variables, too. As we found in our experiments,
however, there are edges which are present in all the
multiple solutions and only a few edges which belong
to ambiguous regions. Since the structures in di erent
ambiguous regions are independent of each other, all
the possible structures can be found for each ambiguous region separately, which speeds up calculation very
much. Hence, the problem is exponential in the number of rules involved in the largest ambiguous region of
the network. In the experiments we found that the size
of the ambiguous regions is much smaller than the total
number of edges. Therefore, nding all the possibilities in each ambiguous region becomes tractable. For
example, in our alarm network experiments, it took
less than a minute on a Sun UltraSPARC-II to generate all the possible structures given the set of CIDSs.
It turned out in our experiments that almost all the
calculation time is consumed for deriving the CIDSs
from the data and only a small fraction is needed for
constructing all the multiple solutions.

The alarm network [Beinlich et al. 1989] has evolved
as kind of a benchmark for structural learning of
Bayesian belief networks. We used the alarm network
from Norsis Corp. [Netica Alarm Network] to generate
randomly data sets of various size. The variables are
discrete and their number of states ranges from two
to four. The size of the sample data was varied between 50000 and 1000, which is much smaller than the
number of con gurations in the joint state space.
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Figure 4: (a) The number of correct edges learned
from data depends on the sample size. The networks
among the multiple solutions which have the most
edges in common with the original network contain almost all the correct edges even for small sample sizes
(dots). The number of those edges is signi cantly
closer to the correct number of 46 edges than is the
number of edges which are common to all the learned
multiple solutions (triangles). The latter edges are
identical with the edges found by the SGS algorithm3.
(b) The di erence of the two curves in (a) is the number of edges which are simultaneously present in the
ambiguous regions of any one of the multiple solutions
(dots). The number of edges missing in all the multiple
solutions rises for smaller sample sizes (squares), but
stays at smaller values than the number of edges being
present in the ambiguous regions due to the proposed
Necessary Path Condition. In contrast, the sum of
those edges (dots + squares) is missing in the network
resulting from the SGS algorithm3. The number of erroneously added edges stays at small values (crosses)
due to a small signi cance level of 0:01. Each point
represents the mean of 5 experiments of the alarm network.
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Figure 5: As the size of the data set decreases, the
number of multiple solutions increases and so does the
number of ambiguous regions (cf. inset). Each point
represents the mean of 5 experiments of the alarm network with a signi cance level of 0:01.
In order to derive the conditional independences, we
used the likelihood ratio test with an asymptotic 2
distribution as described in [Spirtes et al. 1993] for
discrete variables.
A typical result of structural learning from a data set of
limited size is sketched in Figure 3. For this data set of
size 10000 the algorithm detected that there does not
exist a perfect map such that all the CIDSs derived
from the data can be ful lled according to the Necessary Path Condition. The multiple solutions di er
in the presence of the edges belonging to 4 ambiguous regions, for each of which the possible structures
are depicted in the caption. The networks among the
multiple solutions of our algorithm which are closest
to the original network contain 45 correct edges (out
of 46) whereas the SGS algorithm3 yields a network
with only 41 correct edges.
In particular for fairly small data sets the di erences
in the solutions of those two algorithms increase. In
our approach, the number of missing edges grows much
more slowly with the sample size decreasing than they
do in the resulting network of the SGS algorithm, because the number of edges present in the ambiguous
regions increases (cf. Figure 4). The number of edges
erroneously present stays particularly small due to the
fact that our algorithm allows to use a small significance level when applying conditional independence
tests.
The number of multiple solutions depends on the size
of the data set (cf. Figure 5). From a frequentist point

of view, the estimated probability distribution of a
larger data set is expected to be more similar to the
(unknown) true distribution so that the structure of
the causal network can uniquely be determined. As the
size of the data set shrinks, a unique causal network
cannot be derived any more and the number of possible
networks of the data increases. Hence, the number of
multiple solutions found by the algorithm indicates in
a way, if the size of the data set is suciently large for
learning the network structure with certainty.
As the size of the data set decreases, not only increases
the number of multiple solutions, but so does also the
number of ambiguous regions, whereas the number of
edges involved in each ambiguous region increases only
slowly.

6 CONCLUSIONS
Structural learning of causal networks based on this
kind of constraint based approach can be split up into
several steps which are carried out sequentially. First,
it is learned which (undirected) edges are present in the
network, then their directions are xed and eventually
the values of the parameters are adapted to the data
set. In this paper we focus on the rst step, deciding
which edges are present and absent in the situation
that only a limited amount of data is available.
The proposition presented here serves as a necessary
condition for the existence of a perfect map given a
set of conditional independence and dependence statements (CIDS). It essentially states that if an edge is
absent in the perfect map, certain other paths are required to be present.
The proposed algorithm checks the set of CIDSs on
consistency with the Bayesian network model according to the Necessary Path Condition. If inconsistencies are found, it is assumed that they are solely due to
sampling noise in the limited data set and that there
nevertheless exists a perfect map of the true, yet unknown, probability distribution. Therefore, the algorithm searches for all network structures which contain
a minimumnumber of edges and represent a maximum
number of consistent CIDSs. This results in multiple
solutions.
It turned out in our experiments that all the multiple
solutions have many edges in common. There are also
some edges (which we call inconsistent edges) in which
the structures of the multiple solutions di er from each
other. Usually, they can be grouped together in what
we call an ambiguous region. In each of which the possibly multiple structures can be found eciently, since
the ambiguous regions are independent of each other
and usually involve only a small number of edges. The

overall number of multiple solutions is given by the
product of the number of di erent minimum structures in each of the ambiguous regions. We found in
the experiments that the number of multiple solutions
increases when the size of the data set decreases. Furthermore, also the number of ambiguous regions rises
with a decreasing number of data sets.
The multiple solutions of our algorithm contain all the
edges which are present in the network found by the
SGS algorithm3 [Spirtes et al. 1993] as well as some
additional edges, since an estimated CIS does not necessarily lead to the absence of the corresponding edge
in the Bayesian network. When the size of the data
set decreases, the overall number of correct edges in
the resulting networks of our algorithm drops much
more gradually than it does in the network found by
the SGS algorithm. Depending on the properties (e.g.
size) of the data set, we found in our experiments that
the number of edges present in the networks learned
by our approach can be larger than in the result of the
SGS or PC algorithms by 0 ? 30%.
In
Bayesian
approaches
like
[Cooper and Herskovits 1992, Heckerman et al. 1994,
Heckerman 1995], a cost function for the entire network is evaluated. This can therefore be called a
global approach. Constraint based algorithms like
[Spirtes et al. 1993, Suzuki 1996, Cheng et al. 1997]
which remove all edges for which a conditional independence statement can be derived from the data do
not take into account the structure of the Bayesian
network at all and can therefore be considered local.
The algorithm presented here is also constraint based,
but checks the set of CIDSs for consistency by requiring the presence of certain paths for each edge being
absent in the network. Therefore, our approach is not
completely local, but takes into account the neighborhood of each edge. The size of such a neighborhood can
vary as it depends on the number and lengths of the
required paths, for example.
From an application point of view we might state that
a sucient number of data for arriving at a unique solution is rarely ever available. If the number of data is
very small, one cannot really expect too much to start
with. In the intermediate region however, our new approach nds out that this is structure which could not
be uniquely identi ed and provides a clear statement
about its uncertainty. Without displaying this uncertain structure much is lost in the interpretation of the
data.
In conclusion, we believe that Bayesian networks will
play an increasing role in data mining applications
where they are capable of displaying eciently the
important dependences in a domain. The constraint

based approach is superior the global Bayesian approach in terms of learning speed. We have extended
the constraint based approach to truefully display
structural ambiguities which we feel is an important
step towards gaining the acceptance of the user.
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